ERGODIC CONTROL OF DIFFUSION PROCESSES

This comprehensive volume on ergodic control of diffusions highlights intuition
alongside technical arguments. A concise account of Markov process theory is
followed by a complete development of the fundamental issues and formalisms in
control of diffusions. This then leads to a comprehensive treatment of ergodic
control, a problem that straddles stochastic control and the ergodic theory of
Markov processes.

The interplay between the probabilistic and ergodic-theoretic aspects of the
problem, notably the asymptotics of empirical measures on one hand, and the
analytic aspects leading to a characterization of optimality via the associated
Hamilton—Jacobi—Bellman equation on the other, is clearly revealed. The more
abstract controlled martingale problem is also presented, in addition to many other
related issues and models.

Assuming only graduate-level probability and analysis, the authors develop the
theory in a manner that makes it accessible to users in applied mathematics,
engineering, finance and operations research.

Encyclopedia of Mathematics and Its Applications

This series is devoted to significant topics or themes that have wide application in
mathematics or mathematical science and for which a detailed development of the
abstract theory is less important than a thorough and concrete exploration of the
implications and applications.

Books in the Encyclopedia of Mathematics and Its Applications cover their
subjects comprehensively. Less important results may be summarized as exercises
at the ends of chapters. For technicalities, readers can be referred to the
bibliography, which is expected to be comprehensive. As a result, volumes are
encyclopedic references or manageable guides to major subjects.
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Preface

Ergodic is a term appropriated from physics that derives from the Greek words épyov
and 086¢, meaning “work” and “path.” In the context of controlled Markov pro-
cesses it refers to the problem of minimizing a time averaged penalty, or cost, over
an infinite time horizon. It is of interest in situations when transients are fast and
therefore relatively unimportant, and one is essentially comparing various possible
equilibrium behaviors. One typical situation is in communication networks, where
continuous time and space models arise as scaled limits of the underlying discrete
state and/or time phenomena.

Ergodic cost differs from the simpler “integral” costs such as finite horizon or
infinite horizon discounted costs in several crucial ways. Most importantly, one is
looking at a cost averaged over infinite time, whence any finite initial segment is
irrelevant as it does not affect the cost. This counterintuitive situation is also the rea-
son for the fundamental difficulty in handling this problem analytically — one cannot
use for this problem the naive dynamic programming heuristic because it is perforce
based on splitting the time horizon into an initial segment and the rest. One is thus
obliged to devise altogether different techniques to handle the ergodic cost. One of
them, the more familiar one, is to treat it as a limiting case of the infinite horizon
discounted cost control problem as the discount factor tends to zero. This “vanish-
ing discount” approach leads to the correct dynamic programming, or “Hamilton—
Jacobi-Bellman” (HJB) equation for the problem, allowing one to characterize op-
timal control policies at least in the “nicer” situations when convenient technical
hypotheses hold. It also forms the basis of the approach one takes in order to do
what one can in cases when these hypotheses do not hold. Dynamic programming,
though the most popular “classical” approach to control problems, is not the only
one. An alternative approach that is gaining currency, particularly as it allows one
to handle some nonclassical variants and because of the numerical schemes it facil-
itates, is that based on casting the control as an infinite dimensional convex (in fact,
linear) program. Our treatment of ergodic control straddles both lines of thought,
often combining them to advantage.

Historically, the theory of ergodic control was first developed for discrete time
and discrete state space Markov chains (see Arapostathis et al. [6] for an extensive
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survey and historical account). The results therein, as always, are suggestive of what
one might expect in the continuous time continuous state space situation. That in it-
self, however, is of little help, as the technical difficulties in carrying out the program
are highly nontrivial. Not surprisingly, the theory in the latter case has been slow
to follow, some of it being of a fairly recent vintage. This book gives a comprehen-
sive, integrated treatment of these developments. It begins with the better understood
“nondegenerate, complete observations” case, and leads to the more difficult issues
that arise when either the nondegeneracy assumption or the assumption of complete
observations fail.

Our focus is primarily on controlled diffusion processes, a special class of Markov
processes in continuous time and space. We build the basic theory of such processes
in Chapter 2, following a quick review of the relevant aspects of ergodic theory of
Markov processes in Chapter 1. This itself will serve as a comprehensive account of
the probabilistic theory of controlled diffusions. It is an update on an earlier mono-
graph [28], and appears in one place at this level of generality and extent for the
first time. It forms the backdrop for the developments in the rest of this monograph
and will also serve as useful source material for stochastic control researchers work-
ing on other problems. Chapter 3 gives a complete account of the relatively better
understood case of controlled diffusions when the state is observed and the diffu-
sion matrix is nondegenerate. The latter intuitively means that the noise enters all
components of the state space evenly. The smoothing properties of the noise then
yield sufficient regularity of various averages of interest. This permits us to use to
our advantage the theory of nondegenerate second order elliptic partial differential
equations. Our pursuits here are typical of all control theory: existence of optimal
controls and necessary and sufficient conditions for optimality. We employ the in-
finite dimensional convex (in fact, linear) programming perspective for the former
and the vanishing discount paradigm for the latter. The theory here is rich enough
that it allows us to be a bit more ambitious and handle some nonclassical classes of
problems as well with some additional work. One of these, that of switching diffu-
sions, is treated in Chapter 5. This incorporates “regime-switching” phenomena and
involves some nontrivial extensions of the theory of elliptic PDEs used in Chapter 3,
to systems of elliptic PDEs. Chapter 4, in turn, studies several other spin-offs: the
first is constrained and multi-objective problems and is followed by singularly per-
turbed ergodic control problems involving two time-scales, the aim being to justify a
lower dimensional approximation obtained by averaging the slow dynamics over the
equilibrium behavior of the fast components. It also studies diffusions in a bounded
domain, and works out an example in detail.

With Chapter 6, we enter the vastly more difficult terrain of degeneracy. This chap-
ter in particular is devoted to developing the abstract framework of ergodic control
of martingale problems that will form the backdrop of subsequent chapters. A key
development in this chapter is an important generalization of Echeverria’s celebrated
criterion for stationary distributions to controlled martingale problems on a Polish
space. The rest of the chapter is devoted to characterizing extremal solutions, the
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abstract linear programming formulation, and the existence theorems for optimal
solutions in various classes of interest. These results are specialized in Chapter 7
to controlled diffusions with degeneracy, where they lead to existence theorems for
optimal controls with little extra effort. For two special cases, viz., the so-called
“asymptotically flat” diffusions and “partially degenerate” diffusions, we also derive
dynamic programming principles. This takes the form of an HIB equation, albeit in-
terpreted in the viscosity sense. Chapter 8 considers nondegenerate diffusions under
partial observations. The standard approach, summarized in this chapter, is to reduce
the problem to a completely observed case by moving over to the “sufficient statis-
tics” such as the regular conditional law of the state given observed quantities till the
time instant in question. The evolution of this law is given by the stochastic PDE de-
scribing the associated measure-valued nonlinear filter, thus making it a completely
observed but infinite dimensional and in a certain sense, degenerate problem. This
formulation, however, does allow us to apply the theory of Chapter 6 and develop
the existence theory for optimal controls, as well as to derive a martingale dynamic
programming principle under suitable hypotheses.

The epilogue in Chapter 9, an important component of this work, sketches several
open issues. This being a difficult problem area has its advantages as well — there is
still much work left to be done, some of it crying out for novel approaches and proof
techniques. We hope that this book will spur other researchers to take up some of
these issues and see successful resolution of at least some of them in the near future.

We extend our heartfelt thanks to our numerous friends, colleagues and students,
far too numerous to list, who have helped in this project in a variety of ways. Spe-
cial thanks are due to Professor S.R.S. Varadhan, who, in addition to his pervasive
influence on the field as a whole, also made specific technical recommendations in
the early stages of our work in this area, which had a critical impact on the way it
developed.

This project would not have been possible without the support of the Office of
Naval Research under the Electric Ship Research and Development Consortium, and
the kind hospitality of the Tata Institute of Fundamental Research in Mumbai. Vivek
Borkar also thanks the Department of Science and Technology, Govt. of India, for
their support through a J. C. Bose Fellowship during the course of this work.

It has been both a challenge and a pleasure for us to write this book. We particu-
larly cherish the time we spent together in Mumbai working on it together, the hectic
schedule punctuated by the culinary delights of south Mumbai restaurants and cafes.






Frequently Used Notation

The sets of real numbers, integers and natural numbers are denoted by R, Z and N
respectively. Also, R, (Z,) denotes the set of nonnegative real numbers (nonneg-
ative integers). We use “:=" to mean “is defined as,” and “=" to mean “identically
equal to.” If f and g are real-valued functions (or real numbers), we define

fAg:=min{f, g}, fVvg:=max{f g},
fr=fvo, fi=(=fVvo.

For a subset A of a topological space, JA denotes its boundary, A¢ its complement
and A its closure. The indicator function of A is denoted by I4. In the interest of
readability for a set that is explicitly defined by an expression {-} we denote its
indicator function as I{ - }.

The Borel o-field of a topological space E is denoted by Z(E). Metric spaces are
in general viewed as equipped with their Borel o-field, and therefore the notation
P (E) for the set of probability measures on Z(E) of a metric space E is unambigu-
ous. The set of bounded real-valued measurable functions on a metric space E is
denoted by B(E). The symbol E always denotes the expectation operator, and P the
probability.

The standard Euclidean norm is denoted as |- |. The term domain in R? refers to
a non-empty open connected subset of the Euclidean space R?. If D and D’ are do-
mains in RY, we use the notation D € D’ to indicate that D c D’. Also |D| stands
for the Lebesgue measure of a bounded domain D. We introduce the following no-
tation for spaces of real-valued functions on a domain D c R¢. The space L?(D),
for p € [1, 00), stands for the Banach space of (equivalence classes) of measurable
functions f satisfying fD| f(x)” dx < oo, and L*(D) is the Banach space of functions
that are essentially bounded in D. The space C¥(D) (C®(D)) refers to the class of all
functions whose partial derivatives up to order k (of any order) exist and are con-
tinuous, CX(D) is the space of functions in C*(D) with compact support, and C%(R)
(Ch(R?)) is the subspace of C*(RY) consisting of those functions whose derivatives
from order O to k vanish at infinity (are bounded). Also, the space C*"(D) is the class
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of all functions whose partial derivatives up to order k are Holder continuous of order

r. Therefore C*!(D) is precisely the space of Lipschitz continuous functions on D.
We adopt the notation 9; := r%,-’ dij = (,f;x/_, and 9; := g—t. Also we adopt the stan-

dard summation rule for repeated indices, i.e., repeated subscripts and superscripts

are summed from 1 through d. For example,

N ‘ 40k &Koy
a’dijp + b'dip = Z @ e T 2 g
iUAj -1 i

i,j=1 i=

The standard Sobolev space of functions on D whose generalized derivatives up to
order k are in L”(D), equipped with its natural norm, is denoted by #*5P(D), k >0,
p > 1. The closure of C°(D) in #*P(D) is denoted by %Jk‘p (D). If Bis an open ball,
then V/Ok’p (B) consists of all functions in #%?(B) which, when extended by zero
outside B, belong to #*7(R?).

In general if X is a space of real-valued functions on D, Xjo consists of all func-
tions f such that ¢f € X for every ¢ € C;’(D). In this manner we obtain the spaces
L} (D) and #,2" (D).
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Markov Processes and Ergodic Properties

1.1 Introduction

This book, as the title indicates, is about ergodic control of diffusion processes. The
operative words here are ergodic, control and diffusion processes. We introduce two
of these, diffusion processes and ergodic theory, in this chapter. It is a bird’s eye
view, sparse on detail and touching only the highlights that are relevant to this work.
Further details can be found in many excellent texts and monographs available, some
of which are listed in the bibliographical note at the end. The next level issue of
control is broached in the next chapter.

We begin with diffusion processes, which is a special and important subclass of
Markov processes. But before we introduce Markov processes, it is convenient to
recall some of the framework of the general theory of stochastic processes which
provides the backdrop for it.

Let (Q, &, P) be a complete probability space, or in other words, Q is a set called
the sample space, & is a o-field of subsets of Q (whence (Q, &) is a measurable
space), and P is a probability measure on (€, ). Completeness is a technicality that
requires that any subset of a set having zero probability be included in §. A random
process {X,} defined on (€2, ¥, P) is a family of random variables indexed by a time
index ¢ which can be discrete (e.g., t = 0,1,2,...) or continuous (e.g., > 0). We
shall mostly be interested in the continuous time case. For notational ease, we denote
by X the entire process. For each t € R,, X, takes values in a Polish space S, i.e.,
a separable Hausdorff space whose topology is metrizable with a complete metric.
This is a convenient level of generality to operate with, because an amazingly large
body of basic results in probability carry over to Polish spaces and most of the spaces
one encounters in the study of random processes are indeed Polish. Let d( -, -) be
a complete metric on S. For any Polish space S, Z2(S) denotes the Polish space of
probability measures on S under the Prohorov topology [32, chapter 2]. Recall that
if S is a metric space, then a collection M C Z2(S) is called tight if for every £ > 0,
there exists a compact set K, C S, such that u(K;) > 1 — ¢ for all u € M. The
celebrated criterion for compactness in (S ), known as Prohorov’s theorem, states
that for a metric space S if M c Z(S) is tight, then it is relatively compact and,
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provided S is complete and separable, the converse also holds [24, theorems 6.1 and
6.2, p. 371, [55, p. 104].

We shall usually have in the background a filtration, i.e., an increasing family
{$,} of sub-o-fields of & indexed by ¢ again. Intuitively, &, corresponds to informa-
tion available at time t. Again, for technical reasons we assume that it is complete
(i.e., contains all sets of zero probability and their subsets) and right-continuous (i.e.,
T = Ne=§s). We say that X is adapted to the filtration {&,} if for each 7, X; is
&:-measurable. A special case of a filtration is the so-called natural filtration of X,
denoted by ‘fs-f( and defined as the completion of Ny-;0(X; : s < t’). Clearly X is
adapted to its own natural filtration. An important notion related to a filtration is that
of a stopping time. A [0, oo]-valued random variable 7 is said to be a stopping time
w.r.t. the filtration {,} (the filtration is usually implicit) if for all # > 0, {t < #} C &;.
Intuitively, what this says is that at time 7, one knows whether T has occurred already
or not. For example, the first time the process hits a prescribed closed set is a stop-
ping time with respect to its natural filtration, but the last time it does so need not be.
We associate with T the o-field &, defined by

Fr={AeF:An{r<t}e F forallt€[0,00)} .

Intuitively, §, are the events prior to 7.

So far we have viewed X only as a collection of random variables indexed by *.
But for a fixed sample point in €, it is also a function of 7. The least we shall assume
is that it is a measurable function. A stronger notion is progressive measurability,
which requites that for each 7' > 0, the function (¢, w) — X,(w), (f,w) € [0,T] X Q,
be measurable with respect to By X 7, where B denotes the Borel o-field on [0, T].
The sub-o-field of [0, o) X Q generated by the progressively measurable processes
is known as the progressively measurable o--field. If a process is adapted to &, and
has right or left-continuous paths, then it is progressively measurable [47, p. 89].

There is one serious technicality which has been glossed over here. Two random
processes X, X’ are said to be versions or modifications of each other if X, = X] a.s.
for all #. This defines an equivalence relation and it is convenient to work with such
equivalence classes. That is, when one says that X has measurable sample paths,
it is implied that it has a version which is so. The stronger equivalence notion of
P(X, = X] for all r > 0) = 1 is not as useful. We shall not dwell on these technicali-
ties too much. See Borkar [32, chapter 6], for details.

We briefly mention the issue of the actual construction of a random process. In
practice, a random process is typically described by its finite dimensional marginals,
i.e., the laws of (X;,,...,X; ) for all finite collections of time instants #; < --- < t,,
n > 1. In particular, all versions of a process have the same finite dimensional distri-
butions. These are perforce consistent, i.e., if B C A are two such collections, then the
law for B is the induced law from the law for A under the appropriate projection. The
celebrated Kolmogorov extension theorem gives us the converse statement: Given a
consistent family of such finite dimensional laws, there is a unique probability mea-
sure on S %) consistent with it. Thus we can let Q = 10 & the product o-field,
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P denote this unique law, and set X,(w) = w(#), where w = {w(¢) : t > 0} denotes a
sample point in Q. This is called the canonical construction of the random process
X. While it appears appealingly simple and elegant, it has its limitations. The most
significant limitation is that ¥ contains only “countably described sets,” i.e., any set
in § must be describable in terms of countably many time instants. (It is an inter-
esting exercise to prove this.) This eliminates many sets of interest. Thus it becomes
essential to “lift” this construction to a more convenient space, such as the space
C([0, 00); S ) of continuous functions [0, c0) — S or the space D([0, 00);S) of func-
tions [0, c0) — S that are continuous from the right and have limits from the left at
each 7 (r.c.l.1.). We briefly sketch how to do the former, as that’s what we shall need
for diffusion processes.
The key result here is that if X is stochastically continuous, in other words if

Pd(X,,X,)>¢&)—0 (1.1.1)
for any € > 0 as s — ¢, and for each T > 0, the modulus of continuity
wr(X,6) :=sup {d(Xs, X)) :0<s<t<T, |t—s] <6} >0 as, (1.1.2)

as 0 — 0, then X has a continuous version. The proof is simple: restrict X to rationals,
extend it uniquely to a continuous function on [0, c0) (which is possible because
(1.1.2) guarantees uniform continuity on rationals when restricted to any [0, T'], for
T > 0), and argue using stochastic continuity that this indeed yields a version of X.
A convenient test for (1.1.1)—(1.1.2) to hold is the Kolmogorov continuity criterion
(see Wong and Hajek [122, pp. 57]), that for each T > 0 there exist positive scalars
a, b, and c satisfying

E[d(X,, X,)*] < blt —sI'* VYV t,5€[0,T].

Note that the above procedure a.s. defines a map that maps an element of Q to
the continuous extension of its restriction to the rationals. Defining the map to be
the function that is identically zero on the zero probability subset of Q that is left
out, we have a measurable map Q — C([0, c0); S ). The image u of P under this map
defines a probability measure on C([0, >);S). We may thus realize the continuous
version as a canonically defined random process X’ on the new probability space
(C([0, 0); S), ®, ), where © is the Borel o-field of C([0, =0); S), as X} (w) = w(t) for
w € C([0,);S). An analogous development is possible for the space D([0, 0);.S)
of paths [0,c0) — S that are right-continuous and have left limits. This space is
Polish: it is separable and metrizable with a complete metric d; (due to Skoro-
hod) defined as follows [55, p. 117]. Let A denote the space of strictly increasing
Lipschitz continuous surjective maps A from R, to itself such that

() :=esssup [log A'(¢)| < o0
120
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With p a complete metric on S, define

dr(x,y,) :=sup [L Ap(x(t AT),y(A() AT))], T>0,
>0

,(x,y) := }1161/{ [7(/1) \% f e *dy(x,y, ) ds] .
0

Convergence with respect to d; has the following simple interpretation: x, — x in
D([0, 0); §) if there exists a sequence {1, € A : n € N} such that 4,,(f) — ¢ uniformly
on compacta, and supyy 7y P(x, © 4, x) = 0 for all T > 0. This topology is known as
the Skorohod topology.

A useful criterion due to Chentsov for the existence of a r.c.l.l. version that ex-
tends the Kolmogorov continuity criterion is that for any 7 > 0 there exist positive
constants a, b, ¢ and C satisfying [66, pp. 159-164]

E [|Xf - X, [9X, - XS|"] <Clt—s'"*, Vs<r<t.

1.2 Markov processes

Before defining Markov processes, it is instructive to step back and recall what a de-
terministic dynamical system is. A deterministic dynamical system has as its back-
drop a set X called the state space in which it evolves. Its evolution is given by a time
t map ®,, t € R, with the interpretation that for x € Z, x(¢) := ®,(x) is the position of
the system at time ¢ if it starts at x at time 0. The idea is that once at x, the trajectory
{x(¢) : t > 0} is completely specified, likewise for # < 0. This in fact is what qualifies
x(t) as the state at time t in the sense of physics: x(¢) is all you need to know at time
t to be able to determine the future trajectory {x(s) : s > #}. Thus ®@y(x) = x, and
D, oD, =D, 0D, = Dyy, e, {D;: 1 € R} is agroup.

A two-parameter version is possible for time-dependent dynamics, i.e., when the
future (or past) trajectory depends on the position x as well as the precise time #
at which the trajectory is at x. Thus we need a two-parameter group ®@;,, satisfying
D, ,(x) = x, and D, 0 O, = D, for all u, s, and 1.

Clearly for stochastic dynamical systems, it does not make sense to demand that
the complete future trajectory be determined by the present position. Nevertheless
there is a natural generalization of the notions of a state and a dynamical system.
We require that the (regular) conditional law of {X; : s > ¢}, given {X,, : u < t},
should be the same as its conditional law given X, alone. In other words, knowing
how one arrived at X; tells us nothing more about the future than what is already
known by knowing X;. From an equivalent definition of conditional independence
[32, p. 42], this is equivalent to the statement that {X; : s > ¢} and {X; : s < ¢} are
conditionally independent given X; for each ¢. This definition is symmetric in time.
Thus, for example, it is also equivalent to: for each ¢, the regular conditional law of
{Xs : s < t}, given {X, : s > ¢}, is the same as its regular conditional law given X;.
In fact, a more general statement is true: for any #; < 1, {X; : s < t; or s > 1} and
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{X(s) : 11 < s < tp} are conditionally independent given {X;,, X;,}. This also serves
as an equivalent definition. Though not very useful in the present context, this is the
definition that extends well to indices more general than time, such as 7 € R2. These
are the so-called Markov random fields.

Since finite dimensional marginals completely specify the law of a stochastic
process, an economical statement of the Markov property is: For every collection
of times 0 <t <t <--- < < oo, and Borel subsets Ay, ...,A; C S, it holds that

P(X, €A i=1,.. kI )=PX, cAni=1..klX).
A stronger notion is that of the strong Markov property, which requires that
P(Xewy, €A i= 1. k| ) =PXer, €Ay i=1,.. k| X,)

a.s. on {t < oo}, for every (F¥)-stopping time 7. If X has the Markov, or strong
Markov property, then it said to be a Markov, or a strong Markov process, respec-
tively.

Fort > sand x € S, let P(s, x,t,dy) denote the regular conditional law of X,
given X; = x. This is called the transition probability (kernel) of X. In particular,
P: (s,x,t) — P(s,x,t,S) is measurable. By the filtering property of conditional
expectations:

B[E[fx 18] | 8] =B[rx0 18] s<rst.
which, coupled with the Markov property, yields

P(s, x,t,dy) = fP(s, x,r,dz) P(r,z,t,dy), s<r<t.
s

These are called the Chapman—Kolmogorov equations. While the transition proba-
bility kernels of Markov processes must satisfy these, the converse is not true [57].
Let B(S) denote the space of bounded measurable functions S +— R. Define

Ty, f(x) := fP(s, xtdy) fO), t>s520, feBES).

Then by the Chapman—Kolmogorov equations, {7, : 0 < s < ¢} is a two-parameter
semigroup of operators, i.e., it satisfies

T,=1, T,oT,,=T;;, 0<s<r<t,

where [ is the identity operator. This is weaker than the group property for deter-
ministic flows. However, this is inevitable because of the irreversibility of stochastic
processes.

Let Cy(S) denote the space of bounded continuous real-valued functions on §.
The process X above is said to be Feller if {T;; : 0 < s < t} maps C,(S) into
Cp(S), and strong Feller if it maps B(S) into C,(S). The former case is obtained if
the transition probability kernel P(s, x, ¢, dy) is continuous in the initial state x. The
latter requires more — the kernel should have some additional smoothing properties.
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For example, when S = R, the Gaussian kernel

=y?

P(s, x,t,dy) = e v dy

Tt

does have this property. More generally, if the transition kernel is of the form

P(s, x,t,dy) = p(s, x,t,y)A(dy)

for a positive measure A and the density p is continuous in the x variable, then the
strong Feller property follows by the dominated convergence theorem.

An important consequence of the Feller property is that it implies the strong
Markov property for Markov processes with right-continuous paths. To see this,
one first verifies the strong Markov property for stopping times taking values in
{25 tk> O} for n € N fixed. This follows by a straightforward verification [55,
p. 159] which does not require the Feller property. Given a general a.s.-finite stopping
time 7, the property then holds for 7" := ngﬁ which is also seen to be a stopping
time foralln > 1. Asn T oo, 7™ | 1. Using the right-continuity of paths along
with the Feller property and the a.s. convergence property of reverse martingales, the
strong Markov property for 7 can be inferred from that for 7",

In the case of Feller processes, we may restrict {Ts,} to a semigroup on Cp(S). Of
special interest is the case when the transition probability kernel P(s, x, f, dy) depends
only on the difference » = ¢t — s. By abuse of terminology, we then write P(r, x, dy)
and also T, = T 54+r. Then Ty, t > O defines a one-parameter semigroup of operators.
A very rich theory of such semigroups is available, with which we deal in the next
section. It is worth noting here that this is a special case of the general theory of
operator semigroups. These are the so-called Markov semigroups, characterized by

the additional properties:

(@) T(af +Bg) =aTl,f+pBT,gforall a,f R and f,g € Cy(S);
b) f20=T,f>0;
©) T A1l < 1IfNl, where [If]] := supes [f($)];

(d) T,1 =1, where 1 is the constant function = 1.
We now give some important examples of Markov processes.

Example 1.2.1 (i) Poisson process: Let 1 > 0. A Z,-valued stochastic process
N = {N, : t > 0} is called a Poisson process with parameter A if

(@) No=0;
(b) forany 0 <rfy <t] <--- <ty

Ntl _Nto’ Nt2 _Ntl""’ N[” _N[” 1

are independent, i.e., N has independent increments;

¢) t— N, is a.s. right-continuous;
t g
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(d) fort> s >0, N, — N, has the Poisson distribution with parameter 4, i.e.,

pl (t _ s)n e—/l(t—s)
- n!

P(N; — Ng; =n) , n=0,1,...

It can be verified that N is a Markov process with transition function

B (/lt)n—me—/lt

P(t,m,{n}) = n>m.

P =

(n—m)!

(i) One-dimensional Brownian motion: A real-valued process B = {B; : t > 0} is

called a one-dimensional Brownian motion (or Wiener process) if

(@) Bo=0;

(b) t— B, is a.s. continuous;

(c) fort > s > 0, B; —B; has the Normal distribution with mean O and variance

t—s;
(d) forany 0 <7y <t; <--- <ty,

B, - By, B, - B;,..., B, = B;,,

are independent.

Then B is a Markov process with transition function

1 f = 02 d
ez dy.
V2rt Ja

(iii) In general, any stochastic process with independent increments is a Markov

P(t, x,A) =

process.
(iv) d-dimensional Brownian motion: An R%-valued process W = {W, : t > 0},
where W, = (W], ..., W?), is called a d-dimensional Brownian motion if

(a) for each i, W' = {W': ¢ > 0} is a one-dimensional Brownian motion;
(b) fori # j, the processes Wi and W/ are independent.
Then W is a Markov process with transition function

_ -

1
P A) = o fA e gy,

There are several ways of constructing Markov processes. We list the common
ones below.

(1) Via the theorem of lonescu—Tulcea: Once an initial law A at 7y and the transi-
tion probability kernel are prescribed, one can write down the finite dimensional
marginals of the process:

P(X, €Ay, 0<k<n)= f ﬂ(dyo)f P(ty,yo,t1,dy1)
Ao A

e f P(tn—h)}n—l, tn, dyn) .
Ay
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These are easily seen to form a consistent family and thus define a unique law
for X, by the theorem of Ionescu—Tulcea [93, p. 162]. This may be lifted to a suit-
able function space such as C([0, o); §') by techniques described in Section 1.1.
Via dynamics driven by an independent increment process: A typical instance of
this is the equation

t
X,:Xo+fh(Xx)ds+W,, t>0,
0

where W is a Brownian motion. Suppose that for a given trajectory of W, this
equation has an a.s. unique solution X (this requires suitable hypotheses on #).
Then for ¢ > s,

!
X,=Xs+fh(X,)dr+W,—Ws, t>0,

and therefore X; is a.s. specified as a functional of X, and the independent in-
crements {W, — W, : s < u < t}. The Markov property follows easily from
this. Later on we shall see that the a.s. uniqueness property used above holds for
a very general class of equations. One can also consider situations where W is
replaced by other independent increment processes.

Via change of measure: Suppose X is a Markov process constructed canoni-
cally on its path space, say C([0, c0); §). That is, we take Q = C([0, ); §), § its
Borel o-field, and P the law of X. Then X;(w) = w(f) fort > 0 and w € Q. Let
X[ denote the trajectory segment {X, : s < r < t}. Let ‘{yﬁt be the right-
continuous completion of o{X, : s < r < t}. A family {A;, : s < ¢} of
&) ,-measurable random variables is said to be a multiplicative functional if
ArsAgy = Ay, forall r < s < ¢ If in addition {Ag, : # > 0} is a nonnegative
martingale with mean equal to one, we can define a new probability measure £
on (€, &) as follows: If P, and I@’, denote the restrictions of P and P, respectively,
to §X for ¢ > 0, then

— =Ay;, t2>0. 1.2.1
aF, 0.t ( )

Since § = /59 &%, it follows by the martingale property of {Ag, : ¢ > 0} that
(1.2.1) consistently defines a probability measure on (€, ). Let E and B denote
the expectations under P and P, respectively. For any f € B(S) and s < t, one
has the well-known Bayes formula

E[f(X)Aor 1 §Y]  B[f(X)Ao | §Y]
ElAos1 8] Ao '
From the multiplicative property, the right-hand side is simply

E[fX)A | Y| = BIAXDA 1 X,

in other words, a function of X alone. Thus X remains a Markov process un-
der P. We shall later see an important instance of this construction when we
construct the so-called weak solutions to stochastic differential equations.

Brex) |1 5] =
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(4) Via approximation: Many Markov processes are obtained as limits of simpler
Markov (or even non-Markov) processes. In the next section, we discuss the
semigroup and martingale approaches to Markov processes. These provide the
two most common approximation arguments in use. In the semigroup approach,
one works with the semigroup {7} described above. This specifies the transition
probability kernel via

f P, % dY)fO) = Tf), [ €CKS).

and therefore also determines the law of X once the initial distribution is given.
One often constructs Markov semigroups {7} as limits (in an appropriate sense)
of a sequence of known Markov semigroups {7} : n > 1} as n T co. See Ethier
and Kurtz [55] for details and examples. The martingale approach, on the other
hand, uses the martingale characterization, which characterizes the Markov pro-
cess X by the property that for a sufficiently rich class of f € C,(S) and an oper-
ator £ defined on this class, f(X;) — fot Lf(X;)ds, t > 0, is an (F¥)-martingale.
As the martingale property is preserved under weak (Prohorov) convergence of
probability measures, this allows us to construct Markov processes as limits in
law of other Markov or sometimes non-Markov processes. The celebrated dif-
fusion limit in queuing theory is a well-known example of this scheme, as are
many systems of infinite interacting particles.

We conclude this section by introducing the notion of a Markov family. This is a
family of probability measures {P, : x € S} on (Q, ¥) along with a stochastic process
X defined on it such that the law of X under P, for each x is that of a Markov pro-
cess corresponding to a common transition probability kernel (i.e., with a common
functional dependence on x), with initial condition Xy, = x. This allows us to study
the Markov process under multiple initial conditions at the same time. We denote a
Markov family by (X, (Q, &), {Pi}xes )-

1.3 Semigroups associated with Markov processes

Let E be a Polish space, and (X, (Q, &), {F:}er, » {Px}xer) @ Markov family. We define
a one-parameter family of operators T;: B(E) — B(E), t € R, as follows:

T, f(x) = Ex [f(XD] = fP(t,x,dy)f(Y), feBE). (1.3.1)
E
The following properties are evident

(i) for each ¢, T, is a linear operator;
(1) 1Tt flleo < Ilfllco, Where || - || is the L*-norm;
(iii) T, is a positive operator, i.e., T, f > 0if f > 0;
(iv) T:1 =1, where 1 denotes the function identically equal to 1;
(v) Ty =1, where I denotes the identity operator;
(vi) Tyys = TiTs.
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Thus {T, : t > 0} is a contractive semigroup of positive operators on B(E). We
next define another semigroup, which is in a sense dual to {7, : t > 0}.

Let M, (E) denote the space of all finite signed measures on (E, %(E)), under the
topology of total variation norm. For r € R, we define S;: Mt (E) — MVi,(E) by

(SLH)(A) = fE P(t, x, A) u(d).

Then properties (i)—(vi) hold for {S,}, under the modification ||S; ulltv < ||u|ltv for
property (ii) and S; u(E) = u(E) for property (iv).
Let f € B(E). We define an operator ‘A on B(E) by

Af = lim Lf-f
110 t

in L*-norm, provided the limit exists. We refer to the set of all such functions f as
the domain of A and denote it by Z(A). The operator A is called the infinitesimal
generator of the semigroup {7;}. Let

By = {f € BE): IT.f - fll >0, ast | O}.

It is easy to verify that By is a closed subspace of B(E) and that T, f is uniformly

continuous in ¢ for each f € By. Also T,(By) C By for all t € R, and Z(A) C By.

Thus {7} is a strongly continuous semigroup on By. For Feller processes we have

T;: Cp(E) = Cp(E) and the previous discussion applies with C,(E) replacing B(E).
The following result is standard in semigroup theory.

Proposition 1.3.1 For a strongly continuous semigroup {T,} on a Banach space X
with generator A, the following properties hold:

() if f € X, then [} T,f ds € Z(A) forall t € R,, and
T,f—f:ﬂfotnfds;
(i) if f € D(A), then T,f € D(A) forall t € Ry, and
d%T,f = AT,f = T,Af,
or equivalently,
T.f-f= fotﬂTsfdsz fOthﬂfds, teR, .

We describe briefly the construction of a semigroup from its infinitesimal genera-
tor A. For this purpose we introduce the notion of the resolvent of a semigroup {7}
This is a family of operators {R,} -0 on B(E) defined by

R f(x) = f ) e T, f(x)dr = E, [ f ) e F(X,) dz] , x€E.
0 0
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By Laplace inversion, {R,f : 4 > 0} determines T, f for almost every 7. Hence, if
the map ¢ — T, f is continuous, then T, f is determined uniquely. Thus the resolvent
determines the semigroup {7,} on By. In addition, if B separates the elements of
M (E), i.e., if, for u € M (E),

ffduzo Vf e By
E

implies u = 0, then the resolvent determines the semigroup uniquely, which in turn
determines the Markov family via (1.3.1).
The properties of {T;} are reflected in {R,}. In particular, ||T;|| < 1 corresponds to

IR < 27", (1.3.2)

the positivity of 7, implies that of R, and the semigroup property of {7} corresponds
to

RRS ==V R = Ruf), p#A (1.3.3)

The property in (1.3.3) is known as the resolvent equation. From (1.3.3) it follows
that Ry(B(E)) = R.(B(E)) for all 4, u > 0, and that for f € B(E)

Rif = Ru(f + (= DRS).
Also Ry(B(E)) C By, and
||f—/l7€lfllh—m>0 VfeB. (1.3.4)

Equation (1.3.4) corresponds to the property Ty = I.
The restriction of R, on By is the inverse of (A1l — A) defined on Z(A). Indeed, it
holds that:

(1) if f € By, then R, f € Z(A) and

WU -ARf =] (1.3.5)
(i) if f € P(A), then

R -Af =f. (1.3.6)

It follows by properties (1.3.5)—(1.3.6) that the operator A determines the semi-
group uniquely on By. Indeed, for 4 > 0, we obtain R, f via (1.3.5), which in turn
determines T, f via Laplace inversion. Also since By is closed and Z(A) = R (By)
by (1.3.5)—(1.3.6), it follows from (1.3.4) that Z(A) is dense in By. It is straightfor-
ward to show that the operator (A is closed.

The celebrated theorem of Hille—Yosida provides the necessary and sufficient con-
ditions for an operator on a Banach space to be the infinitesimal generator of a
strongly continuous contraction semigroup.

Theorem 1.3.2 (Hille-Yosida) Let X be a Banach space and L a linear operator
on X. Then L is the infinitesimal generator of a strongly continuous contraction
semigroup on X if and only if
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(1) 2(L) is dense in X;
(i) L is dissipative, i.e., [|[Af — LfI| = Allf]l, for every f € 2(L);
(iii) Z(Al — L) = X for some A > 0.

An equivalent statement of the Hille—Yosida theorem in Rogers and Williams
[102] uses the resolvent {R,; : A > 0} as the starting point. Specifically, a contrac-
tion resolvent {R, : 4 > 0} is defined as a family of bounded linear operators on
X satisfying (1.3.2) and (1.3.3). It is said to be strongly continuous if (1.3.4) holds.
The alternative version of the Hille—Yosida theorem from [102, p. 237] states that
such a family corresponds to a unique strongly continuous contraction semigroup
{T, : t = 0} such that

RS = f e T, fdt  Vt>0, feBE),
0

and
a0 AR
T.f =lim e Z:(; e (1.3.7)
The generator A is in turn given by
Af = £le AR = 1) (1.3.8)

whenever the limit exists, with Z(A) being precisely the set of those f for which it
does.

The two versions of the Hille—Yosida theorem are related in the spirit of Tauberian
theorems. The advantage of the resolvent based viewpoint is that (1.3.7) —(1.3.8) of-
ten lead to useful approximation procedures; the developments of Section 6.3 are
of this kind. The original statement of the Hille—Yosida theorem given above, how-
ever, is more fundamental from a dynamic point of view. In dynamical systems (and
Markov processes after all are stochastic dynamical systems), one wants a character-
ization of the dynamics in terms of an “instantaneous” prescription that leads to the
global dynamic behavior through an appropriate integration procedure. The genera-
tor provides precisely such a prescription. It renders precise the intuition T; = %,
which is straightforward for bounded (A, but highly nontrivial otherwise. Unfortu-
nately the latter is the case for all but the simplest Markov processes (see the exam-
ples below).

Example 1.3.3 (i) Let £ = Z, and N = {N, : t > 0} be a Poisson process with
parameter A and Ny = 0. Then for f € B(Z,) the infinitesimal generator A is
given by

Afx) =Af(x+ 1) = f(x)), x€Z,. (1.3.9)
Conversely, if A is defined by (1.3.9), then since A is a bounded linear operator
on B(Z. ) the corresponding semigroup {7} is given by
(/U)ne—/ll
n!

Tof(x) = fx) = )

n=0

f(x+7’l), .XEZ+,
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and the transition function takes the form
At y—xe—/lt
_Are” oy
y—-x!
Let E={1,...,N}and X = {X, : t > 0} be a time-homogeneous Markov chain
with transition probabilities

P(t, x, {y})

Pij(t):P(XHs:jIsti), t>0.
We assume that
1 ifi=j,
lim P,’j(l) =
1o 0 ifi#j.
If P(t) = [P;j(#)] denotes the transition matrix as a function of time, then

P(t+s) = POP(s), £,5s>0,

and it follows that P is continuous in . Moreover, P is differentiable, i.e.,

. Py
1 =Ai, 1#],
tllI(I)l ; ij 1+ ]
Pi(t)-1
limLz/li,-.
t10 t

for some 4;; € [0,00), i # j, and A;; = — 3 j; Aij.
An alternate description of the Markov chain can be provided via

PXin=Jjl1X; =0 =A;h+o(h), i#]j,
PXp=i|X;=10)=1+A;h+0),

which yields a characterization of the chain in terms of the sojourn times, which
are defined as the random intervals that the chain spends in any given state. If
the chain starts at X, = i, then the sojourn time in the state i is exponentially
distributed with parameter —A;;. The chain then jumps to a state j # i with
probability —% The sequence of states visited by X, denoted by {Yy, Y1,...},1s
itself a discreté Markov chain, called the embedded chain. Conditioned on the
states {Yy, Y1, ... }, the successive sojourn times T, Ty, ... are independent and
exponentially distributed random variables with parameters —Ay,y,, —Ay,v,,-- -,
respectively.
Define the N x N matrix A = [4;;]. Then
P -1

A =1lim .
110 t

Hence, A is the infinitesimal generator of the Markov chain X. Conversely, if
A = [4;;] is an N X N matrix with 4;; > O for i # j, and }; 4;; = 0, then we can
construct a Markov chain X = {X;} taking values in E having transition matrix
P(1) = e
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(iii) Let W = (W, : t > 0} be a standard d-dimensional Wiener process. Then
the domain of the infinitesimal generator A contains the space C*(R?) of twice-
continuously differentiable functions with compact support, and for f € C*(R%),
A takes the form

Afx) = 34f(x),

where 4 denotes the Laplace operator.

1.4 The martingale approach

Consider an E-valued Feller process X and the associated semigroup {7} on C,(E).
Integrating the semigroup equation

d%T,f “TAf. feHA,

we obtain
TG0 = f() + fo T AL ds.
That is,
E[f(x,) - S - fotﬂf(Xs)ds X = x] _o.
More generally,

E[f X)) = f(Xs) = f Af (Xy)dr

3*]

=E[f(Xz)—f(Xs)—fﬂf(Xr)dr Xs]=o,

where the first equality follows from the Markov property. In other words

f(Xz)—fﬂf(XS)ds, >0, (14.1)
0

is an (§FX)-martingale.

The martingale approach to Markov processes pioneered by Stroock and Varadhan
uses this property to characterize Markov processes, essentially providing a converse
to the above statement. The operator A is then said to be an extended generator of the
process and the functions f for which (1.4.1) holds form the domain of the extended
generator, denoted by D(A) [55].

Some advantages of this approach are

(1) Whereas Z(A) in Section 1.3 is sometimes difficult to pin down, P(A) can often
be chosen in a more convenient manner. This is demonstrated in Section 1.6.
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(2) It allows us to use the machinery of martingale theory for analyzing Markov
processes. For example:

(2a) Continuous time martingales have versions that are r.c.l.1., a standard con-
sequence of the forward and reverse martingale convergence theorems. The
martingale approach then allows one to deduce the r.c.l.l. property for the
Markov process in question [55, Theorem 3.6, p. 178].

(2b) Often limit theorems such as the central limit theorem for functions of a
Markov process can be deduced from the corresponding limit theorem for
the associated martingale [55, Chapter 7].

(2¢) There are also simple and elegant tests for tightness and convergence in the
martingale approach for Markov processes [55, Section 3.9].

Given A: P(A) — Cu(E) and v € P(E), we say that a process X (or rather its
law) solves the martingale problem for (A, V) if £ (Xy) = v and for all f € @(ﬂ),
(1.4.1) holds. It is said to be the unique solution thereof if this X is unique in law.
In that case X can be shown to be Markov [55, p. 184]. More generally, a family
{Pilee C & (D[0,); E), solves the martingale problem for A if for each x, P,
solves the martingale problem for (A, §,). The martingale problem is well-posed if
for each x, the solution P, is unique. In this case {P,} is a Markov family.

A key result in this development is the following [55, theorem 4.1, p. 182].

Theorem 1.4.1 Suppose A is linear, dissipative and for some A > 0, the closure of
the range of Al — A separates points of E. Then the martingale problem for (A, V),
v € P(E), has a unique solution, which moreover is a Markov process.

1.5 Ergodic theory of Markov processes

In this section we first present a self-contained treatment of the ergodic properties of
a measure preserving transformation and related issues. Then we study the ergodic
behavior of a stationary process, and conclude by addressing the ergodic properties
of a Markov process.

1.5.1 Ergodic theory

Ergodic theory originated in the attempts to render rigorous the statistical mechanical
notion that “time averages equal ensemble averages.” It was put on a firm mathemat-
ical footing by Birkhoff, von Neumann and others. Their original formulations were
in the framework of measure preserving transformations, a natural formulation of
time invariant phenomena if we consider time shifts as measure preserving. Special-
ized to stochastic processes, and even more so, to Markov processes, the theory has
a much richer structure that subsumes, among other things, the classical law of large
numbers. We outline here the general framework of ergodic theory and specialize
later to stationary processes and Markov processes.
We begin with some basic concepts.
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Definition 1.5.1 Let (E, €, u) be a probability space. An E-measurable transforma-
tion T: E — E is said to be measure preserving if

wWT(A) =uA) VYAE€E. (1.5.1)

If a transformation 7 preserves a measure yu in the sense of (1.5.1), then y is often
referred to as an invariant (probability) measure of 7. Let

Mp(E):={ue PE):poT ™" =y}, (1.5.2)

i.e., Mr(E) is the set of all invariant probability measures of 7. If E is a compact
metric space and T: E — E is continuous, then u +— p o T~! is a continuous affine
map from a convex compact subset of C(E)* to itself. Thus by the Schauder fixed
point theorem [51, p. 456], u — p o T~ has a fixed point, and it follows that My (E)
is non-empty. Alternatively, let v € Z(E), and define

1n—l
Un = —ZvoT‘k.

n k=0

Since E is compact, {u,} is tight. It is easy to show that any limit point of {u,}
in Z(E) belongs to Mr(E) (Krylov—Bogolioubov theorem [119, corollary 6.9.1,
p. 152]).

Let T be a measure preserving transformation on a probability space (E, €, u). A
set A € € is called T-invariant if 7~'A = A. In such a case the study of T can be split
into the study of the transformations 7|4 and T'|c.

Definition 1.5.2 Let (£, €, u) be a probability space. A measure preserving trans-
formation T: E — E is called ergodic if for any T-invariant set A € €, u(A) = 0 or

u(A) = 1.

From the perspective of invariant measures, a T-invariant probability measure u
is called ergodic if for any 7T-invariant set A € €, u(A) = 0 or u(A) = 1. Ergodicity
can also be expressed in a functional language: a u-preserving transformation 7 is
ergodic if and only if every T-invariant real-valued function f (i.e., fo T = f)is
constant a.s. with respect to u.

Theorem 1.5.3 (Birkhoff ergodic theorem) Let T be a measure preserving trans-
formation on a probability space (E, €, ) and f € L' (u). Then

1 n—1
lim = AT ) =Ef 1] peas.,
k=0

where 3 is the pi-completion of the o-field {A € € : T™'A = A).
The proof can be found in several texts, e.g., [119].

Corollary 1.5.4 If T defined on (E, €, u) is ergodic, and f € L' (1), then

n—1
lim lz:f(Tk(x)) = ffdu u-a.s.
n—oo N —~ E
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Useful properties of the set of invariant probability measures My (E) defined in
(1.5.2) are provided by the following theorem.

Theorem 1.5.5 Let E be compact and T : E — E continuous. Then

i) My (E) is a convex and compact subset of Z(E);
(i1) u is an extreme point of Mr(E) if and only if p is ergodic, i.e., if T is an ergodic
measure preserving transformation on (E, €, u);
(iii) if u, v € My (E) are both ergodic and pu # v, then p and v are mutually singu-
lar.

Proof (i) The convexity of My(E) is obvious. Also, it is easy to show that it is
closed, and hence compact by Prohorov’s theorem.

(i) If 4 € Mz (E) is not ergodic, then there exists A € € such that T~'A = A and
0 < u(A) < 1. Define y; and u, in £(E) by
u(BNA) _ H(BNAY

: B =204
[(A) HaB) ==

It is straightforward to verify that u; and p, belong to My(E), and since
p=pAp + (1= p(A)pz

4 is not an extreme point of Mr(E). Conversely, suppose u € Mr(E) is ergodic and
u = auy + (1 —a)uy for some uy, pup € My(E), and a € (0, 1). Clearly u; < u. Let

p1(B) = c€.

A:{er:%‘(x)<l}.

Then

d d
f ﬂdwf )
AnT-14 dp A\T-1A du

=u(T7'A)

d d
_ f d g, f du g,
AnT-14 dpt T-1A\A du

d d
f d g = f du g,
A\T-1A du T-1A\A du

Since ‘LL” <lonA\T A, ‘L% >1onT'A\ A, and

which implies

HANT'A) = p(A) - (AN T~ A)
=w(T™'A) - u(ANT'A)
= (T A\ A),

it follows that
HANT™'A) = u(T'A\ A) = 0.
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If u(A) = 1, then

ul(E)=f%'dﬂ<u(A)= 1,
A

a contradiction. Thus p(A) = 0. Similarly, if B = {x eE: ‘g’—#‘(x) > 1}, following the
same arguments we show that u(B) = 0. Therefore y; = u, which in turn implies
U1 = po, and thus g is an extreme point.

(iii) Using the Lebesgue decomposition theorem, we can find a unique a € [0, 1]
and a unique pair y;, g, € Z(E) such that u = au; + (1 — a)up, where y; < v and
Mo 1s singular with respect to v. However,

p=poT ' =auoT ' +(l—ayyoT",

and since uyjoT~! < voT~! =~vand u, o T~ is singular with respect tovo T~ = v,
the uniqueness of the decomposition implies that u;, uo € My(E). Since u is an
extreme point of My (E), we have a € {0, 1}. If a = 0, then u = y; and u is singular
with respect to v. If a = 1, then u < v, and we can argue as in (ii) to conclude that
u = v, a contradiction. O

Let MS.(E) denote the set of extreme points of Mr(E).

Definition 1.5.6 Let X be a Hausdorft, locally convex, topological vector space
and C C X a convex, compact, metrizable subset. An element x € C is called the
barycenter of a measure u € Z(C) if

£0) = fc fd

for all continuous affine f: C — R.
We state without proof a theorem of Choquet [95].

Theorem 1.5.7 (Choquet) Let C be a convex, compact, metrizable subset of a lo-
cally convex topological vector space. Then each x € C is the barycenter of some
u € P(C) supported on the set of extreme points of C.

The metrizability of C ensures that the set of its extreme points is G5 in C and
hence measurable, whereas the compactness of C ensures that it is non-empty [44,
p. 138].

Lemma 1.5.8 For each u € My (E), there exists a unique ¢ € P (Mr(E)), with
E(MS(E)) = 1, such that

f S u(dx) = f ( f f (X)V(dX))f(dV) VfeCE).
E M(E) \JE

Proof Since My (E) is convex and compact, the existence of such a & follows from
Choquet’s theorem.

To show uniqueness, note that if u; and u, are T-invariant, so is (; — s, hence also
(u1—p2)* and (uy —pp)~. It follows that the measures |u; —po| = (U —p2)* + (1 —u2) ™,
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p1 Yoz = 5 i+ o+ g —pol) and gy A pp = 3 (uy + o — [y — o)) are also T-
invariant. Therefore Mz (E) is a Choquet simplex [44, p. 160], and by a theorem of
Choquet and Meyer [44, p. 163], £ is unique. O

We write

M(A) =f V(A)é(dv), A€C,
M (E)

T

and call this the ergodic decomposition of p.
We have thus far treated ergodicity for a single measure preserving transformation.
Next we extend the study to a semigroup of measure preserving transformations.
Let (E, €, i) be a probability space and {T; : ¢ > 0} a semigroup of measure
preserving transformations on E. Note then that

fE J(Ty(x)) u(dx) = fE f@udy)  Vfel'@w.

Assume that (¢, x) — T,(x) is measurable with respect to ZA(R,) x €. We have the
following extension of Birkhoff’s ergodic theorem for {7}.

Theorem 1.5.9 Let {T, : t > 0} be a semigroup of measure preserving transforma-
tions on a probability space (E, €, u). Define the operator S; by

1 !
S, f(x):= ;fo f(Ty(x))ds.

Then for every f € L' (u) there exists f* € L'(u) such that

lim S, f =" w-as., (1.5.3)

t—o0

and f* =B [f | 3], where J is the u-completion of the o-field
(AcGC:T'"A=A, VteR,}.

In particular, BE[f o T, | 3] = E[f | 3] for all t € R,. Moreover, if f € LP(u), with
p € [1,00), then

|S.f - £

0. (1.5.4)

_—
LP(IJ) >0

Proof Without loss of generality assume that f > 0. Define f;(x) := fol f(T4(x))ds

for x € E. Then
1
f S1(0) u(dx) = f [ f f(Ts(X))dS}/J(dX)
E E [Jo

1
= f [ f f(Ts(x))ﬂ(dx)] ds
0 E

=f}mmw»
E
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Therefore f; € L'(u). Since T is measure preserving, and T{ =T, forany n € N,
we have

n—1

n—1 1 n
TF(x) = Tirs(x))ds = T,(x))ds.
FTH0) ;Lﬂhmn £m<ms

k=0

Hence, by Theorem 1.5.3,

f*(x) := lim %fn f(Ty(x))ds exists y-a.s. (1.5.5)
n—oo 0

For t > 1, let [¢] denote the integer part of 7, i.e., | ] < ¢ < |¢] + 1. We have

[t]+1

sayds< 1 [ saeydass o [ frwes. 15
t Jo L] Jo

Since Uﬁ’i - — 1, it follows from (1.5.5)—(1.5.6) that the limit in (1.5.3) exists p-a.s.
on E. Also, since
ffd,u:ffOT,d,u VAeS,
A A
we have, for every bounded f,
ffdu f[hm—ffons]
Al t
= lim —f [ffOTsd,u]ds
t—oo 0 A

1 L]
L] +1

Thus f* = E[f | 3].

Since (IS fllrwy < I1fllzrw> S is a bounded linear operator on LP(u), p € [1, c0).
If f is bounded, then (1.5.4) holds by dominated convergence. If f € LP(u) for some
p € [1,00), then for every € > 0 there exists a bounded function f; on E such that
f = fellrgy < 5. Also since S, f; is Cauchy in LP(u), there exists T = T (e, f) such
that [|S, fi = S fellrgy < §, forallz, ¢ > T. Thus, we have

“Stf _ Sl’f“Lp(y) < ”S[(f - fg)”Ll’(u) + ”S[fg - Sz’fa”Lp(y) + HSz’(f - fs)”LP(ﬂ)
<e, VY, >T(s f.).

Therefore S, f is Cauchy in L”(u) and hence it converges. It is evident that the limit
is f*. O

Theorem 1.5.9 admits a more general form as follows [108, p. 2].

Theorem 1.5.10 Let {T; : t > 0} be a semigroup of measure preserving transfor-
mations on a o-finite measurable space (E, €, ), and f,g € L'(u), g > 0. Suppose
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fot g(T5(x))ds — oo ast — oo, u-a.s. Then there exists f; € L'() such that
o F(To())ds
S [
Iy 8(T(x))ds
Moreover, f;(x) = f;(Ti(x)) p-a.s. for all t > 0, and

= f;(x) p-a.s.

fE Je (Dg(x) u(dx) = fE S0 pu(dx).

Definition 1.5.11 A semigroup {7 : ¢t > 0} of measure preserving transformations
on a probability space (E, €, y) is called ergodic if u(A) € {0, 1} forall A € 3.

If {T} is ergodic, then yu is often referred to as an ergodic invariant probability mea-
sure for the semigroup {7;}. Also note that if {7} is ergodic, then any J-measurable
function is constant p-a.s.

Remark 1.5.12 (i) If {T;} is ergodic and f € Ll(p), then

1 !
tim 1 [ AT = [ feoun.
to [ o E

(i) The analogue of Theorem 1.5.5 holds for a semigroup {7} of measure preserving
transformations.

1.5.2 Ergodic theory of random processes

Recall that a random process is called stationary if its law is invariant under time
shifts. We now consider the implications of ergodic theory for stationary stochastic
r.c.l.l. processes with state space S. The space of sample paths £ = D(R;S) with
the Skorohod topology is itself a Polish space. It is well known that any Polish space
E can be homeomorphically embedded into a G subset of [0, 1] [32, p. 2]. The
closure of its image can then be viewed as a compactification E of E, i.e., E is
densely continuously embedded in the compact Polish space E. Then M := Z(E) is
compact by Prohorov’s theorem. Let M? denote the subset of M, corresponding to
stationary probability measures on E, and M; denote its closure in M. The sets M;
and M? are convex and M is compact. Let M., M? denote the set of extreme points
of M, M?, respectively. That M, is non-empty follows from compactness of M.
By Choquet’s theorem [44, p. 140] (see also Theorem 1.5.7, p. 18), every u € M; is
the barycenter of a probability measure £, on M., i.e., it satisfies

ff(Z)ﬂ(dZ)=f (ff(z)v(dz))fy(dw Vf €CyE).
E M. \VE

By Theorem 1.5.5 (iii), the elements of M, are mutually singular. Consequently, as
in Lemma 1.5.8, £, is uniquely determined by u.

Lemma 1.5.13  If € MY, then &, (M. \ M2) = 0.
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Proof 1f&,({v e M. : v(E\E) > 0}) > 0, then u(E'\ E) > 0, a contradiction. Thus,
& ((MS)L') = 0. In particular M? # @. 0

We now turn to Markov processes. Let P(t, x, dy) be a transition kernel on a Polish
space S, and X denote a Markov process governed by this kernel.

Definition 1.5.14 yu € Z(S) is said to be an invariant probability measure (or
stationary distribution) for the kernel P if

fs H(dx)P(t, x,dy) = p(dy) .

We let 57 denote the set of all such u, and . denote the set of stationary laws of X
corresponding to .Z(Xp) € 7.

Assuming P is Feller, the following are some immediate consequences of this
definition:

() if, for some t € R, the law of X, is u, then it is so for all # € R, and X is a
stationary process;
(ii) the sets 7 and .7, if non-empty, are closed and convex.

The existence of an invariant probability measure can be characterized as follows.

Theorem 1.5.15 Let S be a Polish space, and P: R, X § — Z(S) a transition
probability. Then there exists an invariant probability measure for P, only if for some
Xo € S the following holds: for every € > O there exists a compact set K, C S such
that

t—o0

1 [ .
lim inf ;f P(s,x0,K;)ds < €. (1.5.7)
0

Provided P has the Feller property, this condition is also sufficient for the existence
of an invariant probability measure.

Proof Suppose that u € Z2(S) is invariant. Since S is Polish, u is tight. Let K, be
a sequence of compact sets such that (K$) — 0 as n — oo. Fix a sequence #; T oo,
and define

1 [
©p(x) ;= liminf — f P(s,x, K})ds .
koo 1 Jo

Then, since

1 [
WKy = fﬂ(dx) [— f P(s,x,K}) ds] , k=0,
s I Jo
taking limits we obtain
u(K) = f @n(x) p(di)
s

which implies that along some subsequence ¢, converges to O u-a.s. Thus for n large
enough (1.5.7) holds. This completes the proof of necessity. To show sufficiency, it
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follows from (1.5.7) that there exists a sequence #; T oo and an increasing sequence
of compact sets K, such that

1 [
sup — f P(s, x0,K;,)ds — 0.
0 &k Jo n—00

Consequently the sequence of measures

1 Tk
) = - f P(s,xo.A)ds, Ac(S),
k JO

is tight, and hence it converges along some subsequence, also denoted by {#]}, to
some u € Z(S). By Feller continuity, for f € Cp(S),

f,u(dx)T,f(x): lim lfkdsfP(s,xo,dx)th(x)
S k—oo T Jo N
= lim lfkTH,f(xo)ds. (1.5.8)

k—oo [y 0

The right-hand side of (1.5.8) can be decomposed as

] Tk ] Ik 15
lim — f Tsiif(xg)ds = lim — [f T,f(xo)dr — f T, f(xo)dr
0 k=co fx [ Jo 0

k—oo 1y
I+t
+ f T, f(x0) dr}
73
= ff(X)ﬂ(dx), (1.5.9)
s
and it follows by (1.5.8)—(1.5.9) that y is an invariant probability measure. m]

Note that although we are addressing Markov processes on [0, co), in what fol-
lows we work with the bi-infinite path space D (R; §) instead of D([0, 0); §). Given
a stationary probability distribution on the latter, its image under the shift operator
0_; defines a stationary distribution on D ([, 0); §) for each ¢ > 0. These distribu-
tions are mutually consistent due to stationarity. Thus they define a unique stationary
probability measure on D (R;S). Conversely, a stationary probability measure on
PD(R; §) uniquely specifies a stationary probability measure on D([0, c0); S ) through
its image under the map that restricts functions in D(R;S) to D([0, 00);S). Thus
there exists a one-to-one correspondence between the two. Also note that extremal-
ity, ergodicity and other relevant properties needed here translate accordingly.

Given a transition kernel P on S of a Markov process, we extend it to § by defining
P(t, x,dy) = 6,(dy) for x € § \ S. Then Theorem 1.5.7 yields the following lemma.

Lemma 1.5.16 The law of a stationary Markov process with transition kernel P is
the barycenter of a probability measure on .%,, the set of extreme points of ..

We refer to .7, as the set of extremal stationary laws.

Theorem 1.5.17 Every extremal stationary law is ergodic.
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Proof Suppose not. Then for some & € .7, there exist mutually singular &' and &2
in MY and a € (0, 1) such that & = a &' + (1 —a) €*. Let i, u' and p in Z(S) denote
the marginals of &, &' and &2, respectively, on S. Then u = au' + (1 — a)u®. Let A
be a measurable subset of D(R; S ) such that £!(A) = 1 = £2(A°), which is possible
because &' 1 £2. Clearly &', £ < £ and

gl = Ix A2 .= d‘fz Lae
& a’ T 1-a’

where I, denotes the indicator function of the set A. Let {{;} denote the canonical
filtration of Borel subsets of D((—o0,1];S), completed with respect to &. Let &, f,l
and £? denote the restrictions of &, &' and &2, respectively, to (D(R; S), &), t € R.
Then

Al =

Aﬁ::%:E[Ail&] fas., i=1,2,

where the expectation is with respect to £. By the martingale convergence theorem,
Al - Al as., i=1,2. Since A, t € R, is stationary, we have

A= A2 = W ier
a 1-a
In particular, on A,
A’l” =1 ¢-as., ViseR. (1.5.10)
A[l b b

Let iy = V(- | w) and Vi = v} (- | w) denote the regular conditional law of
{X;1, : 0 < r < s} given §,, under & and &, respectively, i = 1,2. Write &, and &/,
as

£rs(do, do”) = £(dew) vy (do” | o),
& (o', dw”) = £(dw) Vi ([do” | o), i=1,2,

for ' € D((=c0,1];S) and w” € D((t, 1 + 51;5). Since £ < & for all 1 € R, we have
Vi, <V, Ei-a.s. Therefore

d§t+s , ’” dé:t ’ 77 [ .
(', ") = —(w ) ( L, Eas., i=1,2,
&, a&' e, ¢
i.e.,
i, 1 d’V;le ’ ’” i .
m(a) W' )_A’(w)d (', ") &-as., 1=1,2.
Vis
By (1.5.10), Al = Al, ¢'-a.s., and hence g 2 =1, &-as. for i = 1,2. Therefore,

vm = Vi, §,—a.s. fori = 1,2, and it follows that the regular conditional law of X,
given X, is P(s, X;,dy), &-a.s., i = 1,2. Thus & € .#, i = 1,2. Since &' # £ this
contradicts the fact that £ is an extreme point. Thus & must be ergodic. O
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The proof of Theorem 1.5.17 depends crucially on working with D(R;S) instead
of D([0, c0); S ). From now on, however, we revert to D([0, o0); §), keeping in mind
that the foregoing continues to hold in view of the correspondence between stationary
measures on the two spaces, as noted earlier.

Let 3 denote the sub-o-field of Z (D([0, 0);S)) consisting of those sets that are
invariant under the shift operator 6, t € [0, c0), completed with respect to & € .7,
ie.,

3:={A e B(D(0,);9)) : £A A6 (A) =0, Vi € [0,00)} .
The following is immediate from Theorem 1.5.9.

Theorem 1.5.18 Foré € . and f € L'(¢),

1 T a.s. ~
- fo f(X 0 0)dt — By [fX) 3],

and for ¢ € ., and f € L'(é),

1
—f f(XoGth—)f fdé.
T Jo T-0 Jpm.s)
Moreover, if f € LP(€), p > 1, then convergence in LP(€) also holds.

Remark 1.5.19 We are primarily interested in functions f(X) = g(Xy) for some
g€ L), pe A Thus f(Xo6)=gX)and [ fdé= [gdpu.

We now state an important characterization of 3.

Lemma 1.5.20 Define the tail o-field F as the completion with respect to & of
Niz0 (X5 : s > 1). Then I C ™.

Proof Let §;° denote the £-completion of oo(X; : s =2 #). [f A € 3 C F, then
,-invariance implies A € §;° for all ¢, and therefore A € F>. ]

Lemma 1.5.21 Let Y be a 3-measurable, bounded random variable. Then

(a) f(x) =E,[Y]:=E[Y | Xy = x] satisfies T,f = f, u-a.s.;
d) M, = f(X;) is an (8’5()-martingale on (Q,F, &),
(©) Y =1lim; 0 M, é-as., and in L' (u).
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Proof Since Y is 3-measurable, £(Y # Y o 6,) = 0 for all # > 0. Thus
0=FE,|Y-Yod4

= fS]Ex|Y — Y 06, u(dx)

> fg'E" [Y]—E.[Y 0 6,]| u(dx)

- fs [E. Y] - E.[B[Y 0 6,1 §]]| u(ao
- fS B, [Y] — B, [By, [Y1]] )

= fslf(x)—Tzf(x)Iu(dx), (1.5.11)

which establishes (a). The fourth equality in (1.5.11) follows by the Markov prop-
erty and the fact that ¥ is J-measurable and therefore §-measurable. It also fol-
lows that, u-a.s., f(X,) = E, [Y | {‘}f‘] Thus (M,, F¥) is a regular martingale. Part (c)
then follows by the convergence theorem for regular martingales [32, theorem 3.3.2,
p. 50]. O

Definition 1.5.22 A set A € Z(S) is said to be u-invariant under the Markov family
if P(¢,x,A) = 1 for p-a.s x € A, and ¢t > 0. Let 3, denote the set of all u-invariant
sets in Z(S).

Lemma 1.5.23 The class of p-invariant sets 3,, is a o-field. If A is a p-invariant
set, then 14(Xo) is 3,-measurable. Moreover, if C € 3, then there exists B € 3, such
that £(Ic # 13(Xp)) = 0.

Proof Let A € %(S) be u-invariant. Then
HA) = fﬂ(dX)P(t, x,A)
s
= f,u(dx)P(t, x,A) + f u(dx)P(t, x, A)
A Ac

— uA) + f U(AOP( x, A)
R

which shows that P(z, x, A°) = 1, u-a.e. on A°. Thus 3, is closed under complemen-
tation. That it is closed under countable unions is easy to prove. It clearly includes
the empty set and the whole space. It follows that 3, is a o-field. Also

f(I[A(Xo)iﬂA(Xz))=f/»l(dX)P(t,x,AC)+fu(dX)P(t,x,A)=0,
A A

which implies that [4(Xg) o 6, = I4(X;) = [4(Xp), &-a.s. It follows that I4(Xp) is
J,-measurable. Next, let C € J and set f(x) = Py(C). Then by Lemma 1.5.21

Ic = t]im fX)) &-as.
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Choose 0 < a < b < 1, and define
Ay ={xeS:a< f(x)<b}.

Then, since HAg(Xt) — 0, &ass. ast — oo, and X is stationary, it follows that
E, [IAZ(X,)] = 0, which in turn implies that P(¢, x, A}) = 0, u-a.s. Therefore

(A7) = Lp(dx)P(t, x,A}) =0

and since a and b are arbitrary, we have
u(fxeS :0< f(x)<1})=0.
This shows that u is supported on the union of the sets
B={xeS:f(x)=1} and B ={xeS: f(x)=0}.
Since f(x) = Ig(x) p-a.s., invoking once more Lemma 1.5.21, we obtain
() =B [f(X0)] = E« [1p(X))] = P(t, x, B)

for pu-almost all x. Thus B is a y-invariant set and the result follows. O

Corollary 1.5.24  The probability measure & is trivial on 3 if and only if the invari-
ant probability measure i is trivial on J,,.

This shows that the ergodic decomposition for a Markov process translates into a
decomposition of its state space. The latter is known as the Doeblin decomposition.

1.6 Diffusion processes

The study of diffusion processes was motivated among other things by the diffusive
behavior of particles in a fluid in physics. (Historically, an early motivation came
from finance — see Bachelier [10].) The most famous example is of course the ob-
servation by Brown of the random motion of pollen in a liquid, which led to the
discovery of the most famous diffusion of them all, the Brownian motion.

Physically, a diffusion process is an R?-valued process X defined by the require-
ments: fore >0, >0and i > 0,

E [(Xion = X) W Xoan — Xl < 8} | §| = m(X)h + o(h).
(1.6.1)
E [(Xion — X)Xeen = X0 WlXeon — Xil < &} | §F] = a(Xh + o(h).

The functions m: RY +— R? and a: R? — R are called the drift vector and the
diffusion matrix, respectively. The latter is seen to be nonnegative definite by virtue
of being a conditional covariance. Physically, the drift gives the local (conditional)
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mean velocity of the particle and the diffusion matrix the local (conditional) covari-
ance of the fluctuations. Assuming (1.6.1) and the additional technical conditions,
that for & > 0, ¢t > 0 and & > 0, we have

P (1Xin — X > £| &) = o(h),
E|IXeen = X HXiun — X < £} | ] = o),

one can formally derive the partial differential equations satisfied by the transition
probability density p(z, x,y) (i.e., the density w.r.t. the Lebesgue measure of the tran-
sition probability kernel) of this process. These are the Kolmogorov forward and
backward equations:

op . _ . _

i -L'p=0, tel0,T], 1lllr(§1p(t,x,y)—6x(y),
0\ rp=0. re[0.T] lim p(, x, y) = 6,(x)
o T Lr =0 ,T1, im p(t, x,y) = 6,(x),

where L is the second order elliptic operator

Lf=mVf)+ %tr(aV2f), (1.6.2)

and L* is its formal adjoint. The forward equation is also known as the Fokker—
Planck equation. See Wong and Hajek [122, pp. 169—173] for a derivation.

This derivation is, of course, purely formal and one requires to fall back upon the
theory of parabolic partial differential equations to study the well-posedness of these
equations. For example, if m and a are bounded Lipschitz and the least eigenvalue of
a is bounded away from zero, then a unique solution exists in the class of functions
once continuously differentiable in ¢ and twice continuously differentiable in (x, y),
with growth in the latter variables slower than e+ for any a > 0 [83]. See Bo-
gachev et al. [26] for regularity of transition probabilities under weaker assumptions
on the coefficients.

While this was a major development in its time, it put diffusion theory in the
straightjacket of the available theory of parabolic PDEs, which in particular meant
restrictions on m and a along the above lines. The semigroup theory developed by
Feller and Dynkin and described in the preceding section was a major extension,
which allowed for more general situations. The operator £ above appeared as the in-
finitesimal generator of the associated Markov semigroup when C?(R¢) was included
in the domain of the generator. The latter, however, was not always true, e.g., in the
important case of merely measurable m, a common situation in stochastic control
as we shall see later. The crowning achievement in Markov process theory was the
Stroock—Varadhan martingale formulation we described in the last section, which
broadened the scope even further. Here £ appeared as the extended generator.

The modern definition of a diffusion is as a Feller process with continuous sample
paths. From this, it can be shown that its extended generator is of the above form
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(1.6.2). This follows from a theorem due to Dynkin which we quote here without
proof [102, pp. 258-259].

Theorem 1.6.1 Let {T,: t > 0} be a strongly continuous Markov semigroup of
linear operators T;: Co(R?) — Co(RY). Suppose that the domain of its generator A
contains CX(RY), the space of smooth functions of compact support. Then the restric-
tion L of A to C*(R?) takes the form (1.6.2). Moreover; the functions m: RY — RY
and a : RY - R are continuous and the matrix {a;j(x)} is nonnegative definite
symmetric for each x € RY.

A parallel development, of great importance to this book, is Itd’s formulation of
diffusions as solutions of stochastic differential equations. (The scalar case was ear-
lier handled by Doeblin, a fact that remained unknown for many years due to some
unfortunate historical circumstances. This is explained in the historical summary by
M. Davis and A. Etheridge [10].) This viewpoint begins with the stochastic differen-
tial equation

dX[ = m(X[) dt + O-(X[) th 5 t> 0 ,

where o is any nonnegative definite square-root of a and W is a standard Brownian
motion in R?. This is to be interpreted as the integral equation

! !
X,=X0+fm(Xs)ds+fG(Xx)dWS, t>0.
0 0

The second term on the right is the It6 stochastic integral, which Itd introduced for
this purpose. We study the solution concepts for such equations and the associated
well-posedness issues in Chapter 2. We close here with the comments that while this
approach departs from the purely distributional specifications (such as the semigroup
or martingale approaches) in so far as it hypothesizes a “system driven by noise” on
some probability space in the background, it leaves at our disposal the powerful
machinery of It6 calculus with which one can work wonders. More of that later.

1.7 Bibliographical note

Section 1.1. For a brief account of the general theory of random processes see [32,
chapter 6]. For more extensive accounts, see [47] and [66].

Sections 1.2—1.6. For the general theory of Markov processes, [45], [55], and [102,
103] are comprehensive texts, and the latter two have extensive accounts of the semi-
group and martingale approaches sketched in Sections 1.3 and 1.4. An early source
for the ergodic theory of Markov processes is [125]. For diffusions, the classic text
by Stroock and Varadhan [115] is a must. An excellent treatment of the topic also
appears in [79].
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Controlled Diffusions

2.1 Introduction

With this chapter, we begin our exposition of ergodic control of diffusion processes,
which are continuous time, continuous path Markov processes. We have to assume
a certain amount of mathematical sophistication on the part of the reader. We shall
limit it to a familiarity with Brownian motion, stochastic calculus and (uncontrolled)
diffusions at the level of Karatzas and Shreve [76]. The few occasions we might reach
beyond this, we shall provide pointers to the relevant literature.

With this introduction, we start in this chapter with basic concepts pertaining to
controlled diffusions and their immediate consequences.

2.2 Solution concepts

The prototypical controlled diffusion model we consider is the R?-valued process
X = {X, : t > 0} described by the stochastic differential equation

dX; = b(X;, Uy dt + o(X;) dW;. (2.2.1)

All random processes in (2.2.1) live in a complete probability space (€2, §,P), and
satisfy:

(i) W is a d-dimensional standard Wiener process.
(ii) The initial condition X, is an R¢-valued random variable with a prescribed law
v, and is independent of W.
(iii) The process U takes values in a compact, metrizable set U, and U,(w), t > 0,
w € Q is jointly measurable in (¢, w) (in particular it has measurable sample
paths). In addition, it is non-anticipative: For s < t, W, — W, is independent of

&5 := the completion of o(Xy, U,, W, : r < s) relative to (§,P). (2.2.2)

(iv) The functions b = [b',...,h%]": R x U > R? and o = [0]: R? > R are
locally Lipschitz in x, with a Lipschitz constant Kz > 0 depending on R > 0,
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i.e., for all x,y € R? such that max {|x], [y|} <R, and u € U,
Ib(x, u) — b(y, )| + llo(x) — oIl < Krlx =y, (2.2.3)

where ||o]]? := tr (O‘O‘T). Also, b is continuous in (x, ). Moreover, b and o satisfy
a global linear growth condition of the form

b(x, ) + lo@I* < Ki(1+1x*)  Y(xu)eRIxU. (2.2.4)

Remark 2.2.1 Let (Q, §,P) be a complete probability space, and let {{,} be a filtra-
tion on (€2, ) such that each &, is complete relative to §§. Recall that a d-dimensional
Wiener process (W, &;), or (&,)-Wiener process, is an &,;-adapted Wiener process
such that W, — W, and & are independent for all t > s > 0. An equivalent defini-
tion of the model for (2.2.1) starts with a d-dimensional Wiener process (W;, ;) and
requires that the control process U be §;-adapted. Note then that U is necessarily
non-anticipative.

A process U satisfying (iii) is called an admissible control and represents the
largest class of controls we shall admit. This class is denoted by . Intuitively, these
are the controls that do not use any information about future increments of the driving
“noise” W, a physically reasonable assumption.

A few remarks are in order here. To start with, the above assumptions represent a
comfortable level of generality, not the greatest possible generality. We have chosen
to do so in order to contain the technical overheads not central to the issues we are
interested in. Secondly, the control process U enters the drift vector b, but not the
diffusion matrix 0. We comment on this restriction later in this chapter. Finally, it
may seem restrictive to impose the condition that o is a square matrix. Nevertheless,
there’s no loss of generality in assuming that it is, as we argue later.

In integral form, (2.2.1) is written as

! !
X, = Xo + f b(X,, Uy)ds + f o(X,) dW, . (2.2.5)
0 0

We say that a process X = {X;(w)} is a solution of (2.2.1), if it is &,-adapted, contin-
uous in ¢, defined for all w € Q and ¢ € [0, o0) and satisfies (2.2.5) for all ¢ € [0, c0)
at once a.s.

The second term on the right-hand side of (2.2.5) is an Itd stochastic integral. We
recall here its basic properties. In general, if oy is an §,-adapted process taking values
in R™4_and

i3
fllmllz ds<oo  Vt>0, (2.2.6)
0

then

& ::f o, dW; 2.2.7)
0
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is a local martingale relative to {;}. I

f oyl ds

then (&, §;) is a square-integrable martingale with quadratic covariation matrix

(€8, = f 0,0, ds.
0

For T > 0 and an R¢%-valued process {Y; : t € [0, T]} on (€, §, P) with continuous
paths define

V>0,

1Yl := sup [Yi].
0<t<T

It is well known that if (X, || - ||x) is a Banach space, then

: P\
1Zlrxy = (BNZI) " . 1<p<eo,

is a complete norm on the space of (equivalence classes) of X-valued random vari-
ables Z defined on a complete probability space (Q, §, P), that satisfy E ||Z||f( < o0,
Let ?{7’3 denote the subspace of processes Y defined for 7 € [0, T], which have con-
tinuous sample paths, i.e., take values in C([0, T]; R?), and satisfy E ”Y”fo,r < oo, It
follows that H}. is a Banach space under the norm

1
Yl = (BIYIZ )", 1<p<oo.

We also let H” denote the set of R?-valued random variables whose law has a finite
p" moment.

Perhaps the most important inequality in martingale theory is Doob’s inequality,
which asserts that if (M, ;) is a right-continuous martingale, and

A(T,¢) := { sup |M,| > 8} , >0,
0<t<T
then
P(A(T, &) < &' E[Mrlyre)] - (2.2.8)
Provided M is nonnegative, (2.2.8) yields

1
1Ml < ",

p>1. (2.2.9)

For £ as in (2.2.7), suppose (2.2.6) holds and define

), = f llosl* ds .
0

E[().] < E[Sup |$s/\r|2} <S4E[©)] . (2.2.10)

§<00

If 7 is a §;-Markov time, then
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Moreover, for any positive numbers € and 9,

P(sup Eonl® > e) < g +P((&), 26) .
§<00
Also, if E [(£),] < oo, then (a7, &) is a square-integrable martingale for s > 0,
lim_e &nr = & a.s. on the set {7 < oo}, and E [(£),] = E [|&,/?]. For a proof of these
results see Krylov [79, pp. 104—105].

Moreover, the Burkholder—Davis—Gundy inequalities assert that for any p € (0, co)
there exists a positive constant C,, such that for any Markov time 7

1 "
- E [sup |§W|P] <B[&F|<C, E [sup mw] : (2.2.11)
)4 §<00 §<00

For p = 1, (2.2.11) holds with C,, = 3 [79, pp. 160-163].
Of fundamental importance in the study of functionals of X is Itd’s formula in
(2.2.13) below. For f € C*(R?) define the operator £: C%2(RY) - C(R? x U) by

2
Lf(ou) = Z‘ 4() 6)(1 a]; W+ Z bi(x, u)g—i(x), 22.12)
where
[
a.=—00 .
Then for f € C*(RY),
f(Xy) = f(Xo) + f LfX,,Uy)ds+ M, as., (2.2.13)
0
where
M, = f (V(X,), 0(X,) dW,) (2.2.14)
0

is a local martingale.

2.2.1 Existence and uniqueness of solutions

We distinguish between the nondegenerate case when the least eigenvalue of oo’ is
bounded away from zero on every compact subset of R, and the degenerate case
when it is not. More precisely, if G is a bounded open set in RY, we say that the
controlled diffusion in (2.2.1) is nondegenerate in G if L is uniformly elliptic in G,
i.e., if it satisfies

d
D diwEg = KEP  VEeR! VxeG,

ij=1

for some constant K > 0. We also say that the controlled diffusion is nondegenerate
(in RY) if it is nondegenerate on every open ball Bz. Hence if the controlled diffusion
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is nondegenerate, using without loss of generality the parameterization in (2.2.3), it
may be assumed to satisfy

d
D diweE 2 K P VEER!, Vxe By, VR> 0. (2.2.15)

ij=1

In either case, if W, U and X, are defined on a complete probability space (L2, &, P)
satisfying (i)—(iv), an a.s. unique solution X to (2.2.1) is guaranteed by Theorem 2.2.4
below. Theorem 2.2.2 paves the way.

Theorem 2.2.2 Let W, U and X, satisfying (i)—(iii), be defined on a complete prob-
ability space (Q, §,P), and let X be a solution of (2.2.1). Under condition (2.2.4), if

1/2m
[ Xollg2m = (E |X0|2’") . < oo withm €N, then for all t > 0,

B[] < Npwi(Xo) (2.2.16a)

- %,

yon < 4(Con + 1) Ny (Xo) VKL, (2.2.16b)
where Cy,y, is the constant in (2.2.11) and N,,; is given by

Nina(Xo) = (1 + [|Xoll ) ¥
Moreover, if T, := inf{t > 0 : |X;| > n}, then T, T 00 P-a.s. as n — oo.

Proof Note that {1,} is a localizing sequence for the local martingale M in (2.2.14).
Consequently under (2.2.4), we obtain by Dynkin’s formula

tAT,
E[1 42X, | < 14 2E X" + 2B f (2m (X, b(X,, Uy))
0

4 m(2m = Dllo(X ) X, -2 ds]
AT,
<1+2E |X0|2m + 8m2K1 E [f (1 + |Xv|2) |Xs|2m_2 dS:|
0

!
< 1+2E[X*" + 8m*K; f E[1 42X, ™]ds.  (22.17)
0

Using the Gronwall inequality, (2.2.17) yields
E[1+2Xinr, | < (14 2E[Xp/") 507 (2.2.18)

Therefore (2.2.16a) follows by taking limits as n — oo in (2.2.18).
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Next, by (2.2.5), employing the Burkholder—Davis—Gundy and Holder inequali-
ties, together with (2.2.18), we obtain after a few calculations,
1 m
[ oo ds} ]
0

2m

!
E[sup |XS—XQ|2’"] < 22m-1 []E [ f Ib(X,, Uplds| + ConE
0

0<s<t

s
< 22m—lt2m—l E [f |b(Xs, US)|2m ds}
0
15
+2¥ 1y, E[ f llo(X)I>™ ds}
0
4 m
< 22l (4 Cy) f E[K}(1+1X,P)"|ds
0

!
< 22m—ltm—l (tm + sz)f zln—lKllnE [1 + |Xs|2m] ds
0

S APET (" + Co) €K (1 4+ B |XP")

thus proving (2.2.16b). By (2.2.16b), for any # > 0 and m € N, there exists a constant
C,.(t, Ky) such that

IXllgpn < Con(t, K1) (1 + [|Xollgn) - (2.2.19)

Hence, for any 7 > 0,
P(t,<t) = P(sup X > n)
s<t

< Ci(t, K1) (1 + 1Xollg2)

n n—oo

0, (2.2.20)

which shows that T, T oo P-a.s. ]

Note that in proving (2.2.16a), we have used only the Itd formula and not (2.2.5).
We summarize the implications of this as a corollary, which we use later on.

Corollary 2.2.3 Let U be given on a complete probability space (Q,F,P), and
suppose b and o satisfy (2.2.4). If
!
sy [ £ vy
0

is a local martingale for all f € C2(RY), with Xy = xo € RY P-a.s., then (2.2.16a)
holds.

Theorem 2.2.4 Let W, U and X, satisfying (i)—(iii), be defined on a complete
probability space (Q,§,P), and suppose (2.2.3) and (2.2.4) hold. Then, provided
E|Xo?> < oo, there exists a pathwise unique solution to (2.2.1) in (Q, F, P).
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Proof Suppose first that b and o are bounded, and that they satisfy (2.2.3) with
some constant K. Select T > 0 such that K(T + 2VT) < %, and let X denote the
subspace of 7{% of processes X which are adapted to the filtration {&,} defined in
(2.2.2). Define the map G: X — X by

GX)(?) :==Xo + f b(X;, Us)ds + f o(X,)dW,, t€]0,T].
0 0

Then, for X, X’ € X, using (2.2.3),

H f (b(Xs, Ug) = b(X, Up))ds || < KTIX = X'llye - (2.2.21)
0 2

Hr

Similarly, by (2.2.9) and the Cauchy—Schwarz inequality

1/2
: ds)

<2KVTIIX = X'llge - (2.2.22)

. T
H f [o(X,) — o(X))]dW,| < 2( f Eljo(X,) - o(X})
0 H? 0

Combining (2.2.21) and (2.2.22), we obtain
IGX) = GX gz < 31X = X' llyz -

Thus the map G is a contraction and since X is closed, it must have a unique fixed
point in X. Therefore, (2.2.1) has a unique solution in X. On the other hand, given
a solution X on [0, 7] of (2.2.1), with E|Xo]> < oo, i.e., Xo € H?, it follows by
(2.2.16b) that || X ||(H% < 0. Thus X € X and therefore coincides with the unique fixed
point. Repeating this argument on [7,277], [2T,3T], ..., completes the proof.

For b and o not bounded, let " and 0" be continuous bounded functions, which
agree with b and o on B, the ball of radius n centered at the origin, and satisfy (2.2.3)
and (2.2.4) for each n € N. Let X" denote the unique solution of (2.2.1), obtained
above, with parameters (0", 0") and satisfying X = X,. Without loss of generality
suppose Xy = x € R?. Define

T, :=inf {>0:|X]| > n} .
We claim that

IP’( sup |X;’—X;"|=0)=1 Vn,me N,

<T, AT

Indeed, using (2.2.3), (2.2.5) and (2.2.10) to estimate

f(t):=E[ sup |X;’—X?|2],

SSINT AT,
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we obtain, with T := T, A T,
2

f@) < ZE[ f ' lbxz, Uy) - bx, Uy)| ds]
0

SAT 2
+ 2E|sup (f (o(X%) — o(Xy)) dWS/) }
0

s<t

!
2
<2t f E|b(X} e, Usne) = b(Xine, Usno)|” ds
0
!
n m 2
+8 J: Elo(X}.2) — o(X20o)||” ds
C
f
<24 +0K?,, f f(s)ds. (2.2.23)
0

By (2.2.23) and the Gronwall inequality, f(f) = 0. By Theorem 2.2.2, 1E|X,"|2 is
bounded on ¢ € [0, T] uniformly over n € N, and it follows as in (2.2.20) that T, T oo,
P-a.s. By Theorem 2.2.2, for n’ > n,

P(sup sup |X,” —X;“'| > 0) <Px,>T)—0.
n'>n 0<t<T n—eo

It follows that X" converges w.p. 1 uniformly on [0, T'] to some limit X. Taking limits
in

! 15
X;’=x3+fb"(xg,Us)ds+fc"(Xf:)dWS, 1€10,77,
0 0

we verify that X satisfies (2.2.5) on [0, T'], for any 7" > 0.

Lastly, we show uniqueness. Let X and X be two solutions, and let T, and T,
denote their exit times from the ball B, respectively. Using (2.2.3) and the Gronwall
inequality, we can show as before that

E[Sup X, - XI{t<T AT, A%} =0.

0<t<T

Thus
IP( sup |X, - X,| > 0) <P(t,<T)+P(t,<T),
0<t<T

and since the probabilities on the right-hand side tend to 0 as n — oo, we obtain

P(sup |X,—f(,|=o)=1 VT >0,
0<t<T
from which pathwise uniqueness follows. O

It is evident that 7—(% is a natural solution space for (2.2.1). Therefore we are going
to assume by default that the initial data X, lies in H?, i.e., E|Xo|> < .

Lemma2.2.5 Assume (2.2.3)—(2.2.4). Let {X"} be a sequence of solutions of (2.2.1)
under the same control U € W with initial conditions {X}} such that Xj; converges in
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H? as n — oo to some Xy. Then, if X is the unique solution of (2.2.1) under U and
initial condition Xy, we have

IX" = Xllyp —— 0, VT >0.
Proof Fixn e N, and for i € {n, oo}, with X* = X, define
xR o= XTXD VXS < R, 20,
=inf {t>0:[X/"| >R},

and X°R := X' — X'R We write

I = x=, 0 < [lx™* - X xR (2.2.24)
Let
Ap = {1xp1 > Ry U{IX5 > R} (2.2.25)
Using (2.2.19) and conditioning, we obtain
xR (HZ <E[1{X51 > RYE[IX"IZ 7 | X5]]
<E Ly E[IX"12 7 | X3]|
<2CTE[(1+1X)P) Ly |
=263 (Peap) + X3 T ) — 0. (2.2.26)

The analogous estimate applies for ||X”’R'| g2~ Since {IXglz} are uniformly integrable,
T

the convergence in (2.2.26) is uniform in n € N. Let

f@) = ]E[ sup  |x0 - X;’°’R|2} .

n A oo
SSINTRATR

As in (2.2.23), we obtain

!
F@) <3| X2R — XPR|2 L + 34+ DKg f f(s)ds. (22.27)
0

A triangle inequality yields

1/2
sup |X?'R -X

1
Tr<s<T

(2.2.28)

”Xn,R - X“’,R”ﬁ% < VAT + ( Z E

i=n,00

Using the Cauchy—Schwartz and Markov inequalities, we obtain the estimate, with
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i, j € {n, oo},
E| sup [XIP =E[sup X1 {s > T;}]
Tr<s<T s<T
< \/P (sup IXi| > R)E [sup |X§|4]
s<T s<T
1 1112 2
< FIIX II(Hé IIX-’II,H;. (2.2.29)

For any R?-valued random variable Y with finite second moment it holds that
E[Iv1{iyl < R*}| <E[Iv/*1{ivl < R*™}| + R™P(|¥] > R")
<SR+ 1Y1l30)-

By (2.2.19) and (2.2.29), there exists a constant C = C‘(T, K1), such that, for all
R>1,

2

i=n,00

sup |X§"R - X;"”R|2

i o
Tp<s<T

Va oo
¢ n =~
} < ﬁ (1 + ||X0“7-(2 + ”XO ||’H2) . (2230)

Combining (2.2.24), (2.2.25), (2.2.28), (2.2.30), and the Gronwall estimate from
(2.2.27), we obtain

~

¢
=2 = 260805 = 5+ (1 e+ 15 )
126, (2JP(AZ)+ 1% Lo + 1% HA;H(HZ). (2.2.31)

Given & > 0, we first choose R > 0 such that the second and third term on the right-
hand side of (2.2.31) are each less than ¢/3, and then choose N € N, such that the first
term is also less than ¢/3 for all n > N. This proves the lemma. O

Remark 2.2.6 It is evident from the proof of Lemma 2.2.5 that the estimates de-
pend only the local Lipschitz constants Kz and the compact subset of H? that {X;}
lie in and is otherwise independent of the control U or other parameters in (2.2.1).
Therefore the following statement is true: for every compact set H ¢ H? and T > 0,
there exists a function Gr: R, — R, satisfying Gy(z) — 0 as z | 0, such that for
any two solutions X and X’ of (2.2.1) under the same control and with corresponding
initial conditions X, and X(’) in H, we have

I1X = X'llye < Gr (I1Xo = Xllge) -

Note also that if Ky is a constant K independent of R, then by (2.2.27) we have the
stronger statement that

IX = X'llye < 260K X, - X;

spoo VX0, Xj e H.
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Remark 2.2.7 The linear growth assumption (2.2.4) guarantees that trajectories do
not suffer an explosion in finite time. This assumption is quite standard but may be
restrictive for some applications. Existence of solutions to (2.2.1) can be established
under the weaker assumptions

(x = y,b(x,u) = b(y, u)) + ||o(x) = oW < Kjxjvpy 1x = ¥l
and

(x, b(x,w)) + lo@)|* < Ki(1 + |x[?) (2.2.32)

forall x, y € R? and u € U [79]. Note that (2.2.17) used in the derivation of (2.2.16a)
continues to hold for m = 1 if (2.2.4) is replaced by (2.2.32) and so does Corol-
lary 2.2.3.

For U € U, we use the notation PV when we need to indicate explicitly that the
process X is governed by U and starts at Xy = x. The associated expectation operator
is BY.

2.2.2 Feedback controls

An admissible control U is called a feedback control if it is progressively measurable
with respect to the natural filtration {F¥} of X. This is tantamount to saying that there
exists a measurable map

v: [0, 00) X C([0, 0); RY) - U

such that for each r > 0, U; = v/(X) a.s., and is measurable with respect to ’{f;f .In
view of the latter fact, we may write v;(Xjo,) in place of v;(X) by abuse of notation.
It is evident that U cannot be specified a priori as in Theorem 2.2.4. Instead, one has
to make sense of (2.2.1) with U, replaced by v,(X[o,). This is not always possible
and even when it is, an enlargement of the solution concept might be necessary.

In Theorem 2.2.4, we prescribed Xy, W and U on a probability space and con-
structed a solution X on the same space. We call this the strong formulation. Corre-
spondingly, the equation

! 5
X, = xo + f (X, vs(Xj0.57)) ds + f o(X,) dW, (2.2.33)
0 0

is said to have a strong solution if given a Wiener process (W;, §;) on a complete
probability space (Q, &, P), we can construct a process X on (Q, &, P), with initial
value Xy = xo € R, which is continuous, &:-adapted, and satisfies (2.2.33) for all
t at once a.s. A strong solution is called unigue if any two such solutions X and X’
agree P-a.s. when viewed as elements of C([0, c0); RY).

Let { &Y } be the filtration generated by W. It is evident that if X, is §¥-adapted,
then such a solution X is a strong solution. We say that (2.2.33) has a weak solution
if we can find processes X and W on some probability space (Q, F, P) such that
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Xo has the prescribed law vy, W is a standard Wiener process independent of Xj,
and (2.2.33) holds with W, — W, independent of {Xy, Wy : s’ < s} forall s < r.
The weak solution is unigue if any two weak solutions X and X', possibly defined
on different probability spaces, agree in law when viewed as C([0, c0); R?)-valued
random variables, i.e., Z(X) = Z(X’).

Intuitively, a strong solution corresponds to an engineer’s viewpoint, wherein one
has Xy, U which, along with the noise W, are fed to a black box represented by (2.2.1)
as inputs, with X the resultant output. In contrast, the weak solution corresponds to
a statistician’s (to be precise, a time series analyst’s) viewpoint according to which
one has a pair X, U to which (2.2.33) is “fitted” to extract whatever structure there is
to it, with W the “residual error.”

Note that with u € U treated as a parameter, (2.2.12) also gives rise to an operator
L' C*(RY) = C(RY), defined by L*f(x) = Lf(x, u).

Weak solutions can be given a martingale characterization. We work in the canon-
ical space Q = C([0, c0); RY), with X,(w) = w(?).

Definition 2.2.8 Let the feedback control v, be fixed. A probability measure P,, in
P(C([0, 00); RY)) is a solution to the martingale problem for L started at xo € RY,
if PX(](XO = X()) =1and

!
M, := f(X,) - f LoD f(X)ds, 120, (22.34)
0

is a local martingale under P,, for all f € C*(RY), or equivalently, if it is a square-
integrable martingale under P, for all f € C2(RY).

We note here that (2.2.34) is a martingale if and only if for all g € C;,(C([0, s]; R%)),
feC*RY andt > s, it holds that

E[(f(Xz)—f(Xs)— f LV'<Xw~fl>f<Xr>dr)g(x[o,s])] =0. (2.2.35)

s

This can be demonstrated via a standard monotone class argument.

Theorem 2.2.9 Let condition (2.2.4) hold. Then there exists a weak solution to
(2.2.33) if and only if there exists a solution to the martingale problem for L started
at xo. Moreover, a solution to (2.2.33) is unique, if and only if the solution of the
martingale problem for L' started at x is unique.

Proof Necessity follows by (2.2.13). To prove sufficiency, let P,, be a solution
to the martingale problem. Since E,, [X,|* < oo by Corollary 2.2.3, then condition
(2.2.4) implies that the process M, defined in (2.2.34) corresponding to f(x) = |x|? is
a martingale. Hence, with f(x) = x;, it follows that the i coordinate of M defined
by

t
M, =X, - f b(Xs’ VS(XIO,S])) ds,
0
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is a square-integrable martingale. Next, let f(x) = x;x;. Computing via (2.2.34) it
follows that

73
MM - f a’(X,)ds
0

is a local martingale, and therefore a martingale since both M and X are square-
integrable, and condition (2.2.4) is in effect. By the representation theorem of [121],
it then follows that M is of the form

8
M, = f o(X,)dW,
0

for a suitable Wiener process W, defined on a possibly augmented probability space.

If P,, and P are two solutions of the martingale problem, the laws of X under P,,
and P, must agree, by the weak uniqueness hypothesis. Thus P,, = P} as elements
of 2(C([0, 0); RY)). The converse also follows in a standard fashion. ]

In view of Theorem 2.2.9, we call L* the controlled extended generator for X.

Remark 2.2.10 Recall our earlier comment on the restriction that o be square.
The later half of the proof of Theorem 2.2.9 shows that as long as we work with
weak solutions (as we indeed shall), o could be replaced by the nonnegative definite
square-root of oo and thus can be taken to be square without any loss of generality.
Note that the Lipschitz assumption on o is not in general equivalent to a Lipschitz
property of a. However, if the eigenvalues of o(x) are bounded away from zero uni-
formly over x € R and it is Lipschitz continuous, then Voo can be chosen to be
Lipschitz [115, p. 131, theorem 5.2.2]. The same is true in the degenerate case under
the assumption that o is in C?(R?) and its second partials are uniformly bounded in
RY [115, p. 132, theorem 5.2.3].

As mentioned in Remark 2.2.10, we shall mostly work with weak solutions. One
reason is of course that it is a more natural solution concept in most situations. Fur-
ther, it permits us to consider more general cases of (2.2.33). This is because ex-
istence or uniqueness of a strong solution to (2.2.33) always implies that of a weak
solution, but not vice versa. See, e.g., the celebrated counterexample due to Tsirelsen
in Liptser and Shiryayev [87, pp. 150-151].

The reader may still feel some apprehension in restricting the set of controls from
admissible to feedback in the passage from (2.2.5) to (2.2.33), but this also causes
no loss of generality as we argue later (see Theorem 2.3.4 below).

Theorem 2.2.11 Assume (2.2.3), (2.2.4) and (2.2.15). Then equation (2.2.33) has
a unique weak solution under any feedback control.

Proof We first consider the case where b and ¢ are bounded and the diffusion is
uniformly nondegenerate, or in other words, when the constant K in (2.2.15) satis-
fies supg.y Kgr < oo. By Theorem 2.2.4, for W is a d-dimensional standard Wiener
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process independent of Xj, the equation
!
X! =Xo + f o(X}) dW, (2.2.36)
0

has a unique strong solution. Let Q = C({[0, 0); R?) with & denoting its Borel o-
field, completed with respect to P = .Z(X’). Then the canonical process X defined
by X(w) = w(t) for w € Q, agrees in law with X’. Let {§} denote the natural
filtration of X and P; the restriction of P to (Q, i}f( ) for t > 0. Define a new measure
P on (Q, §) as follows: For ¢ > 0, the restriction of P to (Q, §¥), denoted by P,, is
absolutely continuous with respect to P, with Radon—Nikodym derivative

dP — 1
A= dTP’j = exp (Mz(X’ W;b) — §<M>t(X; b,

where

M(X,W;b) := f (o7 (Xy) b(Xs, vi(Xj0.5) AWS)
0

(MY/(X; b) := fo |07 (X,) b(X o, v, (X)) ds

Since b and o are bounded, one can apply Novikov’s criterion [74, pp. 142-144], to
conclude that (A;, ) is a positive martingale with E[A,] = 1 for all . This ensures
that the above procedure consistently defines {P,}, and P. By the Cameron—Martin—
Girsanov theorem [87, p. 225], it follows that under P,

!
W[ = Wt - f O-_I(Xs) b(Xs’ VA‘(X[O,S])) ds , 12 0 s
0

is a standard Wiener process and therefore X satisfies (2.2.33) with W. This estab-
lishes the existence of a weak solution.

To prove uniqueness, let X be a solution to (2.2.33) on some probability space
(&, §, P). Without any loss of generality, we can take (Q, §, P) as before, with X the
canonical process. With {fyf‘ } denoting the natural filtration of X, we introduce a new
probability measure Pon (f!, f(;) exactly as above, but with A replaced by

A= @ = exp (—M,(X, W;b) — l(M)t(X; b, t=0,
dP; 2

with B, being the restriction of P to (fz, g?f( ). Using the Cameron—Martin—Girsanov
theorem as above, it follows that X satisfies (2.2.36) under P, with w replaced by
an appropriately defined P-Wiener process W. Thus, under B, X agrees in law with
X’ of (2.2.36). In other words, the law of X under P and that of X’ of (2.2.36) are
interconvertible through a prescribed absolutely continuous change of measure. The
uniqueness of Z(X), i.e., of the weak solution to (2.2.33), now follows from the
known uniqueness of the strong, therefore weak, solution to (2.2.36).
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For the general case of unbounded » and o with linear growth and o satisfying
(2.2.15), the verification of E[A;] = 1 and E[A,] = 1 takes additional effort. For

b X lf x| £ n,

0 if |x| > n.

For each n € N, 0~ !b" is a bounded function and hence
St T W 1 n
P (A) := E[HA(X[o,ﬂ) exp (Mt(X, W;b") - §<M>t(X;b ))] ,

where A is a Borel subset of C([0, ]; RY) for ¢ > 0, is the probability measure associ-
ated with the unique weak solution of

! !
X" =xp + f (X", vy(X]y ) ds + f o(X") dW; .
0 0

Let %, = inf {r > 0 : |X}'| > n}. Then X7

in, 182 solution of

AT, ATy
X;’M =X+ f b(X;’, vs(Xf’O,S])) ds + f G(Xf) dw,.
0 0
Let
Grr = {é—‘ € C([0,00);RY) : sup [£(1)]| < R} .

0<i<T
Then P"(A N Gg,) = (AN Gr,) for all Borel A, n An’ > R and t > 0. Hence the
limit P*(Gg,) = lim,_,., P"(Gg,) exists for all R > 0, and satisfies

_, — 1
P (Gry) = E [HGR,,(X[OJ]) exp (Mt(X’ W:b) - §(M>1(X; b))} :

By (2.2.16b), there exists a constant Co = C‘O(Kl, t) such that

s<t

B [sup |X,|2} < Co(K1, 1) (1 - ||X0||;2) , VneN,

which implies that limg . P"(Gg,) = 1, uniformly in n € N. Therefore

im liminf B"(Gg,) = 1.

1
R—oo n—oco

Thus E[A,] > 1, and since by the supermartingale property the converse inequality is
true, equality must hold. Uniqueness also follows as in the preceding paragraph. O

We mention here that one useful sufficient condition that guarantees E [A;] = 1
and E[A,] = 1 due to Portenko [96] is: For all ¢ > s,

E[ f lo™!(X,) b(X,,v,(X[O,,]))Fdr' Fs| < C@t— sy (2.2.37)

for suitable constants C, y > 0. Note that under the additional hypothesis that o is
uniformly nondegenerate on R¢, condition (2.2.37) is verified by applying (2.2.16b).
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A feedback control U is called a Markov control if it takes the form U, = v,(X,)
for a measurable map v: RY x [0, 00) — U. On the other hand, if U, = g(X,) for a
measurable map g: RY — U, then U is called a stationary Markov control. By abuse
of terminology, we often refer to the map v, (g) as the Markov (stationary Markov)
control. Existence and uniqueness of strong solutions for nondegenerate diffusions,
under a Markov control was established in [116, 117, 127] for bounded data. This
was subsequently extended to unbounded data under a linear growth assumption
using Euler approximations in [68]. We give a bare sketch of the key steps involved
in its proof.

Theorem 2.2.12  Suppose (2.2.3), (2.2.4) and (2.2.15) hold. Then, under a Markov
control v, (2.2.33) has a pathwise unique strong solution which is a strong Feller
(and therefore strong Markov) process.

Sketch of the proof Suppose for the time being that b and o are bounded. Extend
the definition of L"f to functions f in the Sobolev space Vﬂlfép ®RY), p > 2. Fix
T > 0. Let © denote the space of functions g € 7/15;2”’ ([0, 7] x Rd), p = 2, such that
SUPg,<7 |8(#, x)| grows slower than exp(alx|?) for all @ > 0. For 1 < i < d, let y; be
the unique solution in D [83, chapter 4] to the PDE

W,

o
Define ¥ = [if1,...,¥4]": [0, TIXR? — R?. It can be shown that, for each ¢ € [0, T,
WP,(-) = ¥(¢, -)is aC'-diffeomorphism onto its range. Intuitively (at least for small 7)
Y, can be thought of as a perturbation (homotopy, to be precise) of the identity map.
Setting Y; := Y(X)), t € [0, T], one can apply Krylov’s technique, which extends the
1t6 formula to functions f in the Sobolev space %jf (R?) (henceforth referred to as
the It0—Krylov formula [78, p. 122]), to show that Y satisfies the stochastic integral
equation

(t,x) + Li(t,x) =0 on (0,T) xR?, (T, x) = x;.

f
Y, =Y+ f (d¥,0) o P ' (Y,) dW;, (2.2.38)
0

where d¥; and W;! are the Jacobian matrix and the inverse map of ¥, respectively,
and “o” stands for composition of functions. Arguments analogous to those of The-
orem 2.2.4 using the locally Lipschitz property can be used to show that (2.2.38) has
an a.s. unique strong solution, whence the corresponding claim for X follows from
the fact that {¥, : ¢ > 0} is a family of C'-diffeomorphisms. To prove the strong
Feller property, let f be a bounded measurable function on R. The equation

Z—f(r, x)+ L(t,x) =0 on(0,T)xR?, o(T,x) = f(x),

has a unique solution in D and a straightforward application of the Ito—Krylov for-
mula shows that ¢(z, x) = E[f(X7) | X; = x]. By Sobolev embedding, © ¢ C(R**!)
and thus ¢(z, -) is continuous for ¢ € [0,T]. This establishes the strong Feller
property.
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Suppose now that b and ¢ are not bounded. We approximate them via truncation by
selecting for each n € N a pair (b", 0") of continuous bounded functions, which agree
with (b, 0) on B,, the ball of radius n centered at the origin, and satisfy (2.2.3) and
(2.2.4) for each n € N. Let X" denote the unique solution of (2.2.33) with parameters
(0", 0™). By Theorem 2.2.2, the first exit time from B, satisfies T, T oo, a.s. By
pathwise uniqueness, we have

P(X; = X"

AT AT, AT AT

Vte[O,T]): 1.

Therefore X7, converges w.p. 1 uniformly on every interval [0, T'] to some X which
satisfies (2.2.33) on [0, T'] for every T' > 0. The strong Feller property for unbounded
coefficients follows from [26, theorem 4.1], which moreover asserts that the transi-

tion probabilities have densities which are locally Holder continuous. O

Theorem 2.2.12 shows that every measurable map v: R? x [0, co) — U gives rise
to an admissible control U, = v,(X;). Moreover, under this control, X is a Markov
process. As a converse, we have the following theorem which does not require non-
degeneracy.

Theorem 2.2.13 If X in (2.2.33) is a Markov (time-homogeneous Markov) process,
then the process U; = vi(Xjo,) may be taken to be a Markov (stationary Markov)
control.

Proof Consider the first claim. For 7 > s,

E[flb(X,, U,)dr ] 34 =E[X, - X, | 5]
=E[X; - X, | X]
- E[ f [ b(X,, U,)dr ' X} . (2.2.39)

Since for any continuous sample path of X the drift b(X;, U,) is bounded over com-
pact time intervals, it follows that as t — s,

1 !
. f b(X,,U,)dr - b(X;,U;) P-as., ae.ins.
=8 Js

Divide the first and the last terms in (2.2.39) by ¢ — s. Letting + — s and using the
conditional dominated convergence theorem, we obtain

b(X,,Uy) =E[b(X,,U) | X,] P-as., ae.ins,

where we use the fact that U, is measurable with respect to ?;f . Thus b(Xy, Uy) is
also measurable with respect to the o-field generated by X, for almost all s, where
the qualification “for almost all s” can be dropped by suitably modifying U, on a
Lebesgue-null set. Then by the measurable selection theorem of [13] there exists a
measurable map v: [0, co) X R? — U such that

b(X;,Uy) = b(XSa Vs(Xs)) .
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This proves the first claim. Now for f € C*(R%), consider £" f(x). Then the Markov
process X has the extended generator L". If it is time-homogeneous, L" cannot
have an explicit time-dependence. It follows that v, can be replaced by g for some
measurable g: RY — U in (2.2.34), and hence also in the stochastic differential
equation describing X. O

For the controlled process X, under U € U, we adopt the notation

EY, [f(Xi0.00)] 1= B [f(Xj0.0)) | Xo] -

2.3 Relaxed controls

We describe the relaxed control framework, originally introduced for deterministic
control by Young [126]. This entails the following: The space U is replaced by & (U),
where, as usual, &2(U) denotes the space of probability measures on U endowed with
the Prohorov topology, and b', 1 < i < d, are replaced by

bi(x,v) = fb"(x, wv(du), xeRY, ve2WU), l1<i<d.
U

Note that b inherits the same continuity, linear growth and local Lipschitz (in the first
argument) properties from b. The space Z(U), in addition to being compact, is con-
vex when viewed as a subset of the space of finite signed measures on U. One may
view U as the “original” control space and view the passage from U to &#(U) as a
“relaxation” of the problem that allows &?(U)-valued controls which are analogous
to randomized controls in the discrete time setup. For this to be a valid relaxation
in the optimization theoretic sense, it must, for a start, have the original problem
embedded in it. This it does indeed, for a U-valued control trajectory U can be iden-
tified with the £2(U)-valued trajectory dy,, where §, denotes the Dirac measure at
q. Henceforth, “control” means relaxed control, with Dirac measure-valued controls
(which correspond to original U-valued controls) being referred to as precise con-
trols. The class of stationary Markov controls is denoted by g, and Uy C Uy
denotes the subset corresponding to precise controls. The next result, a stochastic
analog of the chattering lemma of Young [126], further confirms that this is indeed
a valid relaxation.

Theorem 2.3.1 Let X, U € U, and W satisfy (2.2.1) on a probability space (L, §, P).
There exists a sequence {U"} of admissible precise controls on (Q, &, P) such that if
{X"} is the corresponding family of solutions to (2.2.1), then for each T > 0 and
f €C([0,T] x U), we have

T T
f f f&w) Ul (du)dt — f ff(t, u) U,(du)dt on Q (2.3.1)
0 Ju 0 Ju

|x" - x||,, —0 YT >o0.

T n—oo

and
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Proof Foreachn > 1, let
T
t=k—, k=0,...,n,
n
Ite=1 1), i=1,...,n.

Also, let {U? :j=1,..., j,) be a finite partition of U, satisfying diam(U;f) < %, and
foreach j =1,..., j,, select an arbitrary u;’ € U;f. Define

/lfj :=f U,(U;?)dt, i=2,...,n. (2.3.2)
T

n
i-1

Then }’; /l;’j = % For i > 2, subdivide each 77 further into disjoint left-closed right-
open intervals J ?j, each of length /l?] Let {U" : n € N} be a sequence of precise

controls defined by
Oy, iftell,
Uy = (2.3.3)
6u:jg ifte[j’/., i>2,
where uy € U is arbitrarily selected. It follows from (2.3.2)—(2.3.3) that U for
tell,i>2isafunction of {U, : t € I' | }. Hence U" is non-anticipative.

By the uniform continuity of f on [0, 7] x U, there exists a sequence {&,} C R,
satisfying €, — 0 as n — oo, such that

[ftw) = f@ ) <& V(e € I} x US,
(2.3.4)
sup |f(t.u) - f(l . w)| <&,  Vtell,

uclU

foralln € N,i = 1,...,n,and j = 1,..., j,. Let My be an upper bound of |f]
on [0, T] x U. Decomposing the integrals in (2.3.1) and using (2.3.4) in a triangle
inequality, we obtain

T T
f ff(t,u)U,"(du)dt—f ff(t,u)U,(du)dt
0 U 0 U
f f(t,up) dr f f f(t,w)U,(du) dt
i 1 Ju

< +

n—1 Jn
+Z Z f(t,uj’)dt—f f f(t,w)U,(du) dt
i=1 j=1 Tliny 177 JU;
M = Vel
n n
n=1 Jn
+ f(t?,u'})dt—f f f(t?,u';-) U,(du)dt]| . (2.3.5)
=1 =1 [, I Ju;

By (2.3.2) and the definition of {I’ j'j}, the last term in (2.3.5) vanishes identically.
Hence, (2.3.1) follows.

For R > 0, let b® and o® be continuous bounded functions which agree with b and
0 on Bg, the ball of radius R centered at the origin, and satisfy (2.2.3) and (2.2.4). Let
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X"R denote the unique solution of (2.2.1) with parameters (b¥, o®) under the control
U", satisfying X(')"R = Xo. Similarly X**® denotes the corresponding solution under
the control U. The solution for (2.2.1) under the unmodified coeflicients b and ¢, and
control U" is denoted by X", n € NU {co}. The argument in the proof of Lemma 2.2.5
shows that we can assume without loss of generality that the law of X, has compact
support. Let

T i=inf {r>0:|X*| >R}, ieNU{e},
and
ZR = Ton(th ATR), i€N, 1>0.

Argue as in Theorem 2.2.4 to obtain

”(XH,R _ XOO,R) Zn,R

T
a2
+ [E D . (23.6)

By (2.3.5), it is clear that (2.3.1) holds uniformly over 7 in a compact set. Thus, by
the dominated convergence theorem, the last term of (2.3.6) goes to zero as n — oo,
from which we get that

nR _ yoo,R n,R
"H% < Ki(T + 2NT) H(X X=k) Z3

A2
H2

sup

INTRATE " _ "
[ bacmon - b v) ar
te[0,7] 0

—0, (2.3.7)

‘le n—oo

H(Xn,R _ Xoo,R) Z;’R

provided 7T is small enough that Kx(T + 2VT) < 1. However, iterating the same
argument over the interval [T,27], noting also that ||X;‘R - X7 R 4 €an be made
arbitrarily small if n is sufficiently large, it follows that, for any fixed R > 0, (2.3.7)
holds for all T > 0.

Since X, has compact support, it follows by (2.2.16b) that

{sup IX"*:neNU {oo}}

s<T

are uniformly integrable. Therefore

n n, 1, 2 n [
X" - x**zp ]|, < 2 > ]E[igrp XiP Tty < T} — 0, (2.3.8)

ie{n,co0

uniformly in n. Using the triangle inequality

=X < - X002+ - x07

n,R oo,R n,R
+|(xm - x=5) 35, 23.9)
the result follows, since by (2.3.8) the first two terms on the right-hand side of (2.3.9)

can be made arbitrarily small for large R uniformly in n, while, by (2.3.7), the last
term can be made arbitrarily small for large n for any fixed R. O
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The proof of Theorem 2.3.1 suggests a natural topology for the space of trajec-
tories U;, which we describe next. Let %/ denote the space of measurable maps
[0,00) — Z(U). Let {f;} be a countable dense set in the unit ball of C(U). Then
{f:} is a convergence determining class for Z(U). Let

a;(t) :=fﬁ(u)U,(du), i=1,2,...
U

Then «; has measurable paths, and |a;(f)| < 1 for all > 0. For T > 0, let By denote
the space of measurable maps [0, 7] — [—1, 1] with the weak*-topology of L*[0,T]
relativized to it. Let B denote the space of measurable maps [0, c0) — [—1, 1] with the
corresponding inductive topology, i.e., the coarsest topology that renders continuous
the map B — By that maps x € B to its restriction to By for every T > 0. Let
B* = BX B X --- (countable product) with the product topology.

Next, note that the map ¢: Z(U) — [—1, 1]® defined by

p ([frdu [frdu....)

is continuous, one-to-one with a compact domain, and hence is a homeomorphism
onto its range. By abuse of notation, we denote the map U — (ay, @3,...) € B* also
as ¢: % — B™. We relativize the topology of B* to ¢(% ) and topologize % with
the coarsest topology that renders ¢: % — ¢(%/) a homeomorphism.

Theorem 2.3.2 The space % is compact and metrizable, hence Polish.

Proof A standard application of the Banach—Alaoglu theorem shows that for each
T, By is compact. It is clearly metrizable by the metric

T T
f el(Ox(t)dt - f HONOL
0 0

where {e,} is a complete orthonormal basis for L*[0, T]. Since the topology of B is
defined inductively from those of By, T > 0, it is easy to see that it is compact. Also,
it is metrizable by the metric

AT,

dr(x,y)= ) 2"
n=1

d(xry) = )" 27dy ("),

n=1

where x" and y" are the restrictions of x and y to [0, n], n > 1, respectively. Thus B*
is also compact metrizable. Therefore it suffices to show that ¢(%) is closed in B*.
Let

o(%)sa" =(a},a),...) > @€ B”.
Fix T > 0. Let n(1) = 1 and define {n(k)} inductively so as to satisfy
Z 27/ max
2 1<i<k
j=1

T
1
fo (@ O1) = aj() (@) - a;(1) dt | < E’
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which is possible because a;% — «; in B for each j. Denote by || - |l and (-,-) the
norm and the inner product on L*[0,T], respectively. Then, for each j > 1,

2
S
- a. -
m & or

m i1

2
S )

i=2 =1

272 ;
< —2[2m+2<’(m— H]— 0.
m m—oo

Thus

m

1 n(k)
— i s a; asm— oo,
m j

k=1

strongly in L?[0, T], when restricted to [0, T']. By a diagonal argument, we can extract
a subsequence {m(k)} of {m} such that, for almost all ¢,

m(k)

Ek) Z a"(l)(t) — a0, jz1. (2.3.10)

Define U € 2(U) by

m(k)

ff(u)u“‘)(du)_ ék)Za"U)(t) i>1, k>1. (2.3.11)

Since {f;} is dense in the unit ball of C(U), it separates points of &?(U) and therefore,
U® is well-defined for each k. By (2.3.10)— (2.3.11), any limit point U, of {U*} in
Z(U) must satisfy

ffi(u)Ut(du) =), i>1.
U

Thus a(t) = ¢(U,), or in other words, a(t) € (£ (U)) for a.e. t, where the qualifica-
tion “a.e. ” can be dropped by suitably modifying @ on a Lebesgue-null set. Define
U, := ¢ Y (a(t)). Then a(t) = ¢(U,), implying that @ € o(% ). Thus ¢(%) is closed
in B%. m]

The following consequence of this topology is frequently useful:

Theorem 2.3.3 [fU" — U in % and f € C([0,T] x U) for some T > 0, then

T T
f f f(t, WU (du) dt —> f f F(t, wU,(du) dt .
0 U n—oo 0 U

Proof From the foregoing, the claim is clearly true for functions f taking the form
f(t,u) = g(t)fi(u) for some i and some g € C[0, T']. By the density of {f;} in the unit
ball of C(U), it follows that it is also true for f of the form f(¢,u) = g(¢)f(n) for
g € C[0,T], f € C(U) and hence for linear combinations of such functions. By the
Stone—Weierstrass theorem, the latter are dense in C([0, T]xU), so the claim follows
by a simple approximation argument. O
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We can view the control process U of (2.2.1) as a %/ -valued random variable.
Using the relaxed control framework permits us to use (2.2.1) or (2.2.33) flexibly.
Therefore, if one is working with the weak formulation, (2.2.1) can be replaced by
(2.2.33) without any loss of generality. Conversely, given a weak solution of (2.2.33),
its replica (in law) can be constructed with given W and X on a prescribed (Q, §,P)
if an augmentation thereof is permitted. The precise forms of these statements are
contained in the next theorem.

Theorem 2.3.4 Let Xo, W be prescribed on a probability space (Q, &, P).

(a) Let U be an admissible control on (Q,§,P) and X the corresponding strong
solution to (2.2.1). Then on a possibly augmented probability space, X also
satisfies (2.2.1) with U and W replaced by U and W, respectively, where Wisa
standard Wiener process independent of X, and U is a feedback control.

(b) Suppose X, W, U, and Xy satisfy (2.2.1) on a probability space (Q, §,P) with
U, = f(t, }A([o,,]), a feedback control, and with £ (Wip.«), Xo) = £ (W[o,oo),f(o).
Then by augmenting (Q, §,P) if necessary, we can construct on it a process X
satisfying (2.2.1) with prescribed W, Xo, and a feedback control U, = f(t, Xj0.9),
so that Z(X) = ZX).

Proof To prove part (a), let {f;} be a countable dense set in the unit ball of C(U) and
define U by

fﬁda:EUﬁdU,

taking a measurable version thereof. Write

z‘gf] P-as., t>0, ix>1,

I3
X =Xo+ f b(X,, U)ds + M, ,
0
where

3 !
M,:f G(XS)dWs+f[b(Xs, Uy) - b(X,,Uy]ds, t>0.
0 0

It is easily checked that (M,, §X) is a zero mean square-integrable martingale with
quadratic covariation matrix process

f o(X,)o (X,)ds, £>0.

0
The representation theorem of Wong [121] then implies that

15
Mz=f0(Xs)dWs, 120,
0

for a d-dimensional standard Wiener process W defined on a possibly augmented
probability space.
For part (b), let

0 € Z(R? x C([0, 00); RY) x C([0, 00); RY))
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denote the law of (Xo, Wjo ce)> Xj0.c0))- Disintegrate it as
Q(dwy, dwa, dws) = Q1(dwy, dws) Qa(dws | wi, wa),
where
01 = Z(Ro, Wiow)) = Z (X0, Wio.o0)

and Q, is the regular conditional law of )A([o,oo) given (Xo, W[O,w)), defined Q;-a.s.
Augment Q to Q=0xC ([0, 00); RY), let ‘Z’y be the product o-field on fl, and replace
P by P, which is defined as follows: For A € &, and B Borel in C([0, o0); RY),

P(Ax B) =E[Q2(B | Xo, Wio.c0)) 14] -
Define X on (Q, @, ]15) by
Xi(wi, ) = wy(), 1€[0,00), (w1,w)€Q.
The rest is routine. ]

Notation 2.3.5 To facilitate the passage to relaxed controls, we adopt the following
notation. For a function g: RY x U — RF we let g: RY x 2(U) — R denote its
extension to relaxed controls defined by

g(x, ) = L g, u) u(duy, pe PU). (2.3.12)

A relaxed stationary Markov control v may be viewed as a Borel measurable kernel
on U given R?, and therefore we adopt the notation v(x) = v(du | x). For any fixed
v € Ugy, and g as above, x — g(x, v(x)) is a Borel measurable function. In order to
simplify the notation, treating v as a parameter, we define g,: RY — R¥ by

g(x) = g(x, v(x)) = f g(x,u)v(du | x). (2.3.13)
U
Also, for v € Uy,
Lv = aijaij + b’v(?,
denotes the extended generator of the diffusion governed by v.

That we can go back and forth between the relaxed control formulation and the
precise control formulation follows from the following corollary.

Corollary 2.3.6 If (X, U) is a solution pair of
! !
X, =X+ f b(X;, Us)ds + f o(X,) dWy,
0 0

with U a relaxed control and ®, := i?fw, i.e., the right-continuous completion of the
natural filtration of (X, U), then, on a possibly augmented probability space, there
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exists another pair (X', U"), where U’ is a U-valued control process, such that if U
is defined by

f WO = B[H(U)) | 6] Vhe C),

then (X, U) and (X', U) agree in law.

Proof Whent < 0, let U, = §,, for some fixed ug € U. Define U, § > 0, by

f Fa)U°(du) = - f [ f f(u)US(du)]ds, >0,
U 6 Ji-s | Ju

for f in a countable dense subset of C(U). Then U° has continuous sample paths
and is ®;-adapted, hence it is progressively measurable with respect to {®,}. Since
U’ — U,as 6 | 0fora.e. t, U has a progressively measurable version. Thus without
loss of generality, we take U to be progressively measurable.

We may view X; = X(w) and U, = U,(w) as random variables on the product
probability space (Qy, &1, e 'dt X P), with Q; := R, X Q and & the product o-field.
Consider the probability space (Q' := Q; x U, §',P’) where §’ is the progressively
measurable sub o-field of the product o-field and P’ is defined by: P’ restricts to P
under the projection Q' — Q and the regular conditional law on U given (¢, w) € Q;
is U;(w). Define on this space the random process U’ by U; = U’(t,w,u) = u. By
construction, E[f(U)) | ®,] = fo(u)U,(du) a.s. Vf € C(U), and thus we may write

t f
X = Xo + f b(X,, Uy ds + f o(X,)dW;
0 0

for a suitably defined Brownian motion W as in Theorem 2.3.4. This proves the
claim. O

2.3.1 Two technical lemmas

We present two useful facts about controlled diffusions.

The first shows that the set of controlled diffusion laws is closed under condition-
ing w.r.t. a stopped o-field w.r.t. the natural filtration of the controlled process. The
second establishes the tightness of laws under tight initial conditions.

Lemma 2.3.7 Let X be a solution of (2.2.1) with {§X} its natural filtration and t
an (FX)-stopping time. Then the regular conditional law of X o 0, given X is a.s. the
law of a controlled diffusion of type (2.2.1) on {T < oo}.

Proof Since we are working with the weak formulation, Theorem 2.3.4 allows us to
assume without any loss of generality that U is a feedback control, say U; = v,(X[0,),
t > 0, where v: [0, 0) x C([0, 0); RY) — P (U) is progressively measurable. The
weak formulation of (2.2.1) is equivalent to (2.2.35) fort > s, f € Cg(Rd), and
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g € Cp(C([0, s]; RY)). But a.s. on {1 < oo},

E[(f(xﬁt) — FXery) - f L0 X ) A7) Kinrnn) | ‘&f} = 0.

From this observation and [115, p. 33, lemma 3.3], it follows that a.s. on {r < oo},
the regular conditional law of {X,} = {X,, : £ > 0} given & is the law of a diffusion
as in (2.2.1), controlled by
U, = ‘71(5([0,1]), t>0,

where 9,()?[0,!]) = Vr(X[0,r+) With Xjo ;) being treated as a fixed parameter on the
right-hand side. O
Lemma 2.3.8 Let My € P (R?) be tight. Then the laws of the collection

P, =1{X : (X, U) solves (2.2.1), £ (Xo) € My, U € U}
are tight in 2(C([0, c0); RY)).
Proof Since the laws of Xj are in a tight set, for any & > 0, we can find a compact set
K. c RY such that the probability of {X, ¢ K.} does not exceed & under any of these

laws. Thus we may consider bounded X, without loss of generality. Consequently,
since by (2.2.16a) all moments are bounded on any interval [0, T], (2.2.16b) yields

]E[|X,—XSI4] <K(T)(t-s5?, 0<s<t<T,

for some K(T) > 0. As shown in Billingsley [24, p. 95, theorem 12.3] this is sufficient
to guarantee that

sup P(wr(X,6)>e) — 0 Ye>0,
XE'Q//MO 6—0

where wr denotes the modulus of continuity on [0, 7], i.e.,

wr(X,6) ;= sup |X;—X|, O0<s<t<T.

[t—s|<o

Thus {Z(X) : X € Zu,)} satisfies the hypotheses of the well-known tightness char-
acterization of 22(C([0, o); RY)) [24, p. 55, theorem 8.2]. m]

Corollary 2.3.9 If My € Z(RY) is compact, then the set of laws £ (X, U) of the
pairs (X, U) which solve (2.2.1) and satisfy £ (Xo) € My and U € W is also compact.

Proof Since % is compact, Lemma 2.3.8 implies that the laws of (X, U) are tight.
Consider the equivalent statement of the martingale formulation

E[(f(X,)—f(Xs)— | LUfﬂXr)dr)g(X[o,s],U[o,s])] =0

for t > s, f € C}RY), and g € Cu(C([0, s];RY) x %), where %, denotes the
space of measurable maps [0, s] —» Z(U), topologized in the same manner as % .
This equation is preserved under convergence in law. The claim then follows by
Lemma 2.3.8. O
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2.3.2 Remarks

We conclude this section with some remarks on the difficulties in replacing o(x)
by o(x,u) in (2.2.1) (i.e., introducing explicit control dependence in the diffusion
matrix).

®

(ii)

Theorem 2.2.12 established a unique strong solution for a nondegenerate diffu-
sion with Markov controls. Suppose the control also enters ¢. Because it is not
reasonable in general to impose more regularity than mere measurability on the
map v: [0, c0)xR? - P(U) (g: R? — 2(U)) that defines a Markov (stationary
Markov) control, we have to deal with a stochastic differential equation with drift
vector and diffusion matrix that are merely measurable, nothing more. A suitable
existence result for strong solutions to these is unavailable. Weak solutions do
exist in the nondegenerate case [78, pp. 86—91], but their uniqueness is not avail-
able in general [92, 107]. Parenthetically, we mention here that the martingale
problem is well posed for one- and two-dimensional diffusions with bounded
measurable coefficients, provided o is positive definite on compact subsets of
R4 [115, pp. 192-193].

Furthermore, in the nondegenerate case, if o does not depend on U, the pro-
cess X has well-behaved transition probability densities (a fact we shall often
use). But if it does and U is Markov but not stationary Markov, this is not guar-
anteed [56].

In the passage from precise to relaxed controls, the controlled infinitesimal gen-
erator transforms as follows. For f € CE(R" ),

2
LUf(x) = Z, a(x, u) ai a’; -0+ Z bi(x, u)g—)ﬁ(x)
gets replaced by
2
L) = ZJ [ fU di(x, u)v(du)] ai L W+ Z Bi(x, v(x))ﬁ—i(xx
and not by
2f

L700 =5 3 (6 v (x, 1)

J y of
ik Ox;0x; (x) + Zl: b'(x, v(x)) ox; (x),

with
G(x, v(x)) = f o(x, u)v(du | x).
U

This leads to problems of interpretation. We should note that the corresponding
Hamilton—Jacobi—Bellman equation is fully nonlinear if the control enters in the
diffusion matrix. Even if this were handled analytically, the interpretation of the
stochastic differential equation would still be problematic.
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2.4 A topology for Markov controls

We endow g, with the topology that renders it a compact metric space. We refer
to it as “the” topology since, as is well known, the topology of a compact Haus-
dorff space has a certain rigidity and cannot be weakened or strengthened without
losing the Hausdorft property or compactness, respectively [105, p. 60]. This can be
accomplished by viewing g, as a subset of the unit ball of L*(R¢, M,(U)) under
its weak”-topology, where 9t,(U) denotes the space of signed Borel measures on
U under the weak*-topology. The space L*(R?, M(U)) is the dual of L' (R, C(U)),
and by the Banach—Alaoglu theorem the unit ball is weak”-compact. Since the space
of probability measures is closed in Mi,(U), it follows that g, is weak*-closed in
L®(RY, M,(U)), and since it is a subset of the unit ball of the latter, it is weak*-
compact. Moreover, since L'(R¢, C(U)) is separable, the weak*-topology of its dual
is metrizable. We have the following criterion for convergence in gp,.

Lemma 2.4.1 Forv, — vin U, it is necessary and sufficient that

f f(x) f g(x, uyvp(du | x)dx — f f(x) f g(x, uyv(du | x)dx
RY U n—e Jrd U
forall f € L'"RY N L*RY) and g € Cp(R? x V).

Proof Since fg € L'(R? C(U)) necessity is a direct consequence of the definition
of the weak*-topology. Sufficiency also follows since L'(R?) N L?>(R?) is dense in
L'(RY). O

Under the topology of Markov controls the solutions to (2.2.1) depend continu-
ously on the control in the following sense:

Theorem 2.4.2 For the class of nondegenerate controlled diffusions, the law of the
controlled process under a stationary Markov control v € Uy, and a fixed initial law
v depends continuously on v.

Proof Without loss of generality we assume v = ¢, for some xo € RY. Suppose
Vy = Voo in Uy Let X*, n € N U {oo}, denote the corresponding Markov processes,
with Z(X}) = v, and {T,(") : t > 0} the corresponding transition semigroup. For any
t>5>0keN, feCARY, g € Cy(R)), and set of times {1; : 1 < j < k)
satisfying

0<th<h<--<HK<s,

we have

By [(£00) - T O0) 8K .., X)] =0,

2.4.1)

4 (o - o - [ £ 0 o). x| <o.

By estimates of parabolic PDEs [62, 83], the collection {T,(fi f : n € N} is equicon-
tinuous, and since it is bounded it is relatively compact in Cp(RY). By Lemma 2.3.8,
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{Z (X™) : n € N} are tight. On the other hand, {<Z(U")}, where
U" :={v,(X}) : =0},

are also tight since they take values in a compact space. Dropping to a subsequence
if necessary, we may then suppose that

T — h € Cy®RY)
and
L(X",U") — ZX,0)
for some h € Cy(RY) and (X, U). Taking the limit in (2.4.1) we obtain
Y [(FR) - (%) (K- K| = 0, (2.4.22)

~ ~ - 4 - - ~ -
B’ [(f(xt) - fRy) - f LF K, U dr)8(Ky .. ,X,k)] =0.  (242b)
A standard monotone class argument applied to (2.4.2a) shows that
EY £ | 5] = hX,).

and thus X is Markov. In turn, (2.4.2b) implies that X is a controlled diffusion with
controlled extended generator £ and control U, which by Theorem 2.2.13 may be
taken to be Markov. Also if {7, : y > r > 0} denotes the transition semigroup of X,
then h = TSJ f. That is
Tf —— Tuf . (24.3)
By considering a countable convergence determining class of the functions f and
extracting a common subsequence for (2.4.3) by a diagonal argument, we conclude
that (2.4.3) holds for all f € Clz)(Rd), and all s < ¢. In particular, Ts,, must be of the
form 7',_, for a semigroup {7} : t > 0}, proving that X is time-homogeneous Markov.
Let p(t,x,y), n € N, and p(¢, x,y) denote the transition probability densities for
{X"} and X, respectively. By Bogachev et al. [26, theorem 4.1], {p"(t, x, - )} are locally

bounded and Hélder equicontinuous for any 7 > 0 and x € R?. Any limit point then
in C(RY) must coincide with p. By Scheffé’s theorem [25, p. 214]

It x.) = Bt 3. oy —= 0

Thus, for f € CE(R‘]),
[ racnemsoa- [ pexnsermsl
< Kf ||Pn(f» x,-) = ﬁ(t’ X )“Ll(Rd)

+

f B x (L ) — L FON)dy| . (244
Rtl
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Since the second term on the right-hand-side of (2.4.4) also convergesto 0 asn — oo
by Lemma 2.4.1, we may take the limit as n — oo in

T f(x) = T f(x) = f T £ f(x) dr

= f f P, L f)dydr  VfeCIRY,
s R4

to conclude that
!
f -0 = [ T vr e,

It follows that X is controlled by the Markov control v, € Uy, i.e., Z(X) = L(X*).
The claim follows. O

Similarly, the class of all Markov controls can be endowed with a compact metric
topology by viewing it as a subset of the unit ball of L*(R x R?, Mi,(U)) under its
weak”-topology, and a counterpart of Theorem 2.4.2 can be proved analogously.

We make frequent use of the following convergence result.

Lemma 2.4.3 Let {v,} C U, be a sequence that converges to v € gy, in the
topology of Markov controls, and let ¢, € W*P(G), p > d, be a sequence of solutions
of L@, = hy, n € N, on a bounded open set G c RY with a C* boundary. Suppose
that for some constant M, |ga,,||W21p(G) < M for all n € N, and that h, converges
weakly in LP(G) for p > 1, to some function h. Then any weak limit ¢ of ¢, in
W2P(G) as n — oo, satisfies Lo = hin G.

Proof Using the notation defined in (2.3.13), we have

L' —h=a"0;(¢ — ¢,) + b, (0 — n) + B, = b, Yoo — (h—hy) . (24.5)

Vn

Since p > d, by the compactness of the embedding #>?(G) — C(G), r < 1 - ;—l
(see Theorem A.2.15), we can select a subsequence such that ¢,, — ¢ in C'"(G).
Thus b’v 0i(p—¢y) converges to 0 in L*(G). By Lemma 2.4.1, and since G is bounded,
(b}, — b, )0 converges weakly to 0, in LP(G) for any p > 1. The remaining two terms
in (2.4.5) converge weakly to 0 in LP(G) by hypothesis. Since the left-hand side of
(2.4.5) is independent of n € N, it solves L'¢ — h = 0. O

2.5 Stability of controlled diffusions

In this section we give a brief account of the recurrence and stability properties of
controlled diffusions. The term domain in R¢ refers to a non-empty open connected
subset of the Euclidean space R?. If D ¢ R is a domain, we denote by T(D), the first
exit time of the process {X;} from D,

(D) :=inf {t>0:X, ¢ D}.
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The open ball centered at the origin in R? of radius R is denoted by Bx and we often
use the abbreviations Tz = T(Bg) and T = T(B).

Consider (2.2.1) under a stationary Markov control v € ;. The controlled pro-
cess is called recurrent relative to a domain D, or D-recurrent, if P)(T(D°) < 00) =1
for all x € D°. Otherwise, it is called transient (relative to D). A D-recurrent process
is called positive D-recurrent if E [T(D°)] < oo for all x € D¢, otherwise it is called
null D-recurrent. We refer to T(D¢) as the recurrence time, or the first hitting time of
the domain D.

A controlled process is called (positive) recurrent if it is (positive) D-recurrent
for all bounded domains D c R?. For a nondegenerate controlled diffusion the re-
currence properties are independent of the particular domain. Thus a nondegenerate
diffusion is either recurrent or transient (see Lemma 2.6.12), and, as shown later in
Theorem 2.6.10, if it is recurrent, then it is either positive or null recurrent, relative
to all bounded domains.

A control v € Uy, is called stable, if the associated diffusion is positive recurrent.
We denote the set of such controls by U, and by Usq C Uy, the subset of precise
stable controls.

2.5.1 Stochastic Lyapunov functions
Sufficient conditions for the finiteness of the mean recurrence time can be provided

via stochastic Lyapunov functions. We start with the following lemma.

Lemma 2.5.1 Let D be a bounded C* domain. If there exist nonnegative @\, ¢, in
C%(D°) satisfying, for some v € Uy,

-EVQDI < _1 s
(2.5.1)
L'py < 201,
then
E}[t(D9)] < ¢1(x),
(2.5.2)

E\[T(D)] < pa(x)
forall x € D°.

Proof Let g := 1(D°) A T, R > 0. Using Dynkin’s formula we obtain

E\[Tr] < ¢1(0) — B [01(Xz,)]

and taking limits as R — oo, yields E![T(D)] < ¢1(x). Similarly,

Ey [ f b 201(Xy) dt] < a(x), (2.5.3)
0
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and therefore, conditioning at ¢ A Tz, we obtain
E}[(tr)*] = E, f 2(tr — O I{r < 1r} dt}
1 Jo
=E’ f 2B [(tr - OI{ < o) | Fey] dt]
1 Jo

:Eﬁf 21[{:/\%R<%R}E§(MR[~%R—t/\%R]dt]
LJO

<E! f 201 (Xine,) 1{t < %r) dt]
L JO

=E' f - 2<p1(X,)dt]. (2.5.4)
LJO

Letting R T oo, and combining (2.5.3)—(2.5.4), we obtain E)VC[T(DC)Z] < @a(x). O

Remark 2.5.2 It is evident from the proof of Lemma 2.5.1 that if we replace v in
(2.5.1) by some U € 1, then (2.5.2) holds for the process controlled under U. Also,
if (2.5.1) holds for all u € U, then (2.5.2) holds uniformly over U € .

Recall that f € C(X), where X is a topological space, is called inf-compact if the
set {x € X : f(x) < A} is compact (or empty) for every 4 € R.

Stability for controlled diffusions can be characterized with the aid of Lyapunov
equations involving the operator .L*. Consider the following sets of Lyapunov con-
ditions, listed from the weakest to the strongest, each holding for some nonnegative,
inf-compact Lyapunov function V € C*(R%):

(L2.1) For some bounded domain D

LV(x) < -1 Y(x,u) e D°xU.

(L2.2) There exists a nonnegative, inf-compact i € C([R?) and a constant ky > 0
satisfying

L'V(x) <kg—h(x)  Y(x,u)eRIxU.
(L2.3) There exist positive constants ky and k; such that
L'V(x) < ko — 2k1V(x) Y(x,u) eRIxU. (2.5.5)

As in the proof of Lemma 2.5.1, condition (L.2.1) is sufficient for the finiteness
of the mean recurrence times to D under all U € . The stronger condition (L2.2)
guarantees the tightness of the mean empirical measures and a-discounted occupa-
tion measures, as the lemma that follows shows. Consequently, by Theorem 1.5.15,
under (L2.2), the controlled diffusion has an invariant probability measure for any
v e Uy,
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Lemma 2.53 Forv € PR and U € Y, define the sets of mean empirical

measures {{Y, : 1 > 0} and a-discounted occupation measures {£ , : @ > 0} by

fd,ZL’,,=} fo EH[ Uf(xs,m Us<du)]ds,

RIXU

and

f fdff,”d = af e ™ Ef,/ [f (X, u) Us(du)] ds, a>0,
RIXU 0 uelU

for all f € Co(R? x U), respectively. Also, we let th = th and similarly for §§{a. If
(L2.2) holds, then for any v € Z(R?) and ty > 0, the families

{8, :1>10, Uely, (2.5.6a)
{€,:a>0, Uell (2.5.6b)

are tight. Every accumulation point u € 2R? x U) onf,],t ast — oo, or ofg-"gﬂ as
a | 0 satisfies

f L0 pdx,du) =0,  VfeCORY. (2.5.7)
R4

Proof 1t suffices to assume that v has compact support. With T,(f) := ¢t A ©(B,),
applying Dynkin’s formula we obtain

Tn(1)
EY [V(Xx,0)] — V(x) < ko BV [1,()] - EY [ f h(X) ds} : (2.5.8)
0

Letting n — oo in (2.5.8), using monotone convergence and rearranging terms, we
have that for any ball Bz c RY,

! !
(mi_n h) f EY [Is,(X,)] ds < f EY [h(X,)]ds
By 0 8 0
< kot + V(x). (2.5.9)
By (2.5.9), integrating with respect to v,

1 [ kot + [V dv
- | EY |l (X)|ds € ———+r
l‘\fo‘ V[BR( )] s tminB;-e h

forall U € U, ¢ > 0 and x € R?. This implies the tightness of (2.5.6a).
To show tightness of (2.5.6b), let V(¢, x) := ae~*V(x). Then by Dynkin’s formula

T (1)
EY [ V(). Xe,0)| - @V(x) < 0 BY [ f e [ko — h(X,)] ds}
0

Tu(t)
- aEY [ V(s, Xy) ds} ,

0
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and rearranging terms and integrating with respect to v,

T (1)
aEY [ f e h(X,) ds] <a f V(x)v(dx) + ko . (2.5.10)
0 R4

The result follows by taking limits first as n — oo and then ¢t — oo in (2.5.10), and
repeating the argument in (2.5.9).
To prove the second assertion, by 1t6’s formula, we obtain,

1 _
- (EE [FX)] - fR ) f(x)v(dx)) - L0 2V (dx, du),

RIXU

and since (x,u) — L"f(x) is a bounded continuous function, (2.5.7) follows by
taking limits as t — oo along a converging subsequence. An analogous argument
applies to the a-discounted occupation measures. m}

A probability measure u satisfying (2.5.7) is called an infinitesimal occupation
measure.
We now turn to the analysis of (L2.3). We need the following definition.

Definition 2.5.4 We say that (2.2.1) is bounded in probability under U € 1, if the
family of measures

PUX,e-):xeK, t>0}
is tight for any compact set K.

The Lyapunov condition (L.2.3) guarantees that (2.2.1) is bounded in probability
uniformly in U € U, as the following lemma shows.

Lemma 2.5.5 Under (L2.3),
EV[V(X)] < 2k_13, + Ve vxeRY, VUel. (2.5.11)
In addition, if B, is a ball in RY such that
(V(x)21+llz—(: Vx e B

and t, :=inf{t > 0 : X, € B,}, then

y k )
sup EV[e"T] < B LY  VxeB. (2.5.12)

Uell Tk + Ky

Proof LetR > 0, and T denote the first exit time of X from Bg. Applying Dynkin’s
formula to f(¢) = e**"V(X,), and using (2.5.5), we obtain

EV[f(t A TtR)] - V(x) = EY [ f - e 5[4k V(X,) + LU V(X)) ds]
0

tATR
<EY [ f e*15[ko + 2k V(X)) ds} ,
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and letting R — oo, using Fatou’s lemma, yields

EY[f(1)] < V(x) + ko f e*isdys + f 2k EY[£(s)] ds
0 0

k !
<V(x) + — e 42k, f EY[f(s)] ds. (2.5.13)
4k, 0
Let
._ ko 4kyt
g(t) =V + 2%, e,

Applying Gronwall’s lemma to (2.5.13), yields

!
EY[V(X)] < e [ g(t) + 2k f 1= g(s) ds}
0

— okt

ko Akt 2kt ko 2kt 2kt
(V(.x)+4—kle ! +(V(x)(e ! —1)+4—kle ‘(e ! —])

ko 2kt
< — 1
< 2 + V(x)e

To prove (2.5.12), let Bg > B, U {x}. Applying Dynkin’s formula, we obtain

ko +k y .
-— . L EY[eh 0] - Y(x) < BY [ TAOV(X )] = V()

T, ATR
<EY [ f (kg — ki V(X,))dt| < 0.
0

The result follows by letting R — co. O

It follows by (2.5.12) that all moments of recurrence times to B, are uniformly
bounded. We state this as a corollary.

Corollary 2.5.6 Suppose (L2.3) holds, and let B, be as in Lemma 2.5.5. Then for
any compact set I' € R?, we have

sup sup EYV[¥"] < oo Ym>1.

Uell xel’

For a nondegenerate diffusion, the assertion of Corollary 2.5.6 remains true for all
bounded domains D € R¢. This can be shown by employing the technique of the
proof (b) = (a) in Theorem 2.6.10 which appears later on p. 76.

Remark 2.5.7 If instead of holding for all £*, u € U, (L2.1)—(L2.3) hold for L’
for some v € Ugy, then the controlled diffusion under v is positive D-recurrent, has
tight mean empirical measures, or is bounded in probability, correspondingly.

2.6 Stability of nondegenerate controlled diffusions

In this section the ellipticity condition (2.2.15) is in effect. The analysis uses heavily
the results from uniformly elliptic PDEs in Appendix A. Note that the assumptions
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on (2.2.1) use the parameter Kg, while the family of operators £y(y) in Defini-
tion A.l.1 is parameterized by a function 7. It is clear that assumptions (2.2.3)—
(2.2.4) imply (A.1.1b) and (A.1.1c), while the uniform ellipticity condition (A.1.1a)
is equivalent to (2.2.15). Thus under the assumptions of the model (2.2.1) in the non-
degenerate case, there exists some function y: (0, c0) — (0, o) such that £" € £y(y)
for all v € Ugp,. The estimates of solutions in Appendix A depend on the function y
which parameterizes the family of operators £y(y). Therefore, for the class of models
described by any fixed family of parameters {Ky : R > 0}, the estimates of solutions
of the associated elliptic PDEs depend only on the domain in R? that the solution
is defined on. Keeping that in mind, and in the interest of notational economy, in
the rest of this book we refrain from explicitly mentioning the dependence of the
estimates of solutions on K or y.

There are two important properties of solutions which are not discussed in Ap-
pendix A. These result from the linear growth condition (2.2.4), which is not imposed
on the family £y(y). First, as shown in (2.2.20), for any x € R4,

sup Pfcj(’t,, <1Hl0, asnToo.
Uell

Second, for any bounded domain D, we have

EY[t(D)] — oo,

|x|]—>00

uniformly in U € . In fact a stronger statement can be made. If X" satisfy (2.2.1)
and |X{| = n, then

ol X1 S22 oo (2.6.1)

under any U € L. To prove this under (2.2.4), let ¢(x) := (1 + |x*)"", and
=inf {t>0:|X| < Vn}.

Then for some constant M > 0, we have |L*p(x)] < Me(x) for all u € U, and
applying Dynkin’s formula
NS,
f L%p(X)) dr}
0

/
f |-£U[‘p(Xr/\s,,) dr}

<A+nH '+ Mm f EY[p(X},. )] dr . (2.6.2)

EY[e(X],,)] = E[e(Xp)] + EY

<(1+nH'+EY

By (2.6.2),

U €
<1 <E7[eXp )] < T34 (2.6.3)

l1+n
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and hence by (2.6.2)-(2.6.3),

Ul : f n 1+n2 MT 2.6.4
F (olglzlsT X1 < \/ﬁ)g T+ntC 2.64)

from which (2.6.1) follows. Note that (2.6.4) also holds under (2.2.32).

2.6.1 Moments of recurrence times

For nondegenerate controlled diffusions sharper characterizations of the mean recur-
rence times are available.

Theorem 2.6.1 Let D C R? be a bounded C* domain, K a compact subset of D,
and v € Ugy,. Then ¢1(x) = E[T(D)] and ¢,(x) = E'[T*(D)] are the unique solutions
in #*"(D)N V/OI"U(D), p € (1, ), of the Dirichlet problem

L'¢y=-1 inD, ¢1=0 onadD,

(2.6.5)
L'y =-2¢; inD, @, =0 ondD.

Moreover,

(a) ©(D) = ©(D) and ©(D°) = ©(D°), PY-a.s., YU € 1.
(b) There exist positive constants Ek, Cp k = 1,2, depending only on D and K, such
that

C <E[t"(D)]<Ci VxeK, Uel, k=12.

© BV (D) > $)> S forallxe Kand U € L.

Proof By Theorem A.2.7, (2.6.5) has a unique solution ¢; € #>P(D) N %l’p(D),
i=1, 2, forall p € (1, 00). Thus this characterization is standard and can be proved
using Dynkin’s formula as in the proof of Lemma 2.5.1.

To show part (a) let {D, : n € N} be a decreasing sequence of C> domains such
that N,enD, = D. Let ¢, be the solution of the Dirichlet problem

max Lusan =-1 in Dn P $n = 0 on (9D,1 ,
uelU

and define
5 ¢n(x) forxeD,,
‘Pn(x) =
0 for x € D5 .
By Theorem A.2.7, §, € #"P(R?), p € (1, ). Also, @, is bounded in # 'P(D),
uniformly in n € N. Thus, since §, is also non-increasing, it converges uniformly to

a continuous function on D;. Consequently ¢, | 0 on dD, uniformly in n € N. Then
forall U e Wand x € D,

EY[t(D,)] < EY[T(D)] + EY [0a(X<)] ,
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from which it follows that

EY[t(D) - ©(D)] < EY[t(D,) — ©(D)] < sup ¢, — 0.
aD n—oo

Therefore PY(t(D) # ©(D)) = 0. Similarly, for any ball Bz which contains D, we
have IP’fC/ (T(DC) AT # T(D) A "L'R) = 0, and the second assertion follows as well, by
letting R — oo.

The constants C; and C, in part (b) are guaranteed by Theorems A.2.1 and A.2.12,
respectively. Lastly, for part (c) we use the inequality

2
P(T > Ei) > ED (2.6.6)

4 ] 8ET?
in combination with the bounds in (b). The proof of (2.6.6) is as follows: We decom-
pose E [T] as dictated by the partition of

R = [0, 50 (3. 22 (2).

and use upper bounds on each of the intervals to obtain

Et< % + 4ET2P(T> %)+E[TH{T> M}]

ET ET
<ET+4ET2P - ET +ET
4 Et 4 4
In this derivation we use also use the inequality
4R\ ) 4ET?
(E[T]I{T> F}]) <E7T P(T> B
, ET?
<ET X 5
(41372)
Et
2
_ (ET) ' -
16

Remark 2.6.2 Theorem 2.6.1 (a) also holds for nonsmooth domains provided they
satisfy an exterior cone condition [67, p. 203].

Theorem 2.6.3 Let D be a bounded C* domain, and v € Ug,. Then

(D)
f h(X,) dt]
0

is the unique solution in 7/1(1’) (D) N C(D), of the problem L*¢ = —h in D, and
¢ =gondD.
(ii) Suppose that for some nonnegative h € L7 (D),

loc

(1) If g € C(OD) and h € LP(D), p > d, then

@(x) = EY[g(X<(p))] + E}

(D)
f(x) =E} [f h(X;) dt] 2.6.7)
0
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is finite at some xo € D°. Then f(x) is finite for all x € D¢ and it is the minimal
nonnegative solution in V/ISCP (DYNCDS), p>1,0f L°f = —hin D, and f =0
on 0D.

Proof The first part follows by Dynkin’s formula, and uniqueness is guaranteed by
Theorem A.2.7. To prove (ii) let {R,}, n > 0, be a sequence of radii, diverging to
infinity, with DU{xo} € B(Ry). Set T, = T(Bg,) and T = T(D°). Let f, be the solution
in #2P(Bg, \ D) N V/OI’P(BRn \ D), p > 1, of the Dirichlet problem

L'fy==h onBg \D, fu=0 ondBg UAID.

Then
TAT, B
Sfa(x) =E} [f h(X;) dt] , X€Bg \D.
0

For each N > 0 the functions ,,41(x) = f,+1 — fy, n = N, are L'-harmonic in Bg, \D.
It is also clear that ¢, > O on Bg, \ D. Since

Su(xo) £ fxo) < o0,

the series of positive £"-harmonic functions

D @) = i) - fu(x). x€Br \D.n>N

k=N+1

is bounded at x( and in turn, by Theorem A.2.6, it converges uniformly on Bg, \ D to
an £"-harmonic function y. Let f = ¢ + fy. Then f satisfies (2.6.7) on Bg, N D¢, and
since N is arbitrary also on D,. By the strong maximum principle (Theorem A.2.3)
any nonnegative solution ¢ of £’¢ = —h on D¢ satisfies ¢ > f, for all n > 0. Thus

p=>f. O

Corollary 2.6.4 Let D be a bounded C* domain, and v € Ug,. Suppose that
E! [t2(D)] < oo for some x € D°. Then

filx) ;=B [T(D)] and fo(x) := B! [TH(D)]
are the minimal nonnegative solutions in %ip (DHYNCD), p> 1, of

Lfi=-1 inD°, fi=0 ondD,

_ (2.6.8)
L'fr=-2fi inD", =0 ondD.

Proof 1If fi and f; solve (2.6.8), then by Lemma 2.5.1, B! [T%(D°)] < fi(x),k = 1,2,
for all x € D°. The rest follows as in Theorem 2.6.3 (ii). O
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2.6.2 Invariant probability measures

We give a brief account of the ergodic behavior under stable stationary Markov con-
trols. We show that under v € U, the controlled process X has a unique invariant
probability measure. Moreover, employing a method introduced by Hasminskii, we
characterize the invariant probability measure via an embedded Markov chain [70],
and show that it depends continuously on v € Uy, under the topology of Markov
controls. To this end we proceed by first stating two auxiliary lemmas.

Lemma 2.6.5 Let Dy and D, be two open balls in R?, satisfying D, € D,. Then

0 < inf EY[t(D,)] < sup E![t(D;)] < 0, (2.6.9a)
xeDy xeD,
vellg, Vel
inf E![t(D$)] >0, (2.6.9b)
x€0D,
velgm
sup EY[T(D))] < o0 Vv € Ugem (2.6.9¢)
XG(?DZ
inf inf P'(t(Dy) > T(DS)) > 0 (2.6.9d)
vell, xel’

for all compact sets I’ C D> \ D.
Proof Let h be the unique solution in #27(D,) N Wol’p (D2), p =2, of
L'h=-1 inD,, h=0 ondD,.
By Dynkin’s formula,
h(x) = B [t(Dy)]  VYxeDs.

The positive lower bound in (2.6.9a) follows by Theorem A.2.12, while the finite
upper bound follows from the weak maximum principle of Alexandroff (see Theo-
rem A.2.1 on p. 304). Note also that (2.6.9a) is a special case of Theorem 2.6.1 (b).
To establish (2.6.9b) we select an open ball D3 © D, and let ¢ be the solution of the
Dirichlet problem

L'¢=-1 inDs3\ Dy, =0 ondD;UID;.
By Theorem A.2.12,

inf (inf gp(x)) >0,

velg, \x€dD,

and the result follows since E}[T(D)] > ¢(x).
Let n € N be large enough so that D, € B, and let g, be the solution of the
Dirichlet problem

L'g,=-1 inB,\ Dy, g.=0 ondB,uUdD,.

If xo € 0D, and v € U, then ]E;’U [T(D)] < co. Since

gn(x0) = B}, [7(D) A T(B,)| < B, [7(D9)]
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by Harnack’s inequality [67, corollary 9.25, p. 250], the increasing sequence of £’-
harmonic functions f, = g, — g; is bounded locally in D, and hence approaches a
limit as n — oo, which is an .£’-harmonic function on Df. Therefore g = lim, e gx
is a bounded function on 0D, and by monotone convergence g(x) = E} [T(D{)].
Property (2.6.9¢) follows.

Turning to (2.6.9d), let ¢, (x) := P}(T(D3) > T(DY)). Then ¢, is the unique solution
in #>"(D, \ D;)NC(D, \ Dy), p > 1 of

loc

L'¢,=0 inD,\ Dy, ¢, =1 ondD,, ¢, =0 ondD;.

It follows by Theorem A.2.8 and Theorem A.2.15 (1b) that {p, : v € Uy} is equicon-
tinuous on D, \ D;. We argue by contradiction. If ¢y, (x,) = 0 as n — oo for some
sequences {v,} C Uy and {x,} C I', then Harnack’s inequality implies that ¢,, — 0
uniformly over any compact subset of D, \ Dy, which contradicts the equicontinuity
of {¢,,}, since ¢,, = 1 on dD,. This proves the claim. O

Lemma 2.6.6 Let Dy and D, be as in Lemma 2.6.5. Let Ty = 0, and fork = 0,1, ...
define inductively an increasing sequence of stopping times by

Topsr = inf {t >Ty X, € DE} y
_ (2.6.10)
Topsn := inf {l‘ > Tops1 - X; € Dl} .

Then t, T oo, Pg-a.s. forallU € 1.

Proof Let U € . Since %5,-1 < o, Pff—a.s., it suffices to prove that for some
>0,

ZI[{%ZM — 4y, >el=00 PY-as. 2.6.11)
n=0

By Theorem 2.3.4, without loss of generality we may assume that U is a feedback
control. The statement in (2.6.11) is then equivalent to [93, corollary, p. 151]

(o]

v [ A N X v
DB (R % > &1 FE ) =0 Pl-as.
n=0

By Lemma 2.3.7 it is therefore enough to show that, for some € > 0,

inf inf PY(%; >&)>0. (2.6.12)
Uell xedD,
Since Theorem 2.6.1 (c) implies (2.6.12), the result follows. m|

Theorem 2.6.7 With Dy, D, and {%,} as in (2.6.10), the process X, = Xz, n 21,
is a 0D-valued ergodic Markov chain, under any v € Ugy,. Moreover, there exists a
constant § € (0, 1) (which does not depend on v), such that if P, and fi, denote the
transition kernel and the stationary distribution of X under v € Uy, respectively,
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then for all x € ODy,
- 20"
P0G =My < 7—  VneN,
Wol=6 (2.6.13)
(1 =6)Py(x,-) < fi(-).
Moreover, the map v +— [i, from Uy, to P(0Dy) is continuous in the topology of
Markov controls (see Section 2.4).

Proof The strong Markov property implies that {X,}, ., is a Markov chain. Let R
be large enough such that D, € Bg. With h € C(0Dy), h > 0, let ¢ be the unique
solution in ”//ljcp (Br N D) NC(Bg \ Dy), p > 1, of the Dirichlet problem

.EV(!/:O il’lBRﬁDc,
Yy=h ondD,
=0 ondBg.

Then, for each x € dD,, the map h — (x) defines a continuous linear functional
on C(0D;) and by Dynkin’s formula satisfies

Y(x) = By [A(Xxs) H{T(DY) < tr}]
Therefore, by the Riesz representation theorem there exists a finite Borel measure

g} g(x,-) on Z(3D)) such that

Y(x) = f g g(x, d)A(y) .
0D,

It is evident that for any A € Z(dD)), ‘1¥,R(X’A) T ¢{(x,A) as R — oo, and that
q\(x,A) = P;(XT(DT) € A). Similarly, the analogous Dirichlet problem on D, yields a
q5(x,+) € P(0Dy), satistying g5(x,A) = P}(X¢, € A), and by Harnack’s inequality,
there exists a positive constant Cy such that, for all x,x" € 9D, and A € HB(0D»),

g5(x,A) < Cugs(x',A). (2.6.14)

Hence, the transition kernel
Py(x,-) = f ¢ (x, dy)q| (v, )
oD,

of X inherits the Harnack inequality in (2.6.14). Therefore, for any fixed xy € dD;,
we have

P,(x,-) > C;'P,(x0,-)  Vxe€aDy, (2.6.15)

which implies that P, is a contraction under the total variation norm and satisfies

(u(dx) — ' (dx))Py(x, -)
dD,

<(1-Ci) -
TV

for all u and i’ in £(dDy). Thus (2.6.13) holds with 6 = (1 — C;,l). Since the fixed
point of the contraction P, is unique, the chain is ergodic.

TV
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We first show that the maps v — q k = 1,2, are uniformly continuous on 9D,
and 0D, respectively. Indeed, as described above,

‘pv(x) = f q‘;(x’ dY)h()’) > Ve IISSm ’ h S C(aDl) >
ﬁD]

is the unique bounded solution in ”lﬂli’p (D$) N C(DS) of the problem L', = 0 in
[_)‘1', and ¢, = h on dD,. Suppose v, — v in Ugy, as n — oo. If G is a C? bounded
domain such that D, ¢ G € D¢, then by Lemma 2.4.3 every subsequence of {g, }
contains a further subsequence {¢, : n € N}, which converges weakly as n — oo in
#W2>P(G), p > 1, to some £’-harmonic function. Since G is arbitrary, this limit yields
a function ¢ € %Ozf (D$) N C(DS) that satisfies £'@ = 0 on D and & = h on dD;.
By uniqueness ¢ = ¢,. Since the convergence is uniform on compact sets, we have
supsp, lgy, — ¢l = 0 as n — oo. This implies that v = ¢} is uniformly continuous
on dD,. Similarly, v — g} is uniformly continuous on dD;. Thus their composition
v Po(x,-)is uniformly continuous on x € dD;. On the other hand, if {v,} C Uy is
any sequence converging to v € Uy, as n — oo, then since &(dD)) is compact, there
exists a further subsequence also denoted as {v,} along which i, — fi € 2(0D,).
Thus, by the uniform convergence of

[ Puansor— [ Pamanso
oD, n—eo - Jop,
for any f € C(0D,), we obtain
pC)=tim ()= lim [ g @oP = [ p@oen.
n—oo n—oo aD, aD,
and by uniqueness i = f1,. Thus v — f, from U, to (0D) is continuous. O

Remark 2.6.8 Uniqueness of i, also follows from the fact that since dD; is com-
pact, the chain under v € U, has a non-empty compact convex set M, c Z(0D;)
of invariant probability measures, the extreme points of which correspond to ergodic
measures. If u € M,, then u(-) = faDI p(dx)f’v(x, -), and thus if " is another element
of M,, we obtain u < Cyu’, and vice versa, which implies that u and g’ are mutu-
ally absolutely continuous with respect to each other. Since any two distinct ergodic
measures are mutually singular (see Theorem 1.5.5), u and p’ must coincide.

The proof of Theorem 2.6.7 shows that P, is a contraction on Z(A0D;) under the
total variation norm topology. We now exhibit a metric for the weak topology of
Z(0D,) under which P, is a contraction, and the contraction constant does not de-
pend on v. This supplies an alternate proof that the unique fixed point f, is continuous
inv.

The Wasserstein metric

2\
pulin o) 1= inf (B]5 - 2f)
where the infimum is over all pairs of random variables (=}, &) with Z(Z)) = w;,
i = 1,2, 1is a complete metric on {p e PRY): flxlz,u(dx) < oo} [50, 98]. Define the
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family of bounded Lipschitz metrics {6, : p > 0} on Z?(0D) by

Op(u. ') = sup {faD S = p')dx) : f €C*@Dy), Lip(f) < P} )

where “Lip” stands for the Lipschitz constant. It is well known that ¢, is equivalent
to the Wasserstein metric on &(0D).
Let Py(x, f) := faDl P,(x,dy)f(y). By (2.6.15), for all f € C(OD;) we have

|Pv(x’f)_Pv(y,f)| < <1 —C;,l)span(f) Vx,y € dD; .

In other words, the map f +— P(-, f) is a span contraction. Note that §, remains
unchanged if we restrict the family of f in its definition to

F :={f €C"(dDy) : Lip(f) < p. min f = o}.
1
Note also that P,( -, f) is well defined on D; and satisfies P,(x, f) = EY[hf(X<y)],

where h(y) = E}[f(X<(p:))]- Thus sup,p, P,(x, f) < span(f) for all f € .Z, and it
follows by Lemma A.2.5 that for some constant Ky,

2o Pl yanpyy < Kospan(f) — ¥veUsm, VfeF.
Then, by the compact embedding of #>P(D;) < C'"(Dy), for p > 7%, we have
Lip(P,(-, f)) < Cy span(f), f€C(ODy), (2.6.16)
for some constant C; that does not depend on v. Let
My :=sup {span(f) : f € F} < .
By (2.6.16) and the span contraction property, if we define
pni=(CiM)) 1 -C;H'"™, neN,
then
Lip(P}(-, /) = Lip (Pu(-, P (-, 1))
< Crspan(Py7 (-, /)

< (1-¢5)" span(f)

1
< — VfeF, Yvely,. (2.6.17)
Pn

Therefore, by (2.6.17) and the fact that 6, (u, ') = p 61(u, ¢’) for all p > 0, we obtain
D ’ pn 1 Do pn
61(#})‘7}1’/1 PV) = ;6Pn(ﬂpv’:u Pv)

1
< ;51(;1,;1’). (2.6.18)
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Define

6(u, i) := sup Zél(qu,ﬂ B).

vellgm £20
By (2.6.18),
S i) < (1+ CrMoCr) 81 1) -
Since 6(u, i’) > 8, (u, it'), it follows that § and &, are equivalent. On the other hand,
S(uPy, ' P,) = 8(u, ') = 61 (u, pt")
< (1= +CiMCr)™) S,

so that P, is a contraction relative to 8. Therefore, if ji, and fi,» are the unique fixed
points of P, and P,,, respectively, we obtain

(> ) = 8(uy Py, 1, P)
< Sy Pors pivPyy) + 8y Py, i P)
< (1= 1+ CiMoCr) ™) 3G, 1) + 8 P P)
which implies that
S(uy s iy) < (1 + CyMoyCpr) 6(u, Py, 1, P)) . (2.6.19)

Since {P,(+,f) : f € F, v € Uy} is a family of uniformly continuous functions
and v = P,(-, f) is continuous for each f € .Z, the continuity of v > fi, in Z(0D))
follows by (2.6.19).

Theorem 2.6.9 Let {%,} be as defined in (2.6.10), and let fi, denote the unique
stationary probability distribution of {X,,}, under v € Ugy,. Define 1, € 2(R?) by

faD EV[ © f(Xf)dt] fiv(dx)
o’ oo, BT fi(d)

feC®RY).

Then n, is the unique invariant probability measure of X, under v € W,

Proof Define the measure yu, by

f gy (dx) = f E; [ f 2g(Xt) dt]ﬁv(dx) Vg e CRY).  (26.20)
R4 oD, 0

For any s > 0 and f € C,(R?), we have
E} [fo E;,[f(Xs)]dt] =E; fo It < B B[ f(Xen) | 5] dl]

:Eﬁ—f B [1 t<12f(Xs+t)|‘§,]dt]
0

=B f f(XH,)dt] (2.6.21)
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Since fi, is the stationary probability distribution of {X,,}, we obtain

f E)v([ s+, f(X) dt} fi,(dx) = f E)V( [EX(T f‘v (X)) dt] f,(dx)
oD % oD *Jo

- f E;[ f ' f(Xt)dt]ﬁV(dx). (2.6.22)
9D, 0

By (2.6.22) and (2.6.20), we have

f E! [ f h f(XH,)dr]ﬂv(dao: f el [ roxya- f sf(Xz)dt}/?tv(dX)
oD, 0 oD, lJO 0

_ f el [ Croya- [ f(X,)dt] fiy(dx)
dD, LJO

T

_ f By f " ) dt]ﬁv(dx)
dD, L JO

= f FOuy(dx) . (2.6.23)
R4

Thus, first applying (2.6.20) with g(x) := EY[f(X,)], and next (2.6.21) followed by
(2.6.23), we obtain

[Evcome = [ =] [ e rwoa|ao
R4 dD, 0

= f B! [ f Y Ko dr] iy (d)
oD, 0

= f S (dx) .
R4

Hence, u, is an invariant measure for X, and its normalization 5, :=
invariant probability measure.

By Theorem A.3.5, the resolvent Q,(x, dy) of X controlled by v is equivalent to the
Lebesgue measure m for all x € R4, and takes the form Q,(x, dy) = go(x, y)m(dy). If
1} and 72 are two invariant probability measures for X then, for all A € Z(RY),

ﬁ yields an

7(A) = f ( f ni(dx)qa(x,y))mmy), i=12. (2.6.24)
A R4

It follows from (2.6.24) that i} and n? are mutually absolutely continuous with re-
spect to the Lebesgue measure and hence with respect to each other. However, if
1! and n? are distinct ergodic measures they are singular with respect to each other.
Hence, n! = 2. o
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We conclude this section with some useful equivalent criteria for stability.

Theorem 2.6.10 For a nondegenerate diffusion the following are equivalent:

(a) v € Uy, is stable;

(b) EY[T(G®)] < oo for some bounded domain G C R and all x € RY;

(c) Efco [T(G)] < oo for some bounded domain G C R? and some xo € R¢\ G;
(d) there exists a unique invariant probability measure;

(e) for any g € C(R%,[0, 1)), satisfying g(0) = 0 and limyy_,, g(x) = 1, there exists
a nonnegative, inf-compact function V € %j&p RY), p > 2, and a constant
o € (0, 1) which solve

L'"V(x)+ g(x) —0=0; (2.6.25)

ere exist a nonnegative, inf-compact function V € ° , a constant € >
f) th 1 gat. pact function V € #,2F (R4 tant € > 0
and a compact set K C R?, such that

L'V(x) < -¢ ¥Yx¢ K. (2.6.26)

Proof We show (c) = (b) = (a) = (d) = (e) = (f) = (¢).
(c) = (b): This follows by Theorem 2.6.3 (ii).

(b) = (a): Let G; be any bounded domain. Observe that if E[T(G°)] < oo, then
]E;[T(GC)] < oo for any domain G 3 G U G;. Therefore it is enough to show that
EY[T(G)] < oo implies EY[T(G{)] < oo for any domain Gy € G. Let Dy and D,
be open balls in R? such that D, > D; G and define the sequence of stopping
times {%}, k € N, as in Lemma 2.6.6, and ¥y := min {# > 0 : X, € D;}. By
hypothesis E[To] < oo, and hence by Lemma 2.6.5, E}[1;] < oo for all k € N. As in
Lemma 2.6.6, t; T oo, PY-a.s. Let Q = D, \ Gy. Then

o(x) =P.(Xv €0D2), x€Q

is the unique solution in 7/12;” (Q) N C(Q), p = 2, of the Dirichlet problem

L'¢=0 inQ,
¢=0 ondGy,
¢=1 ondD,.

By the strong maximum principle ¢ cannot have a local maximum in Q. Therefore

po = sup Pi(X €0Dy) < 1.
x€AD,

By the strong Markov property, for k € N,

PL(T(GE) > o) < po PUT(GY) > to2) < -+ < pf.-
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Thus, for x € 0Dy,

ET(GH] < Z Tzkﬂ k-2 < T(Gp) < Tzk}]

=1
o k

=E [To] + Z Z E}, [(’Afy —Toe-0)1 {’fzk—z <TGy < ’fzk}]
=1 =1

= B[R0l + ) > B[ (Rar — tar2) I{Raka < TGH) < 2]
=1 =l

=E [To] + Z E} [(’fzf —t2)1 {’fzzfz < T(GS)}]
=

<El%ol+ ) ph" sup Ejfta]
=1 xedD,;

SUp,eap, Erlt2]
1= po )
(a) = (d): This follows from Theorem 2.6.9.

(d) = (e): This is a special case of the HIB equation under the near-monotone
costs analyzed in Section 3.6.

= EL [T(G)] +

(e) = (f): This follows from the fact that K = {x € R? : g(x) < o + &} is compact
for & > 0 sufficiently small.

(f) = (c): Let G be an open bounded set and Bg O G U {x}. By Dynkin’s theorem,
BNV (XxGort)] — V(x) < —eEL[T(G) A Tg].

Taking limits as R — oo and using Fatou’s lemma, we obtain
1
E'[1(G)] < - ((V(x) _inf fv) .
& R
This completes the proof. m}

Remark 2.6.11 In (2.6.25) g may be selected so that limjy; g(x) = oo, provided
it is integrable with respect to the invariant probability measure 7, under v € Uy, in
which case o = f gdn, and need not be in (0, 1). Similarly (2.6.26) may be replaced
by limjyeo L' V(x) = —

2.6.3 A characterization of recurrence

If the diffusion under v € Uy, is recurrent, then u, defined in (2.6.20) is a Radon mea-
sure, and hence it is a o-finite invariant measure. Showing this amounts to proving
that for any compact set K ¢ R, it holds that

E! [f Ix(Xy) dt] < oo Vx e dD . (2.6.27)
0



78 Controlled Diffusions

Since the portion of the integral in (2.6.27) over [0,1,] has clearly finite mean,
(2.6.27) follows from Lemma 2.6.13 below.

As also stated earlier, if a nondegenerate diffusion under v € Uy, is D-recurrent
relative to a bounded domain D, then it is recurrent. This is the result of the following
lemma, which also provides a useful characterization.

Lemma 2.6.12 Let D be an open ball in RY. The process X under v € Uy, is D-
recurrent if and only if the Dirichlet problem L'¢ = 0 in D, ¢ = f on 0D has a
unique bounded solution ¢y for all f € C(0D). Moreover, if X under v € Uy, is
D-recurrent for some bounded domain D C R, then it is recurrent.

Proof For anonnegative f € C(8D), let ¢ denote the minimal nonnegative solution
in %j&"(DC) N C(D¢) of the Dirichlet problem L’¢ = 0 in D¢, ¢ = f on dD. Using
Dynkin’s formula it is straightforward to verify that

$p(x) = B[ f (X)) {T(D) < 0],  x € DF. (2.6.28)

With 1 denoting the function identically equal to 1, if there exists a unique bounded
solution ¢y of this Dirichlet problem, then we must have ¢; = 1, and by (2.6.28),
P(t(D€) < o0) = 1 for all x € D°. Suppose there are two distinct such bounded so-
lutions for some f € C(AD). Their difference is then some nonzero bounded solution
Y with zero boundary condition, which without loss of generality satisfies [(x)| < 1
for all x € D, and y(x’) > O for some x’ € D¢. It follows that ¢; = 1 — ¢ is a
nonnegative solution, with boundary condition f = 1, satisfying ¢; (x") < 1. Hence,
the minimal nonnegative solution satisfies @1 (x") < 1, and it follows by (2.6.28) that
X is transient relative to D.

Next, suppose X is D-recurrent. By arguing as in (b) = (a) in the proof of The-
orem 2.6.10, it suffices to show that it is also G-recurrent for every bounded C?
domain G € D. Let ¢ be the minimal nonnegative solution of £L'¢ = 0in G%, ¢ = 1
on dG. Suppose ¢ is not constant, otherwise ¢ = 1 and X is G-recurrent. Clearly
® < 1 onG°. Let By D such that $ # 1 on Bz \ D. Choose ¥ € B such that
@(¥) = mingp, @. By the strong maximum principle mingp ¢ > @(X). However since
X is D-recurrent,

o(X) = Ex[@(Xxpy)] 2 naliDn o,
and we reach a contradiction. O
‘We continue with a useful technical lemma.

Lemma 2.6.13 Let D ¢ R? be a bounded domain and G ¢ R? a compact set.
Define

T(DC)
épg(0) :=E; [ f I(X) dt] .
0
Then

(i) sup sup &p;(x) < co;
Vel xeD
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(i) if X is recurrent under v € Ugy, then &, ; is the unique bounded solution in
”fﬂlgf (D) N C(D°) of the Dirichlet problem L°¢ = —Ig in D and & = 0 on 0D;

(i) if U c Uy is a closed set of controls under which X is recurrent, the map
v, x)— fZ),G(x) is continuous on U x D¢

Proof Without loss of generality we may suppose that D is a ball centered at the
origin. Let T := 7(D°) and define

!
z,:=fﬂc<xs>ds, 1> 0.
0

Select R > 0 such that D U G C Bg. Using the strong Markov property, since I = 0
on B}, we obtain

EY[Z:] < sup E.[Z¢] Vx € By,

X' €0Bg

(2.6.29)
E'[Z:] < E![Zenr ] + sup EL[Z:]  Vxe BgnD.
x'€0Bg
Since, by (2.6.9a),
sup  sup  El[Ziag ] < sup  sup EN[TATR] < o0, (2.6.30)
velly, xeBrND* velly, x€BrNDE

it suffices by (2.6.29), to exhibit a uniform bound for E’[Z+] on dBg. Let R’ > R. By
(2.6.9d), for some constant 5 < 1, we have

sup sup PU(T>1r) <pB.

velly, x€0Bg

Set (t) = t A 1. By conditioning first at Tz, and using the fact that [ = 0 on B}, and
(2.6.29), we obtain, for x € B,

E} [Zew] = B [Zey 1{2(0) < T }] + B [Zen L{T(D) = To'}]

<E! I:Z’f/\TR,:I + ( sup PU(T(r) > TR/))( sup EY [Zf(,)]]

X€OBg X€0Bg

SEY[Zene, |+ B sup B [Zeq] - (2.6.31)
X€OBg

By (2.6.30) and (2.6.31), for all v € Uy,
sup B [Ze] < (1-B)" sup B} [Zeney |
X€0BR X€0BR

<(1-p"'sup sup E[tATR]<oco. (2.6.32)

vellg, xeBpNDC
Taking limits as  — oo in (2.6.32), using monotone convergence, (i) follows.
Next we prove (ii). With R > 0 such that Bg 3 D, let ¢g be the unique solution in
#>P(Bg N DY) N 7/01”’ (B N D°), p > 1, of the Dirichlet problem
£V¢R:—]IG inBRﬂDC, QORZO on(?BRUGD.
By Dynkin’s formula, ¢ is dominated by &7, ;, and since it is nondecreasing in R, it

converges, uniformly over compact subsets of R?, to some ¢ € V/ISC” (D) N Cp(D°),
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as R T oco. The function ¢ solves
L'¢=-Is inD°, ¢=0 ondD. (2.6.33)

Since by hypothesis P"(T(D¢) < oo) = 1, an application of Dynkin’s formula yields
¢ = &) - Hence & ; is a bounded solution of (2.6.33). Suppose ¢ is another
bounded solution of (2.6.33). Then ¢ — ¢’ is L"-harmonic in D and equals zero on
0D. By Lemma 2.6.12, ¢ — ¢’ must be identically zero on D. Uniqueness follows.
To show (iii), let v, — vin U. By Lemmas A.2.5 and 2.4.3, every subsequence of

{¢}; ;) contains a further subsequence converging weakly in WD), p > 1, over

any bounded domain D’ € D¢ to some y satisfying L*y = I in D. By uniqueness
of the solution of the Dirichlet problem this limit must be £}, ;, and since convergence
is uniform on compact subsets of D¢, continuity of (v, x) &) (x) follows. O

2.6.4 Infinitesimally invariant probability measures

We start with a key technical lemma. Recall that under v € g, X is a strong Feller
process. Denote by T} : C»(R?) — Cp(R?) the operator

T7f(x) = Elf(X)]. 1=0.

This is the associated transition semigroup with infinitesimal generator L', whose
domain in denoted by 2(L").

Lemma 2.6.14 A probability measure n € Z(RY) is invariant for X under v € gy,
if and only if

f LfOndy) =0  YfeaL). (2.6.34)
R4

Proof 1If i is invariant for X, and X, has law n, then so does X, for all ¢ > 0. Then,
for f € 2(L"), using the notation

ElFo]= [ B0,

we have
0=gjlr001 -0l =5 [ £
- [Elerooas

=t f LU f(x)n(dx), (2.6.35)
Rd

which implies (2.6.34). Now suppose 7 satisfies (2.6.34). We have

T f(x) - f(x) = f t /(L f)(x)ds  ¥r>0. (2.6.36)
0
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Note that if f € Z(L"), then T} f € (L") for all s > 0. Therefore
f LT fH)(x)n(dx) =0 ¥s>0,VYfeDL). (2.6.37)
RY

Hence, integrating (2.6.36) with respect to n over R¢, applying Fubini’s theorem, and
using (2.6.37) together with the property

T(LH=LT0H  VfedL,

we obtain
fR ) T} f(x)n(dx) = fR ) S(x)n(dx) VfeDL). (2.6.38)

Since £” is the generator of a strongly continuous semigroup on C,(R%), Z(L") is
dense in Cy(R?). Thus (2.6.38) holds for all f € C,(R%), and it follows that 7 is an
invariant probability measure for X. O

If an invariant probability measure 7 is absolutely continuous with respect to the
Lebesgue measure, then its density ¢ is a generalized solution to the adjoint equation
given by

d a5 d ow N
LYy =y ;(Z a7 + b;(x)w(x)) =0, (2.639)
i\ X

i=1

where
b= 30
j=1 (9
A probability measure u is called infinitesimally invariant for L, v € Ugy, if

f Lf)udx) =0  VfeClRY,
Rzl

which is also denoted as (£")*u = 0. As we show later in Theorem 5.3.4, which
applies to a more general model, if u is infinitesimally invariant for £”, then u pos-
sesses a density ¥ € Wkicp (RY) for all p > 1 (see also [26]). It is also shown by
Bogacheyv et al. [27] that there exists an infinitesimally invariant probability measure
for £, provided there exists a Lyapunov function V € C*(R9) satisfying (compare
with Theorem 2.6.10)
l)}‘ilnm V(x) = and l)}‘ilnm L'V(x) = -0

Theorem 2.6.16 below enables us to replace Z(L") in Lemma 2.6.14 with the
space of functions in C?(RY) with compact support. Moreover, it asserts that invari-
ant probability measures of nondegenerate positive-recurrent diffusions possess a
density which is in %;Cp (R9) for all p > 1.

We need the following definition.
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Definition 2.6.15 Let % denote a countable dense subset of CS(R“’) with compact
supports, where as usual Cg(Rd ) denotes the Banach space of functions f: R — R
that are twice continuously differentiable and they and their derivatives up to second
order vanish at infinity, with the norm

Il = sup {100+ Y| Z 0] + Y )2}
xeR4 i ij

Theorem 2.6.16 A Borel probability measure 1 on R is an invariant measure for
the process associated with L', if and only if

f LfOnd)=0 Vfe?. (2.6.40)
R4

Moreover, if 1 satisfies (2.6.40), then it has a density y € 7/1(::’ (R?) with respect to
the Lebesgue measure and for any R > 0 there exist positive constants ki (v, R) and
ko (v, R) such that

ki(v,R) < y(x) < kr(v,R) Vx € Bg. (2.6.41)

Proof Applying Itd’s formula for f € € yields (2.6.35), and necessity follows. Un-
der the linear growth assumption (2.2.4), Proposition 1.10(c) and Remark 1.11 (i)
in Stannat [109], combined with Theorem 5.3.4, which applies to a more general
model, assert that n7 has a density and is an invariant measure for the diffusion pro-
cess. The bounds in (2.6.41) are obtained by applying Harnack’s inequality for the
divergence form equation (£")"y = 0 [67, theorem 8.20, p. 199]. O

2.7 The discounted and ergodic control problems

Let ¢: R? x U — R be a continuous function bounded from below. In accordance
with the relaxed control framework, we define

e(x,v) = f cx,uyv(du), xeR?, ve PWU).
U

The function ¢ serves as the running cost. Before we introduce the ergodic control
problem, we review the infinite horizon discounted control problem and the associ-
ated dynamic programming principle. This plays an important role in developing the
dynamic programming principle for ergodic control, which is obtained from the dis-
counted problem via an asymptotic analysis known as the vanishing discount limit.

‘We define the infinite horizon a-discounted cost
Jg(x) = Ef(] [f e "e(X,, Uy) dt] , xeRY, UeU, 2.7.1)
0

where a > 0 is called the discount factor. The infinite horizon a-discounted control
problem seeks to minimize (2.7.1) over all U € . This prompts the definition

Va(x) := Inf J7'(x)

of the a-discounted value function V,.
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The following theorem, also known as the principle of optimality, characterizes
the a-discounted control problem.

Theorem 2.7.1 Suppose that Jg (x) < oo for each x € R? for some control U € .
Then for each initial law, there exists an optimal U. Also, V, satisfies the dynamic
programming principle

AT
Vo (x) = rgig EY [ f e e(X,, Uy ds + eV, (Xirr) Vi>0, (2.7.2)
€ 0

for all x € R and all (¥)-stopping times t. Moreover; the minimum on the right-
hand side of (2.7.2) is attained at an optimal control.

Proof 1If cis bounded, then Jg (x) is a bounded linear functional of the set A, of laws
Z(X, U) corresponding to the solutions of (2.2.1) with Xy = x. Otherwise, consider
the truncation cy = ¢ A N, with N € N. Since lower semicontinuity is preserved
under limits of increasing sequences of such functions, it follows that Jf,’ (x) is a
lower semicontinuous functional of the law of (X, U), and since the set A, is compact
by Corollary 2.3.9, the infimum is attained.

Let (X*, U*) be an optimal pair with X = x. By Theorem 2.3.4 we may assume
that U™ is a feedback control of the form U; = f*(t, Xjo). Then

Volx) = EJKC]* [f efmf'(Xl*, f*(l‘, X[()J])) dl:|
0
by definition. Hence, for any (FX")-stopping time 7, using Lemma 2.3.7, we obtain

INT
Vo(x) =EY f e Xy, (s, Xp0,6)) ds
0

+e—a(t/vr) E){(J* [f e—a(s—z/\-r)a,(x:, f*(s, X[O,s])) ds
t

AT

:)

AT
> li]nf[ EY [ f e e(X,, Uy) ds+e“’(’“)Va(X,M)] ) (2.7.3)
el 0

>EY

INT
f e BTN, (5, Xio ) ds + €0 va<for>]
0

Let (X, U) be such that X, = x and U 06, is conditionally independent of FX _ given
X,rr, and optimal for the initial condition X,rr. That it is possible to construct such a
control follows by arguments similar to those used in the proof of Theorem 2.3.4 (b)

(see also a more general construction in Lemma 6.4.10, p. 238). We have

Ve(x) < Ef [fw e 'e(X,, Uy) dt}
0

_ AT 5 5 5
=EY [ f e e(X,, Uy ds + eV (X 00| (2.7.4)
0
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Since {U; : 0 < s < t A 7} is unconstrained except for the non-anticipativity
requirement, taking the infimum over such controls in (2.7.4) we obtain

N IAT 5 B »
Ve(x) < inf EY [ f e (X, Uy)ds + e V(K00 | - (2.7.5)
Uel 0

By (2.7.3) and (2.7.5) equality must hold and (2.7.2) follows. The last assertion is
then evident by (2.7.3). O

Corollary 2.7.2 (The martingale dynamic programming principle) The process
!
e "V (X)) + f e (X, Ug)ds, >0,
0

is an (FX)-submartingale and it is a martingale if and only if (X, U) is an optimal
pair.

Proof For any a.s. bounded (¥X)-stopping time 7, letting t — oo in (2.7.2), we
obtain

.
Vo(x) <EY [ f e e(X,, Uy ds + e V(X0 |,
0

with equality if and only if (X, U) is optimal. The claim follows from a standard
characterization of submartingales and martingales, respectively. O

The first part of Theorem 2.7.1 can be improved to assert the existence of time-
homogeneous Markov control which is optimal, by using a procedure known as
Krylov selection. This is presented in Section 6.7 for a fairly general class of Markov
processes.

The ergodic control problem, in its almost sure (or pathwise) formulation, seeks
to a.s. minimize over all admissible U € U

1 !
lim sup ” f (X, Uy ds. (2.7.6)
t—o0 0
A weaker, average formulation seeks to minimize
1 !
limsup — f EY[e(X,, Uy)] ds. (2.7.7)
t—0o 0

The analysis of the ergodic control problem is closely tied with stability. This is
partly because stability is a desirable property for control systems. In the case of
the average formulation, we seek an admissible control U* which attains the infi-
mum of (2.7.7) over U, while at the same time the mean empirical measures {7/, }
are kept tight. Problems where this is not possible are deemed pathological and are
uninteresting. Suppose then that the mean empirical measures are tight under some
U* € U. By Lemma 2.5.3, with ¢, ¢ Z(R¢ x U) denoting the class of infinitesimal
occupation measures defined in (2.5.7), we have

1 !
liminf — f EY[e(X,, Uy)] ds > inf f c(x, u) pu(dx, du) . (2.7.8)
t Jo RIXU

t—00 1€y
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Clearly, a sufficient condition for U* to be optimal with respect to the average crite-
rion, is that lim,e Y, — p* € Z(R? x U), and that u* attains the infimum of the
right-hand side of (2.7.8).

At the same time, of special importance is the class of stationary Markov controls
Uy, and in particular its subclass of precise controls Uy because of ease of imple-
mentation. One question that arises then is whether every infinitesimal occupation
measure is attainable as a limit of mean empirical measures as 1 — oo over some
admissible control, and a second question is whether this is also possible if we con-
sider only stationary Markov controls. For nondegenerate diffusions both questions
are answered affirmatively. In fact these questions have already been answered by
Theorem 2.6.16, which we restate in Chapter 3 in a different form. In the degenerate
case, the first question has essentially an affirmative answer, and this is in fact true
for a much more general model which we investigate in Chapter 6.

2.8 Bibliographical note
Section 2.2. An excellent exposition of stochastic calculus and allied topics can be
found in [76]. Some other books on these topics are [102, 103, 74, 87].
Sections 2.3-2.4. Here we follow [28, 29].

Sections 2.5-2.6. These are mostly extensions of results in [69, 70] to the controlled
case.

Section 2.7. An early, albeit a bit dated, exposition of controlled diffusions appears
in [58]. Our exposition is along the lines of [28]. For a more analytic approach, see
[14, 78].
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Nondegenerate Controlled Diffusions

3.1 Introduction

In this chapter, we study controlled diffusions whose infinitesimal generator is locally
uniformly elliptic, in other words, it satisfies (2.2.15). Intuitively, this implies that the
noise (i.e., the driving Wiener process) has d-degrees of freedom, thus affecting all
components in an even manner.

Section 3.2 develops a convex analytic framework, while Section 3.3 introduces
a notion of stability that is uniform over the set of stationary Markov controls.
These results are used in Section 3.4 which studies the existence of an optimal strat-
egy. Section 3.5 reviews the a-discounted control problem. Sections 3.6 and 3.7
are devoted to dynamic programming and existence of solutions to the Hamilton—
Jacobi-Bellman (HJB) equation. The last section specializes to one-dimensional
diffusions.

3.2 Convex analytic properties

In this section we develop a convex analytic framework for the study of nondegen-
erate controlled diffusions. Recall that 2, stands for the class of stationary Markov
controls, and U, C Uy, is the subclass of stable controls. We first introduce the con-
cept of ergodic occupation measures which is essentially the class of stationary mean
empirical measures for the joint state and control process under controls in U, and
we show that this collection is identical to the class of infinitesimal empirical mea-
sures. Ergodic occupation measures form a closed, convex subset of Z(R? x U) and
a key result in this section is to establish that its extreme points correspond to the
class of precise controls Ugyy. Therefore, for nondegenerate diffusions, the ergodic
control problem may be restricted to this class.
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3.2.1 Ergodic occupation measures

By Theorem 1.5.18 (Birkhoff’s ergodic theorem), if v € Uggy,, then

1 (7

lim — f c,(Xy)dr = f fc(x, wyv(du | x)n,(dx) as., 3.2.1)
T Jo re Ju

where ¢, is as in Notation 2.3.5 on p. 53. This motivates the following definition.

Definition 3.2.1 For v € U, let , € P(RY) the associated unique invariant
probability measure. Define the ergodic occupation measure m, € 2(R? x U) by

7,(dx, du) = n,(dx) v(du | x).

For notational convenience, we often use the abbreviated notation 7, = 1, ® v. Also,
we denote the set of all ergodic occupation measures by ¢ and the set of associated
invariant probability measures by

H={ne PRY :neved, forsome v e U] .

Thus, by (3.2.1), the ergodic control problem over Uy, is equivalent to a linear
optimization problem over ¢. We first give a characterization of ¢ and also show that
it is closed and convex. Then we study the extreme points of ¢ and show that these
correspond to controls in gg. This is the basic framework of the convex analytic
approach to the ergodic control problem whose main aim is the existence results
in Section 3.4. First we show that for nondegenerate diffusions every infinitesimal
occupation measure (see p. 63) is an ergodic occupation measure and vice versa.

Lemma 3.2.2 A probability measure m € PR x U) is an ergodic occupation
measure if and only if,

L0 mdy,duy =0 Vfe?€, (3.2.2)
RIXU

or equivalently, if

f L'f)ndx)=0 Vfe?, (3.2.3)
]R"

where v € Uy, and n, € PRY) correspond to the decomposition T = 1, ® V.
Proof This easily follows from Theorem 2.6.16. O

Lemma 3.2.3 The set of ergodic occupation measures 4 is a closed and convex
subset of Z(R? x V).

Proof 1f a sequence {m,} in PR? x U) satisfies (3.2.2) and converges to 7t as
n — oo, then 7t also satisfies (3.2.2). Hence, ¢ is closed. To show that ¢ is convex,
let t,, = n,,®@v;, i = 1,2, be two elements of 4 and § € (0, 1). Setnp = 6n,, +(1=6)n,.
Noting that n,, and 7, are both absolutely continuous with respect to 7 we define

dny,
dn

vdu|x):=6 X)vi(du | x)+ (1 -=9) jz—vz(x) vo(du | x),
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where ?% denotes the Radon—Nikodym derivative. It follows that

n®v =206y ®vi)+(—-06), ®v).
Also, for f € CZ(RY),

T]v] T’vl

L'fx)=0——0L" f)+1- 05— ) L7 f(x),

and hence, by (3.2.3),

vadnzéf Lv‘fdnvl+(l—6)f L”fdn,, =0,
Rd R R

proving that n®v € 4. O

3.2.2 Continuity and compactness of invariant measures

We start with some important continuity results.
Lemma 3.2.4 Let K be a compact subset of 4. Define
H(K)={ne PR :n@veKk, forsomeve Ugy,). (3.2.4)
Let ¢[n] denote the density of n € 7 and define
O(K) := {¢ln] : n e A(K)} . (3.2.5)
Then
(a) for every R > 0 there exists a constant Cy = Cy(R) such that
o(x) <Cup(y) Yo e ®d(K), Vx,y € Bg;

(b) there exists Ry > O such that for all R > Ry, with |Bg| denoting the volume of
Bg c RY, we have

1 Cy
1nf <su < — Yo € O(K); (3.2.6)
2B "B PN O B

(¢c) there exists a constant C; = C1(R, K) > 0 and a; > 0 such that
lo(x) = < Cilx = y*" Yo e D(K), Yx,y € Bg.

Proof Part (a) is nothing more than Harnack’s inequality for the divergence form
equation in (2.6.39) [67, theorem 8.20, p. 199]. Since, by part (a),

Cy inf ¢ > sup ¢,
Bg Br
choosing Ry large enough so that 7(Bg,) > % for all n € J7(K), we obtain

1
CurBrl inf @ > | Byl sup ¢ > f o) dx>
Bg Br 2

Bg
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and

B

M sup ¢ < |Bg| inf ¢ < f px)dx < 1.

Cr B Bg Br

The local Holder continuity in part (c) follows from standard estimates for solutions
of (2.6.39) [67, theorem 8.24, p. 202]. ]

Lemma 3.2.5 Let K be a compact subset of 4. The set 7 (K) defined in (3.2.4) is
compact in Z(RY) under the total variation norm topology.

Proof First we show that J7(K) is closed in PRY). Suppose {n,,}, n € N, is a
sequence in #(K) converging to 7 € Z(RY) under the total variation norm. Let
M, = 1,, ® v, be the corresponding sequence of ergodic occupation measures in K.
Since K is compact, 71, converges along a subsequence, which is also denoted by
{m,}, to some 7t = n; @ V. It follows that i,, — 1y as n — oo, and hence 77 = 7.
By Lemma 3.2.4, the collection ®(K), defined in (3.2.5), is equibounded and Holder
equicontinuous on bounded subdomains of R¢. Therefore any sequence in ®(K) con-
tains a subsequence which converges uniformly on compact sets. Let ¢, — ¢ be
such a convergent sequence in ®(K) and {1, } the corresponding invariant probability
measures. Since K is compact, the family #(K) is tight, and hence the associated
densities ®(K) are uniformly integrable. It follows that {¢,} converges in L'(R?) as
well. Therefore ft,?a =1,( >0, and for & € C,(RY),

f h(x) n(x) dx —— f h(x) ¢(x)dx.
R n=eo Jpa

This implies 5, — 7 in 2(R?) and, since ¢, — ¢ in L'(R%), also in total variation.
Since S (K) is closed in Z(RY), it follows that # € S (K). This completes the
proof. O

For a subset U C Uy, let 7, and 4 denote the set of associated invariant
probability measures and ergodic occupation measures respectively. In the lemma
which follows we show that if .7, is tight then the map v - 7, from U to 7 is
continuous under the total variation norm topology. Since U is compact, it follows
that .7¢7; is compact in the total variation norm topology.

Lemma 3.2.6 Let U C Uy, and suppose 7y, is tight. Then

(a) the map v v n, from U to H7, is continuous under the total variation norm
topology of 7

(b) the map v = T, from U to Gz ¢ P (R4 x U) is continuous.

1 As usual, ¥ denotes the closure of U in the topology of Markov controls.
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Proof Let {v,} be a sequence in U which converges (under the topology of Markov
controls) to v* € U. Then, for all g € C,(RY x U) and /1 € L'(RY),

f g(x, u) h(x) (Vy(du | x) = v*(du | x))dx — 0. (3.2.7)
RIXU n—00

By the tightness assumption and Prohorov’s theorem, 777, is relatively compact in
Z([RY), and thus {n,,} has a limit point " € PRY). Passing to a subsequence (which
we also denote by {r,, }) converging to this limit point, we conclude, as in the proof
of Lemma 3.2.5, that 5,, — 7* in total variation, and that the associated densities
@, = ¢* in L'(R?) (and also converge uniformly on compact subsets of R?). Using
the notation for relaxed controls introduced in (2.3.12), let

g(x,v(x)) = fg(x, wv(du| x), vely. (3.2.8)
U

We use the triangle inequality

‘f 8(x, vp(x)) 1y, (dx) — f 2(x, v (%) 7" (dx)
Rd R"

<| [ atemoe, - ¢ ) ax

+ . (329)

fR B va(0) ¢ (1) dx - fR B )¢ dx

Since ¢,, — ¢* in L'(RY), the first term on the right-hand side of (3.2.9) converges
to zero as n — oo, and so does the second term by (3.2.7). Hence, by (3.2.9),

0= f L 7, () —s f L@y Vfe?,
R(I n—oo Rd

implying n* = n,~ € g, by Theorem 2.6.16, and this establishes (a). Since

f g(x, v(x)) n,(dx) = f g(x, u) m,(dx, du) ,
R4 RIXU

(3.2.9) also implies (b). ]

3.2.3 Extreme points of the set of invariant measures

We now turn to the analysis of the set of extreme points of &. As seen in the proof of
Lemma 3.2.3,if 7t,, € 4, i = 1,2, 3, satisty m,, = dm,, + (1 — ) 7, for some ¢ > 0,
then with 7t,, = n,, ® v;, we have

dn, dn,
"2v2+(1—6)d"3

Vi Vi

V1 = 0 V3.
Since each 7,, and the Lebesgue measure on R¢ are mutually absolutely continuous,
. . dn,, . ... . .
the Radon—-Nikodym derivatives d;]#, i = 2,3 are positive a.e. in R?. It follows that if
V1
some pair (v;, v;) agree a.e. on some Borel set A of positive Lebesgue measure, then
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all three v;’s must agree a.e. on A. Note that this also implies that if some pair (v;,v;)
differ a.e. on A then all pairs differ a.e. on A.

Lemma 3.2.7 Let A ¢ B(RY) be a bounded set of positive Lebesgue measure.
Suppose vy, vy € Uy agree on A° and differ a.e. on A and that for some vy € Uggny

and y € B(RY), satisfying
inf min {y(x), 1 - ¥(x)} 2 y4 >0,

it holds that

vo(+ [ ) = y(@)vi(- [ x) + (1 = () va(- [ ).
Then there exist V1, V5 € Ugm, which agree a.e. on A° and differ a.e. on A, such that

Ty, = 3(T6, + T0,). (3.2.10)

In particular, T, is not an extreme point of 4.
Proof LetR > 0 be such that A C Bg. For vy € Uy, define

U(vg, R) := {v € Uy : v(x) = vo(x), if [x| > R}.
Since any v € U(vy, R) agrees with vy on B¢, we have

E} [T(BR) I{t(BR) > t}] = EY [1(BR) I{T(BR) > t}] Vv e U(vy,R),

and it follows from Lemma 3.3.4 (ix), which appears later on p. 97, that U(vg, R) are
uniformly stable. In particular, v; and v, are stable. We are going to establish that
there exists 6 € (0, 1), and ¥ € U(vy, R) such that

Ty =0T, + (1 —0) 5.

Then the hypotheses of the lemma imply that v; # ¥, a.e. on A. Hence, if we select
75, and 71, as

T, =07, + (1 =90)m,,, 5, = (1 -8)m +0m,, ,

then (3.2.10) holds, and by the remarks in the paragraph before the lemma, #; and ¥,
differ a.e. on A and agree a.e. on A°. In view of the proof of Lemma 3.2.3, it suffices
to show that

d v d Y A
T yviC 120+ (1= 8) T2 (- ),
dno dno
where 19 = 6n,,, + (1 — 6) i3, or equivalently, expressed in terms of the associated

densities, that

vo(-|x) =0

0@y (D) V1| x) + (1 =6) () (- | x)
6 ¢y, (%) + (1 = 6) gp(x)
Since U(vg, R) is closed, it follows by Lemma 3.3.4 (viii) that

vo(+ | x) = (3.2.11)

Ko = {7'[‘, tve u(Vo,R)}
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is a compact subset of ¢. Thus, by Lemma 3.2.5, J7(Kj) is compact in PR,
under the total variation norm topology. Also, by Lemma 3.2.4 (b), for some positive
constants ¢ and S,

0<d6<gx)< S forlx] <R, Yvelly,R). (3.2.12)
Let
_ 074
Sya+6(1—7ya)
For v € U(vy, R), define w by
0 ¢y, (%)
(I=9)py(x)

We claim that w € U(vy, R). To prove the claim, first note that since v; = vy on A,
(3.2.13) implies that w( - | x) = vo( - | x) for all x € A°. On the other hand, by (3.2.12),
0py(x) > ¢y, (x) on A for all v € U(vp, R), which implies

w(- [ x) :=vo(- | x) + (vo(- [ x) =vi(- ] 0). (3.2.13)

0@y (X) + (1 = 6) py(x) > 6y;1<pvl(x) VxeA. (3.2.14)
Moreover, by the hypotheses of the lemma,
vo(+ | X) —yavi(- | x) = yava(- | x) VxeA. (3.2.15)

Thus, by (3.2.13)-(3.2.15),

5., ]
w(- |2 > %(nlmtlx)—vltlx))
0@y, (x)
T=oam 201
>0 VxeA.

It also follows by (3.2.13) that w(U | x) = 1 for all x € R?. This finishes the proof
of the claim. Therefore (3.2.13) defines a map 7, — n,, on J#(Kj) which we denote
by G. Since JZ(Ky) is compact in the total variation norm topology and convex,
then if we show that the map G is continuous in the total variation norm topology,
it follows by Schauder’s fixed point theorem that G has a fixed point n; € 7 (Kp),
and the corresponding ¥ € U(vy, R) satisfies (3.2.11) by construction. Thus in order to
complete the proof it remains to show that the map n, — 7, in (3.2.13) is continuous.
Let {n,,}, n € N, be a sequence in J#(Kj), converging to 7, € J(Ky), and denote
by w, and w* the corresponding elements of (v, R) defined by (3.2.13). By the
proof of Lemma 3.2.5, ¢, — ¢, uniformly on compact sets and also in L'(R9).
Therefore, by employing (3.2.13), and using the notation in (3.2.8), we deduce that,
forall g € Cp(RY x U) and h € L'(RY),

f g(x,w,) h(x)dx — f glx,w") h(x)dx. (3.2.16)
R n—oo Rd
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By (3.2.16), w, — w* in U(vg, R). Since S (Kp) = 7 (U(vy, R)) is compact, then by
Lemma 3.2.6, n,,, — 1+ in total variation, and the proof is complete. ]

Lemmas 3.2.3 and 3.2.7 yield the following theorem.

Theorem 3.2.8 The set 94 is closed and convex, and its extreme points correspond
to precise controls v € Ugg.

Proof Suppose m,, € ¢4, and vy ¢ Ugq. Then vy can be expressed pointwise as a
strict convex combination of some v; and v, in Uy, which differ on a set of positive
Lebesgue measure. If these are not in Uy, they can be modified to match vy outside
some ball of radius R > 0. Thus vy satisfies the hypotheses of Lemma 3.2.7 and the
result follows. m]

Let R? denote the one-point compactification of RY. We view RY ¢ R? via the
natural imbedding. Similarly, Z(R¢ x U) is viewed as a subset of Z(R? x U). Let 4
denote the closure of ¢ in Z(R¢ x U). Also, ¥, (4,) denote the set of extreme points
of 4 (D).

Lemma 3.2.9 It holds that 9, C 9, and any 7@ € ¢ is the barycenter of a probability
measure supported on 9,.

Proof We first show that 4, ¢ 4,. If not, let T € ¢, \ %,. Then 7 must be a strict
convex combination of two distinct elements of ¢, at least one of which must assign
strictly positive probability to {co} x U. But then 7t({co} X U) > 0, a contradiction.
This proves the first part of the lemma. If ¢ is compact, then %, # @ and %, = 9,,
and the proof of the second part follows directly from Choquet’s theorem. If ¢ is not
compact, applying Choquet’s theorem to & we deduce that &, # @ and each 7 € ¢
is the barycenter of a probability measure & on ag,.1f f(g_e \ ¢4,) > 0, we must have
7i({oo} X U) > 0, a contradiction. Thus £(¥,) = 1. ]

Corollary 3.2.10 Ifte 9 — f c dmt attains its minimum, then this is attained at
some T, with v € Ugg.

Proof This follows directly from Theorem 3.2.8 and Lemma 3.2.9. O

Lemma 3.2.11 Foreach 1t € 4, there exist W € 4, 0’ € P({oo}xU)and 6 € [0, 1]
such that, for all B € B(R? x U),

7(B) = § (BN R X U)) + (1 —6) (BN ({00} X U)). (3.2.17)

Proof If m(R? x U) = 1, then w € ¢ and (3.2.17) holds for § = 1 and 7 = m. If
m(R?xU) = 0 then (3.2.17) holds for § = 0 and 7’ = . Suppose (R xU) € (0, 1).
Set § = m(R? x U) and

(B N (RY x 1))
6 9

(B N ({oo} x 1))

m(B) = [

'(B) = (3.2.18)
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Then (3.2.17) holds for 7’ and 71"/, as defined in (3.2.18). Let {71, : n € N} C ¥ be
such that 7, — 7. By Lemma 3.2.2,

f L'f(x)m(dx,du) =0  VfeE. (3.2.19)
RIxXU

Letting n — oo in (3.2.19), we obtain

f L' f(x) ' (dx,du) =0 Vfe¥b.
RIXU

Therefore, by Lemma 3.2.2, 7’ € 4. ]

3.3 Uniform recurrence properties

Recall that v € Uy, is called stable if B [T(G¢)] < oo for all x € R?, and for all
bounded domains G ¢ R“. By Theorem 2.6.9, the process X under a stable control
v has a unique invariant probability measure 7,. We turn our attention to ergodic
properties that are uniform with respect to controls in Uggp,.

3.3.1 Uniform boundedness of mean recurrence times

The next theorem establishes a uniform bound for a certain class of functionals of
the controlled process, when g, = Ug,. Recall the notation introduced in (2.3.13)
on p. 53.

Theorem 3.3.1 Suppose Uy, = Uy, and let h € CRY x U) be a nonnegative

function. If for some bounded domain D and some xy € D¢

T(D°)
E}, f hy (X)) dt] <o YveUgn,
0

then for any open ball B c R? and any compact set I' C B¢, we have

T(B)
sup sup EY [f h, (X)) dt| < oco. (3.3.1)
0

Vel xel”

Proof Set
Bilt] := E} [f h,(X;) dt] )
0

Note that by Theorem 2.6.3 (ii), S4[T(D)] is finite for all x € D¢ and v € Uy, and
it also follows as in the proof of (b) = (a) of Theorem 2.6.10 that Y[T(B)] < o
for any open ball B ¢ RY, x € B¢ and v € ;. We argue by contradiction. If (3.3.1)
does not hold, then there exists a sequence {v,} C Uy, an open ball B ¢ RY, and a
compact set I C B¢ such that sup . Bv' [T(B°)] = oo asn — co. Then, by Harnack’s
inequality, for all compact sets I” C B¢, it holds that

inlf B [T(BY)] = . (3.3.2)
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Suppose that for some open ball G ¢ R and a compact set K ¢ G¢,

sup 1nf B [T1(G)] <

neN x€K

It then follows as in the proof of (b) = (a) of Theorem 2.6.10 that

sup 1nf B [T(B)] <

neN X€

which contradicts (3.3.2). Therefore (3.3.2) holds for any open ball B C R? and any
compact set I" C B.

Fix a ball Go, and let I ¢ G. Select vy € U such that infer B |T(G)] > 2.
Let G| be an open ball such that I" U Gy € G|, and satisfying

Be|TGH] <280 [¢(GH ATG|  Vxer.
This is always possible since
B [G) AT] 1B [1GH]  asR - oo,
uniformly on I". Select any open ball G| G, and let

p1:= inf inf PY(t(G)) < ©(G)). (3.3.3)

vl xel”

By (2.6.9d), p; > 0. By (3.3.2), we may select v; € Uy, such that
inf B [7(G)] > 8py". (3.3.4)
x€0G

Define

{vo(x) forx € Gy,

vi(x) forxeGy.

It follows by (3.3.3) and (3.3.4) that
: Vi c : Vi ~ c . Vi c
inf B} [tG)] = (g P' (T(G)) < T(GO))) (nalg B [T(Gl)]) >8.  (33.5)
Therefore there exists an open ball G, 3 G, satisfying
Bl TG AT(Go)| > 4.

We proceed inductively as follows. Suppose V-1 € Uy and Gy an open ball in R4
are such that

e [1(GE) A TG > 2.
First pick any open ball G; Gy, and then select vy € U, satisfying

1nf BTG > 2’<+2( inf inf P}(t(Gy) < (G )))

veUgqm xel’
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This is always possible by (3.3.2). Proceed by defining the concatenated control

. Vi—1(x)  for x € Gy,
Ve(x) = ‘
vi(x) for x € Gy .

It follows as in (3.3.5) that
: ‘7k C k+2
inf B} TG > 2.
Subsequently choose Gy 2 G such that
inf B3 |T(G§) A T(Gre)| > D ing B [(GH)]
xel ¥ 0 * 2 xer ¥ 071>

thus yielding
BTG A T(Gran)| > 2. (3.3.6)

X

By construction, each V; agrees with V;_; on Gy. It is also evident that the sequence
{V} converges to a control v* € U, which agrees with 7, on Gy for each k > 1, and
hence, by (3.3.6),

inf B TG AtGy] > 2 VkeN.
XE

Thus g7 [T(Gg)] = oo, contradicting the original hypothesis. O

Theorem 3.3.1 implies that if Uy, = Uy, then EY[T(G°)] is bounded uniformly in
v € Uy, for every fixed non-empty open set G and x € G° (Theorem 3.3.1). We call
this property uniform positive recurrence.

Now, let D; € D, be two fixed open balls in R4, and let t, be as defined in
Theorem 2.6.7. Let i € C,(RY x U) be a nonnegative function and define

o(D°)
Dh(x) = B [ f Ul XD h(X)dt|, xedDs, velg. (337
0

Choose Ry > 0 such that Bg, 3 D;. Then, provided R > Ry, P (x) satisfies LDy = 0
in Bg, N DS, and by Harnack’s inequality there exists a constant Cy, independent of
v € Ugny, such that Pp(x) < CyP(y) for all x,y € D, and v € Ugy,. Harnack’s
inequality also holds for the function x +— E[T,] on dD; (for this we apply Theo-
rem A.2.13). Also, by Lemma 2.6.5, for some constant Cy > 0, we have
inf inf E.[t(D))]>Cy sup sup E}[T(Dy)].
velgm X€OD, vellgm x€AD,
Consequently, using these estimates and applying Theorem 2.6.9 with f = h,, we

obtain positive constants k; and k,, which depend only on Dy, D,, and Ry, such that,
forall R > Ry and x € dD,,

Dp(x)

klf hdm, < ——K2 ssz hdm,  Wvelg,.  (33.8)
BoxU Jnf E; [T(D))] BoxU

2
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Similarly, applying Theorem 2.6.9 with f = Ip, along with the Harnack inequalities
for the maps x = E}[T(D{)] on dD; and x = E}[T(D$)] on dD;, there exists positive
constants k3 and k%, which depend only on D and D,, such that

n(Dy) sup EL[T(D))] < k3 iralg E'[t(Dy)] Vv € gy,
X€E 1

XG&DZ

(3.3.9)
m(Dy) sup BY[T(DS)] = K sup EX[t(Dy)] Vv e Ug.

x€0D, x€0D,

We obtain the following useful variation of Theorem 3.3.1.

Corollary 3.3.2 Suppose Uy, = Uy, and that h € CRY x U) is integrable with
respect to all T € 4. Then sup, . f|h| drt < co.

Proof Since by hypothesis f |kl d7t, < oo for all v € Uy, (3.3.8) together with
Theorem 3.3.1 imply that @(x) < oo for all v € U, x € ID,. Therefore applying
Theorem 3.3.1 once more, we obtain sup,¢, =~ Pp(x) < oo, and the result follows by
the left-hand inequality of (3.3.8). O

3.3.2 Uniform stability

We define uniform stability as follows.

Definition 3.3.3 A collection of stationary Markov controls U € U, is called
uniformly stable if the set {n, : v € U} is tight.

Let U c Uy, and recall that %, and 77, denote the corresponding ergodic oc-
cupation and invariant probability measures, respectively. The following lemma pro-
vides some important equivalences of uniform stability over v € U.

Lemma 3.3.4 Let U be an arbitrary subset of Us. The following statements are
equivalent (with h € C(RYxU; R,) an inf-compact function which is Lipschitz contin-
uous in its first argument, uniformly in the second, and which is common to (1)—(iv)).

(1) For some open ball D C R and some x € D,

T(DF)
sup E! [f h,(X;)dt
veld 0

<00,

(ii) For all open balls D c RY and compact sets I’ c R,

(D)

sup sup EY [f h,(X;) dt] < 00,
veU xel’ 0

(iii) A uniform bound holds:

sup f h(x,u) m,(dx,du) < oo (3.3.10)
vell JRIXU
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(iv) Provided U = Uy, there exist a nonnegative, inf-compact V € C*(RY) and a
constant kg satisfying

L'V(x) < ko — h(x, u) Y(x,u) e RYx U.

(v) Provided U = Uqy, for any compact set K C RY and ty > 0, the family of mean
empirical measures

{Z)ﬁ’,:xeK,tzto, Ueu},

defined in Lemma 2.5.3 on p. 62, is tight.
(vi) Jq is tight.
(vil) Yy is tight.
(viii) % is compact.
(ix) For some open ball D c R? and x € D¢, {(t(D),P") : v € U} are uniformly
integrable, i.e.,

sup B! [t(D)I{T(D)>1t}] L O astT oo.
veld

(x) The family {(t(D),P}) : v € U, x € I'} is uniformly integrable for all open
balls D ¢ R? and compact sets I’ C R?.

Proof 1t is evident that (ii) = (i) and (x) = (ix). Since U is compact, (vi) & (vii).
By Prohorov’s theorem, (viii) = (vii). With D; € D, any two open balls in R, we
apply (3.3.8) and (3.3.9). Letting D = D, (i) = (iii) follows by (3.3.8). It is easy to
show that (iii) = (vii). Therefore, since under (iii) 7#7, is tight, (3.2.6) implies that
inf,eqs 7,(D1) > 0. In turn, by (2.6.9a) and (3.3.9),

SUP,cqy SUP,cyp, Bi[T(D2)]

sup sup EY[T(D))] <k - < 00. (3.3.11)
VE'B xeﬁgz : : infeqr 7,(D1)

Consequently, by applying (3.3.8) and Lemma 2.6.13 (i), (iii) = (ii) follows. Also,
(iv) = (v) can be demonstrated by using the arguments in the proof of Lemma 2.5.3.
We proceed by proving the implications (vi) = (iii) = (iv) = (i), (ix) = (vii), and
(v) = (viii) = (X).

(vi) = (iii): Let

W= () . vel. xert,

Ix]

and define % := inf,cq/ fzv. Note that fRd flv dn, = 2. Indeed, since

R 2 ifre[l, o),
m({x: h(x)>1t}) =

1 otherwise,

we have

00

f By (x) 7y(dx) = f wnv({x:fzv(x)>t})dt:1+ f 2dr=2.
RY 0

1
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Thus (3.3.10) holds. Since 7 is tight, sup,.q; 17v(Bj,) — 0 as |x| — co, and thus &
is inf-compact. Next, we show that 4 is locally Lipschitz continuous. Let R > 0 and
x,x € Bg. Then, with g(x) := UV(BIL}I)’

_ lg(x) — g(x")| (33.12)

Vo) (Vo) + g())

By (3.2.6), the denominator of (3.3.12) is uniformly bounded away from zero on Bg,
while the numerator has the upper bound (sup By gov) ||B|x|| - IBW|||, where ¢, is the

|y (x) = hy(x')

density of 7,. Therefore, by Lemma 3.2.6 and (3.3.12), (x,v) — fzv(x) is continuous
in R? x U and locally Lipschitz in the first argument. Since ¥ is compact, local
Lipschitz continuity of & follows.

(iii)) = (iv): We borrow some results from Section 3.5. By Theorem 3.5.3 on
p. 108, the Dirichlet problem

max [L'f(x) + h(x,w)] =0, x€B.\Dy,

frlaDmaB, =0
has a solution f, € C>*(B, \ Dy), s € (0, 1). Let v, € Uy satisfy LV f.(x) + h,(x) =0
for all x € R?. Recall the definition of f;),c in Lemma 2.6.13. Then using (3.3.7) and

(3.3.8), with r > R > Ry, and since under the hypothesis of (iii) equation (3.3.11)
holds, we obtain

T(DDAT,
£ =B [ f hy(X,) dr]
0

< (sup h)&p 5 () + Py (x)
BrxU

< (sup h)&p 5 () +K f hdm, , xedD,,
BrxU R4

for some constant k; > 0 that depends only on Dy, D, and Ry. Therefore, by (iii)
and Lemma 2.6.13, f, is bounded above, and since it is monotone in r, it converges
by Lemma 3.5.4, as r — oo, to some V € C3(D¢) satisfying

L'YV(x) < —h(x,u) Y(x,u) € D xU.

It remains to extend V to a smooth function. This can be accomplished, for instance,
by selecting D4 D3 Dy, and with  any smooth function that equals zero on Dj
and ¢ = 1 on Dy, to define YV =yVon Dj and ¥ = 0on D;. Then £V < —h on
Dy, for all u € U, and since | £"V| is bounded in D, uniformly in u € U, (iv) follows.

(iv) = (i): Let D be an open ball such that A(x, u) > 2k for all x € D and u € U.
By Dynkin’s formula, for any R > 0 and v € Uy,

T(D)ATR
E’ [ f (hy(X,) —ko)dt| < V(x)  Vxe D" (3.3.13)
0
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Since h < 2(h — ko) on D¢, the result follows by taking limits as R — oo in (3.3.13).
(ix) = (vii): Using (3.3.7) and (3.3.8) with & = 1, we obtain, for any #y > 0 and
R > Ry,

T(D5)
7,(Bg x U) < k| B! [ f Ipe (X) dt]
0

< Kito PY(Tk < 10) + K B} [(D) (D) 2 10)] . x € dDy,

for some constant k; > O that depends only on D1, D and Ry. By (ix), we can select
1o large enough so that the second term on the right-hand side is as small as desired,
uniformly in v € U and x € dD,. By (2.2.20), for any fixed 7, > 0,

sup sup Pi(tr <o) . 0,
velly, xedD;

and (vii) follows.

(v) = (viii): Since the mean empirical measures are tight, their closure is com-
pact by Prohorov’s theorem. Then, by Lemma 2.5.3, every accumulation point of
a sequence of mean empirical measures is an ergodic occupation measure. Also, if
v € Ui, then Z;l converges as t — oo to 7,. Therefore tightness implies that the
set of accumulation points as + — co of sequences of mean empirical measures is
precisely the set of ergodic occupation measures, and hence, being closed, ¢ is com-
pact.

(viii) = (x): Let D = D, and, without loss of generality, let also I" = dD;. Then
(3.3.8) implies

(DY)
sup sup E [ f ' IB;(X,)dt] —0. (3.3.14)
0 —00

veU xedD,

Given any sequence {(v,, x,)} € U X dD, converging to some (v, x) € U x 8D,
Lemma 2.6.13 (iii) asserts that

(D) (DY)
E [ f I5,(X;) dt] — E! [ f I5,(X;) dt] (3.3.15)
0 n—.oo 0

for all R such that D, € Bg. By (3.3.14) and (3.3.15), we obtain
Efc: [t(DD] = EYt(D])] asn — oo,

and (x) follows. O

3.4 Existence of optimal controls

In this section we establish the existence of an optimal control in Ugy,.
Based on Theorem 3.2.8 and Lemmas 3.2.9 and 3.2.11 we formulate the ergodic
control problem as a convex program. Note that for v € U, and 1, =7, @ v,

lim —f fc(Xs,u)v(dulX)ds—f cdm as.
Tooo T dxy
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This suggests the following convex programming problem

minimize f cdm
RIXU

over MEY.

For e > 0, m; € ¢ is called g-optimal if it satisfies

0" := inf f cdnsf cdm, <p" +¢.
ned Jrixy RIXU

When & = 0, we refer to 71, € ¢ simply as optimal, and also denote it by 7"

Lemma 3.4.1 For e > 0, if there exists an g-optimal 70, € ¢, then there exists an
g-optimal Tt € 9,

Proof By Lemma 3.2.9, there exists ¥ € (%,) such that

o' < f cdm, = f (f c(x, u) (dx, du) | P(dn) < o* + €.
RIXU @4, \JRIXU

Thus, for some 7t} € supp(¥) C ¥,

Q*Sf cdft, <po" +¢. O
RIXU

We now turn to the question of existence of an optimal 7* € ¢. In general, this is
not the case as the following counterexample shows. Let c(x) = e’ Then for every
v € Uy, the ergodic cost is positive a.s., while for every unstable Markov control
the ergodic cost equals 0 a.s., thus making the latter optimal. We focus on problems
where stability and optimality are not at odds, and for this reason we impose two al-
ternate sets of hypotheses: (a) a condition on the cost function that penalizes unstable
behavior, and (b) the assumption that all stationary Markov controls are uniformly
stable.

Assumption 3.4.2 The running cost function c is near-monotone, i.e.,

liminf min c(x,u) > 0" . (3.4.1)

|x|200  uelU

Assumption 3.4.3 The set g, of stationary Markov controls is uniformly stable
(see Definition 3.3.3).

Remark 3.4.4 It may seem at first that (3.4.1) cannot be verified unless o* is known.
However there are two important cases where (3.4.1) always holds. The first is the
case where min,cy c(x, u) is inf-compact and o* < co. The second covers problems
in which c(x, u) = c(x) does not depend on u and c(x) < lim—. c(2) for all x € RY,
In particular for d = 1, if c(x, u) is independent of u and is monotonically (strictly)
increasing with |x|, then (3.4.1) holds; hence the terminology near-monotone.

Theorem 3.4.5 Under either Assumption 3.4.2 or 3.4.3, the map 7 +> f cdm at-
tains its minimum in 4 at some * € Y,.
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Proof Note that the map 7t — f cdrt is lower semicontinuous. Thus, since under
Assumption 3.4.3, Lemma 3.3.4 asserts that ¢ is compact, this map attains a mini-
mum in ¢, and hence, by Lemma 3.4.1 in ¢,. Note then that there exists a v* € Ugg
such that

o' = jﬂ;d ¢y (x) - (dx) . (3.4.2)

Next consider Assumption 3.4.2. Let {r, : n € N} C ¢ such that fcdrtn |l o".
Viewing & as a subset of Z(RY x U), select a subsequence of {7} converging to
some 7t € Z(R? x U). By Lemma 3.2.11, there exist 77 € ¢, ” € Z({o0} x U) and
§ € [0, 1] satisfying (3.2.17) for all B € (R’ x U). By (3.4.1), there exists R > 0
and € > 0 such that

inf {c(x,u): |x| 2R} 20" +&.
uelU

Define a sequence ¢, : RIxU - R, forn € N, by

{c(x, w iflx<R+n,
cp(x,u) = (3.4.3)

o"+e if|x=2R+n.
Observe that the functions c,, defined in (3.4.3) are lower semicontinuous. Then, for

any m € N, we obtain by letting ¢,,(c0) = 0" + &

n—o00

©" > liminf fcm dm, > 5fcm d' + (1 =6)(0" +&). (3.4.4)

Letting m — oo in (3.4.4), we obtain

0" Zéfcdn'+(l -0 +&)

>60"+(1-0)(0" +¢o).

Thus 6 = 1 and f cdr’ = p*. By Corollary 3.2.10, there exists v* € Uy such that
(3.4.2) holds. |

We now wish to establish that v* € Uy satisfying (3.4.2) is optimal among all
admissible controls I. For any admissible control U € U we define the process ¢V
of (random) empirical measures as a P(R? x U)-valued process satisfying, for all
feCyRIxU),

f fd§IU= lf ff(X.v,M)Us(du)dS, t>0, (3.4.5)
RIXU t Jo Ju

where X denotes the solution of the diffusion in (2.2.1).
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Lemma 3.4.6 Almost surely, every limit point £ € P(R¢ x U) as t — oo, of the
process LU defined in (3.4.5) takes the form

=60+ -6, 6€0,1], (3.4.6)

with ' € 4 and ' ({co} X U) = 1. An identical claim holds for the mean empirical
measures without the need of the qualification “almost surely.”

Proof Clearly ¢ can be decomposed as in (3.4.6) for some ¢’ € Z(R? x U). For
f € €, we have

J(X) —tf(Xo) _ %f LY F(X,) ds + %f(Vf(Xs), o(X,) dW,). (3.4.7)
0 0

Let
M, ::f(Vf(XS),o(XX)dWS), t>0.
0

Then M, is a zero mean, square-integrable martingale with continuous paths, whose
quadratic variation process is given by

(M), = f "XV Fx)[ds, 120.
0

By a random time change argument, for some suitably defined one-dimensional
Brownian motion B, we obtain

M, =B(M),), t=0.
Let (M), :=lim,_,o, {(M),. On the set {{M),, = oo}, we have
. BUM),) .. B@) _
m =lim — =

-0 (M), t—oo  f

0 as.,

and since f has compact support, (M), € O(t), implying that

M),

lim sup

t—o0

< oo a.s.

On the other hand, on the set {{M)., < oo},

I B(M),)
im
t—o0 <M>t
and
M

lim M _

t—00 t
Therefore, in either case,

B((M B(t
lim (<t W _ lim % =0 as. (3.4.8)

Equation (3.4.8) implies that the last term in (3.4.7) tends to zero a.s., as n — oo. The
left-hand side of (3.4.7) also tends to zero as n — oo, since f is bounded. Since % is
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countable, these limits are zero outside a null set, for any f € €. By the definition of
£V, we have

1

l‘f.[:U“'f(Xs)dsz—‘f f.[:”f(Xs)UX(du)dszf L"f(x){,U(dx,du).
t Jo t Jo Ju RIxU

Thus any limit point £ of {¢V} as in (3.4.6) must satisfy, whenever 6 > 0,

f L0 dx,duy=0  Vfe¥,
RIXU

and thus, by Lemma 3.2.2, ¢’ € 4. If 6 = 0, ¢’ in (3.4.6) can be arbitrarily se-
lected, so it may be chosen in ¢. The claim for the mean empirical measures follows
analogously. O

Theorem 3.4.7 Under either Assumption 3.4.2 or Assumption 3.4.3 together with
the added hypothesis that {{U : t > 0} is a.s. tight in 2(R? x U), we have

1 !
lim inf —f fc(Xs,u)Ux(du)dsz min f cdm, a.s.
t—00 t 0 U vellyyg RIXU

and

1 !
liminf — f EY [¢(X,, Uy)] ds > min f cdm,,
t Jo RIXU

t—o0 vellgq

forany U € W.

Proof Let {¢'} be defined by (3.4.5) with U € 1. First, suppose Assumption 3.4.2
holds. Consider a sample point such that the result of Lemma 3.4.6 holds, and let ¢
be a limit point of ¢V as # — co. Then, for some sequence {t,} such that 7, T oo, we
have {,[[} - 2 Let {c, : n € N} be the sequence defined in (3.4.3). Then

lim inf f cdg) > f cpdl
oo Jpraxy RIXU
zéf c, A"+ (1 -68) (0" + &),
RIXU

and letting n — oo, we obtain

—00

lim inf f cdz! > 6f cdl’ +(1-0)" +¢)
RIXU RIXU
>60"+(1-8)0" +e).

The analogous inequality holds for the mean empirical measures £ g,. This completes
the first part of the proof. Suppose now Assumption 3.4.3 holds and {¢V} are a.s.
tight in 2(RY x U). Decomposing the arbitrary limit point £ of {£V} as in (3.4.6), it
follows that § = 1, and the result is immediate, since ¢’ € ¢. O
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Remark 3.4.8 Note that Theorem 3.4.7 establishes a much stronger optimality of
v¥, viz., the most “pessimistic” pathwise cost under v* is no worse than the most
“optimistic” pathwise cost under any other admissible control.

The a.s. tightness of the family {¢V}, in the stable case, is guaranteed under the
hypothesis that the hitting times of bounded domains have finite second moments
bounded uniformly over all admissible controls U € U. A Lyapunov condition that
enforces this property is the following.

Assumption 3.4.9 There exist nonnegative V; and V, in C*(RY) which satisfy,
outside some bounded domain D,

LV < -1, L'V, < =V,
for all u € U.

It is evident from Lemma 3.3.4 that Assumption 3.4.9 implies uniform stability.
Employing Dynkin’s formula as in the proof of Lemma 2.5.1 shows that the second
moment of T(D¢) is uniformly bounded over all admissible U € 1.

Corollary 3.4.10 Let Assumption 3.4.9 hold. Then ¢ is compact, and for any
bounded domain D and compact set I’ C R4,

sup sup EY[T(D)?] < o
Uell xel’

Theorem 3.4.11  Under Assumption 3.4.9, the empirical measures {{ : t > O} are
tight a.s., under any U € .

Proof Recall the definition of {€,} in (2.6.10). Since by Assumption 3.4.9,
(D)
sup sup Efc] [f Vi(Xy) dt} < oo,
xedD, Uell 0

and YV, is inf-compact, and also 1131{) g]n{ EU [T(DC)] > 0, it follows that set H of
xXeoD, eu
n € Z(R?) defined by

f(xadt]
ff n—T Vf € Cy(R)

for U € U, and with the law of X, supported on 9D, is tight.

Let {f,} € C(R% [0, 1]) be a collection of maps, satisfying f,(x) = O for |x| < n,
and f,(x) = 1 for [x| > n + 1. Then, for any £ > 0, we can find N, > 1 such that
fRd fpdn < eforalln > Ny andn € . By Corollary 3.4.10, we can use the strong
law of large numbers for martingales to conclude that, for all f € Cp(RD),

1 T 1 el U Tome2 X a.s.
1 f F&Xydr- =Y By [ f F(X,)dr ‘ z}m] 0, (3.4.9)
n 0 n =0 Tom



106 Nondegenerate Controlled Diffusions

and

n—1
= D BY [foma =t | 5%, ) 25 0. (3.4.10)
m=0

Therefore, since E%} [’fszrz — Tom | ‘;}ﬁzm] is bounded away from zero uniformly in
U € Wand m € N by Lemma 2.3.7 and Theorem 2.6.1 (b), it follows by (3.4.10)
that liminf,_,., %, is bounded away from zero a.s. Hence, subtracting the left-hand
sides of (3.4.9) and (3.4.10) from the numerator and denominator, respectively, of

Ton

(X de
_1T2n
and taking limits, we obtain

N Ton
1 [T o Sn(Xp)de
limsup — f Fu(X,) dr = lim sup f#
2n JO

T
n—oo n—oo —2n

n IEU [ ’sz+2f (X;)dl‘|c(_~‘f¥m

= lim sup T =
n—
noeo Yo By, [T2m+2 — 2o | ?szm]

<¢ as, YN=>N,.
Let %(7) denote the number of cycles completed at time z, i.e.,
x(t) = max {k:t>Ty}.
It is evident that x#(¢) T oo a.s. ast T co. By by Theorem 2.6.1 (b),

U [~ A X
sup EXO [T2m+2 — Tom | ‘(ﬂm] < oo a.s.
m

Therefore, W — 0 a.s. by (3.4.10). Using this property together with the fact
that 2, < t < T2x(+2 We obtain

Tou()+2
[ peoes
0

1 Tons2
<limsup — fv(X;)ds

n—eo  T2n Jo

1
lim sup ? fN(X )ds < lim sup

t—00 t—00 sz(r)

1 '%2n
=limsup — n(Xs)ds
0

n—oo  Top

<eg VN > N,,

thus establishing the a.s. tightness of {¢U}. O
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3.5 The discounted control problem

In this section, we study the Hamilton—Jacobi—-Bellman (HJB) equation for the dis-
counted problem, which is in turn used to study the ergodic problem via the vanishing
discount limit. In view of Corollary 3.2.10, for the rest of this chapter we work only
with precise controls.

Provided that the cost function is locally Holder continuous in x, we can obtain
C? solutions for the HJB equation. In order to avoid keeping track of the Holder
constants we assume local Lipschitz continuity for c.

Assumption 3.5.1 The cost function c: RY x U — R, is continuous and locally
Lipschitz in its first argument uniformly in # € U. More specifically, for some func-
tion K.: Ry —» R,

|G, u) = cv,w)| < Ke(R)x =yl Vx,y€Bg, Yuel,
and all R > 0. We denote the class of such functions by €.

Let @ > 0 be a constant, which we refer to as the discount factor. For an admissible
control U € U, we define the a-discounted cost by

JY(x) :=EY [ f e e(X;, Uy) dt] ,
0

and we let
Vo(x) := inf JY(x). (3.5.1)
Uell

3.5.1 Quasilinear elliptic operators

Hamilton—Jacobi—Bellman equations that are of interest to us involve quasilinear
operators of the form

Sy(x) := a'(x) 8;jp(x) + inf b(x, u, )
vey (3.5.2)
ls(x, u, ) = b[(x, u) 0ip(x) — AY(x) + c(x, u) .

We suitably parameterize families of quasilinear operators of this form as follows.

Definition 3.5.2 For a nondecreasing function y: (0, c0) — (0, c0) we denote by
Q(y) the class of operators of the form (3.5.2), with A € R, and whose coefficients
b’ and c belong to C(RY x U), satisfy (A.1.1a)—(A.1.1b), and for all x,y € Bg,

I}lleég( {m?x |bi(x, u) — bi(y, u)| + |c(x, u) —c(y, u)i} < y(R)|x —y|

and

d d
Tl + i + <y(R).
D a0 lemag 1b'Cx. )] + max [e(x, )] < ¥(R)

ij=1
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The Dirichlet problem for quasilinear equations is more involved than the linear
case. Here we investigate the existence of solutions to the problem

SYy(x)=0 inD, Yy =0 ondD (3.5.3)

for a sufficiently smooth bounded domain D. We follow the approach of Gilbarg and
Trudinger [67, section 11.2], which utilizes the Leray—Schauder fixed point theorem,
to obtain the following result.

Theorem 3.5.3 Let D be a bounded C*' domain in RY. Then the Dirichlet problem
in (3.5.3) has a solution in C>"(D), r € (0, 1) for any S € Q(y).

Proof Let
S str(x) 1= a0 u(x) + §inf b(x,u,v), 6€[0,1].
ue

Then according to Gilbarg and Trudinger [67, theorem 11.4, p. 281] it is enough to
show that there exist constants p > 0 and M such that any C>"(D) solution of the
family of Dirichlet problems Ssyy = 01in D, ¢ = 0 on dD, ¢ € [0, 1], satisfies

I llcropy < M. (3.5.4)

Suppose i is such a solution. Then, for each fixed u, the map
x - b(x,u, )

belongs to C*!(D). If v: RY — U is a measurable selector from the minimizer
Argmin,, b(x, u, ), then y satisfies the linear problem

Ls(x) = =6 c(x,v(x)) inD, Y =0 ondD,
where
Lsp(x) = a0 9y9(x) + 6 (b (x, v(x)) dgr(x) = AY()).
Hence £ € £(y) (see Definition A.1.1), and by (A.2.1), y satisfies

sup ¥ < Co|D|" sup |c|. (3.5.5)
D DxU

Applying Theorem A.2.7 for the linear problem, with p = 2d, we obtain by (A.2.4)

Wl 220py < Co 1LY 120y - (3.5.6)

Since Cj and the bound in (3.5.5) are independent of ¥, then by combining (3.5.5) -
(3.5.6) and using the compactness of the embedding #>2/(D) — C'"(D), r < 1,
asserted in Theorem A.2.15(2b), the estimate in (3.5.4) follows, and the proof is
complete. O

We conclude this section with a useful convergence result.

Lemma 3.5.4 Let D be a bounded C* domain. Suppose {h,} c LP(D), for p > 1,
and (Y} € W*P(D) are a pair of sequences of functions satisfying the following:
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(a) for some S € Q(y), S¥, = h, in D foralln € N;
(b) for some constant M, |, |l 2ripy < M for all n € N;
(¢) h, converges in L (D) to some function h.
Then there exists € #W*P(D) and a sequence {ny} C N such that Un, = Y in
#P(D) as k — co, and
Sy=h inD. (3.5.7)

If in addition p > d, then y,, —  in C'"(D) for any r < 1 — %
If h € C*?(D), for some p > 0, then y € C**(D).

Proof By the weak compactness of {¢ : [l¢lly2,p) < M} and the compactness of
the imbedding #>P(D) — # '"*(D), we can select ¢ € #>P(D) and {n;} such that
U, — W, weakly in #>P(D) and strongly in % ""(D) as k — oo. The inequality

< sup |bCx, u, ) — b(x,u, ¢’ (3.5.8)

uelU

inf B 99— bt
shows that inf g B( -, u, ¥y, ) converges in LP(D). Since, by weak convergence,
f 8(x) 0y, (x) dx P f 8(x) 0;(x) dx
D - Jp
for all g € L71(D) and h, — h in LP(D), we obtain

| stons oo -heax=im [ gm0 = b o) d
=0

forall g € Lt (D). Thus the pair (¥, h) satisfies (3.5.7).

If p > d, the compactness of the embedding #>P(D) — C“"(D), r < 1 - ‘;f,
allows us to select the subsequence such that ,, —  in C'*(D). The inequality
(3.5.8) shows that inf iy 13( -, U, ¥y, ) converges uniformly in D, and the inequality

inf bCx,u,9) — inf b(y,u, )| < sup [bx, ) = by, u, )| (35.9)
uelU uelU uel

implies that the limit is in C%"(D).

If h € C*(D), then by Lemma A.2.10, ¢ € #>P(D) for all p > 1. Using the
continuity of the embedding #>P(D) — C'(D) for r < 1 — %, and (3.5.9), we
conclude that inf g 13( -, u, ) € G for all r < 1. Thus i satisfies

aijaijlﬂ S Co’p(D) ,
and it follows by Theorem A.2.9 that ¢ € C**(D). m]

Remark 3.5.5 If we replace S € Q(y) with £ € £(y) in Lemma 3.5.4, all the
assertions of the lemma other than the last sentence follow. The proof is identical.
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3.5.2 The HJB equation for the discounted problem

The optimal a-discounted cost V, can be characterized as a solution of a HIB equa-
tion. This is the subject of the next theorem.

Theorem 3.5.6 Suppose c satisfies Assumption 3.5.1 and is bounded on R?. Then
V, defined in (3.5.1) is the unique solution in C*(R?) N Cy»(RY) of

meiurll [L'Va(x) + c(x, u)] = aVe(x). (3.5.10)

Moreover, v € gy, is a-discounted optimal if and only if v a.e. realizes the pointwise
infimum in (3.5.10), i.e., if and only if

d
2, b
i=1

a.e. x € R4

av, & v,
o () + ¢,(x) = min ;b(x,u)a—xi(x)+c(x,u) , (3.5.11)

Proof For a > 0 and R > 0, consider the Dirichlet problem
min [Lp(x) + c(x,u)] = ap(x), x€ Bz,
uet (3.5.12)
w | OBR = 0 :

By Theorem 3.5.3, (3.5.12) has a solution ¢p € C>"(Bg), r € (0,1). Let vg € Uy
satisfy L @r(x) + ¢, (x) = app(x) for all x € RY. By Lemma A.3.2,

TR
wr(x) = B [f e ", (X)) dt} , XE€Bg.
0

On the other hand, for any u € U, Lpr(x) + c(x, u) > aypr(x), and this yields

TR
or(x) <EY [ f e (X, Uy) dt} , x€Bgp,Uecll.
0
Therefore
TR
(,DR(X) = inf Eg |:f e"”E(X,, U, dl‘} , X€Bp.
Uell 0

It is clear that g < V, and that ¢ is nondecreasing in R. If R” > 2R, Lemma A.2.5
asserts that for any p € (1, o) there is a constant Cy, which is independent of R’,
such that

”‘pR’”WZP(BR) <G (”‘pR’“LP(BZR) * “LVR[ PR~ a(’DR/”LP(BgR))

IA

Co (”VO‘“LP(BZR) + “cVR' ||LP(BZR)>

< Cy (”Va“mm) + KC(ZR)|B2R|'/,I) .
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Thus by Lemma 3.5.4, o T ¢ along a subsequence as R” — oo, where ¢ € C>"(Bg)
for any r € (0, 1) and satisfies

nle%l [L%(x) + c(x,u)] = ay(x), x€ Bg. (3.5.13)

Since R was arbitrary, pr converges on R? to some ¢ € C*(R?) N C,(RY), satisfying
(3.5.13).
Let ¥ € Uy be such that

min [L%(x) + c(x,u)] = LW(x) + c5(x) ae.xeRY. (3.5.14)

For any pair (¢, ¥), with ¢ € C*(RY) N C,(R?) satisfying (3.5.13) and ¥ € Uy satisfy-
ing (3.5.14), using 1t6’s formula, we obtain

Y(x) = E; [ f i e "ey(X)) dt}
0

= inf EY [ f e (X, U,)dt] ) (3.5.15)
Uel 0

However, (3.5.15) implies that i = V,, and that ¥ is a-discounted optimal. It remains
to show that if ¥ € Uy is a-discounted optimal then it satisfies (3.5.11). Indeed, if
¥ € Uy is a-discounted optimal then

Va(x) = Ei [foo ef‘”co(X,) dt:| .
0

Therefore, by Corollary A.3.6, V,, satisfies

LVy+c;=aV, inRY. (3.5.16)
Let
h(x) := LV (x) + cp(x) — min [LVo(x) + c(x.u)],  x€ R?. (3.5.17)

For R > 0, let ¥ € Uy be a control that attains the minimum in (3.5.17) in Bg, and
agrees with ¥ in Bg,. By (3.5.16) —(3.5.17), with hg := hlg,,

L'V, —aV, = —cy —hg inRY.

We claim that & € L*(Bg). Indeed, since V,, and c¢; are bounded by Lemma A.2.5
and (3.5.16), it follows that V,, is bounded in #>?(By) for any p € (1, c0). Thus by
the continuity of the embedding #>?(Bg) — C'"(Bg) for p > dand r < 1 — %
(Theorem A.2.15), VV, is bounded in Bg. In turn, by (3.5.17),

d av,
h(x) = ;(béu) ~ b, ()G + (@) = e ().

and it follows that % is bounded in Bg.
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f B e hp(X,) dt]
0

> V,(x) + f e E”[hp(X)]dt, xeR?. (3.5.18)
0

Thus, by Corollary A.3.6,

+EY

Vo(x) = Efc [f e ey (X)) dt
0

By Theorem A.3.5 and (3.5.18), we obtain Hh”Ll(BR) = 0. Since R > 0 was arbitrary,
h=0ae.inR? and (3.5.17) shows that # satisfies (3.5.11). m|

Definition 3.5.7 Let V € C?(R?). We say that a function v: R — Z(U) is a mea-
surable selector from the minimizer min,cy [L*V(x) + c(x, u)] if v is Borel measur-
able and satisfies

LV(x) +cp(x) = Hé%l [L'V(x) + c(x,u)] -

In other words, v € gy,. Since the map (x,u) + bi(x, u)d;V(x) + c(x, u) is contin-
uous and locally Lipschitz in its first argument, it is well known that there always
exists such a selector v € Uy and that x — bi(x)@iV(x) + ¢,(x) is locally Lipschitz
continuous.

Remark 3.5.8 If ¢ is not bounded, then V,, still satisfies (3.5.10), provided of course
that V, is finite. Proceed as in the proof of Theorem 3.5.6. Observe that in estab-
lishing (3.5.13) we did not use the hypothesis that c is bounded. Let v € Uy be a
measurable selector from the minimizer in (3.5.13). Then for any R > 0,

wr(x) < E! [f ' e e, (X)) dt] <y(x), xe€Bg. (3.5.19)
0

Taking limits as R — oo in (3.5.19), since ¢r T ¥, we obtain ¥ = J?. On the
other hand, since gg < V,, ¥ < V,. Thus ¢ = V,,. Since, by the strong maximum
principle, any nonnegative solution  of (3.5.13), satisfies ¢g(x) < ¢, it follows that
V, is the minimal nonnegative solution of (3.5.10). The rest of the conclusions of
Theorem 3.5.6 also hold.

3.6 The HJB equation under a near-monotone assumption

In this section, we study the Hamilton—Jacobi—Bellman (HJB) equation under As-
sumption 3.4.2 and characterize the optimal stationary Markov control in terms of
its solution. For a stable stationary Markov control v, let

Ov = f cv(x) my(dx),
R4
where 7, is the unique invariant probability measure corresponding to v, and

o = inf p,. (3.6.1)

velly



3.6 The HJB equation under a near-monotone assumption 113

In view of the existence results in Section 3.4, the infimum in (3.6.1) is attained in
U,q and the minimizing control is optimal.

We follow the vanishing discount approach and derive the HJB equation for the
ergodic criterion by taking the limit of the HJB equation for the discounted crite-
rion as the discount factor approaches zero. The intuition is guided by the fact that,
under the near-monotone assumption, all accumulation points as @ | 0 of the a-
discounted occupation measures {£,%,}, defined in Lemma 2.5.3, corresponding to
a family {v, : @ > 0} c Uy, of a-discounted optimal controls, are optimal er-
godic occupation measures. This of course implies that all accumulation points of
a-discounted optimal stationary Markov controls as @ | 0O are stable controls. To
prove this claim, suppose that (u, ?) € Z(RY x U) x Uy, is an accumulation point
of {(&%.ve) @ @ € (0,1)} as @ | 0. Decomposing u = 6’ + (1 — S)u”, with
w € PR xU)and i’ € P({co} x U), it follows by the near-monotone hypothesis
that 6 > 0. Using It6’s formula, we have

e E [f(X)] - f(x) = fo e ER [Lf(X) - af(X)]ds VfeF. (362)

Taking limits in (3.6.2) as t — oo, we obtain
f (L f(2) - af(2) &y (dz, du) + af(x) = 0,
RIXU

and letting o | 0 along the convergent subsequence yields f L f(x,u) ' (dx,du) =0
for all f € ¥, which implies that u’ € &. Therefore f cdy’ > 0. At the same
time one can show, using a Tauberian theorem, that lim sup,, o f cd&), < o*, and it
follows as in the proof of Theorem 3.4.5 that 6 = 1, thus establishing the claim.

Observe that when the discount factor vanishes, i.e., when @ — 0, typically
V4 (x) — oo for each x € RY. For the asymptotic analysis we fix a point, say 0 € R9,
and define

V(%) 1= Vo(x) = Vo(0).
Then, by (3.5.10),

min | L£Va(0) + c(x,w)] = aVa(x) + aVa(0) . (3.6.3)
ue

Provided the family {V, : @ > 0} is equicontinuous and uniformly bounded on
compact subsets of R4 and a'V,(0) is also bounded for o > 0, taking limits in (3.6.3),
and with V and o denoting the limits of V,, and a'V,(0), respectively, we obtain

mi{} [£V(x) + c(x,u)] = 0. (3.6.4)

This equation is referred to as the HIB equation for the ergodic control problem.
This asymptotic analysis is carried out in detail under both Assumptions 3.4.2 and
3.4.3. The scalar p is the optimal cost and a measurable selector from the minimizer
in (3.6.4) yields an optimal control.
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Note that if g, < oo for some v € Uy, then integrating J, with respect to 7,
and using Fubini’s theorem we obtain f J? dn, = a'p,. It follows that since 7, has
positive density, J, must be a.e. finite, and being continuous, it must be finite at each
x € R¥ (see Theorem A.3.7).

3.6.1 Technical results
We proceed with some technical lemmas that play a crucial role in the analysis. For
o > inf ¢, define
RIXU

K@) :={xe RY : m%) c(x,u) < o}.

Lemma 3.6.1 Let @ > 0. Suppose v € Uy, and ¥ € gy, are such that oy < oo, and

Jx)<Th(x)  VxeR?, (3.6.52)
oy < liminf min c(x,u). (3.6.5b)
|x|o00  uelU
Then
inf J° =inf JS <2,
K(ov) R4 a

Proof Since U is compact, the map x — min,cy c(x, u) is continuous. Therefore
K(os) is closed, and by (3.6.5b) it is also bounded, hence compact. In fact, (3.6.5b)
implies that K'(o; + €) is bounded and hence compact for € > 0 sufficiently small. In-
tegrating both sides of the inequality in (3.6.5a) with respect to 75, and using Fubini’s
theorem, we obtain

inf J! <inf J < f I mdo) = 2 (3.6.6)
R4 R4 Rd a
Choose & > 0 such that K(o; + 2¢) is compact and let x’ € R? \ K(o; + 2¢) be an
arbitrary point. Select R > 0 such that

Br D K(op +2&) U {x'},

and let T = T(K*“(0; + €)), and as usual, Tz = T(Bg). Applying the strong Markov
property relative to T’ A Tg, letting R — oo, and making use of (3.6.6), we obtain

I > "07” By [1-e ]+ By [ inf 1,

: v € v —-at’
> inf Jy+ — B, [1-e]. (3.6.7)

The inequality

E)[1-e]2 (1-e )Pt > 0),
which is valid for any constant C > 0 together with Theorem 2.6.1 (c) show that
EY[1 - e %] is bounded away from zero in K(o; + 2&). Therefore (3.6.6) and

(3.6.7) imply that J) attains its minimum in K(g; + &) for arbitrarily small € > 0,
thus completing the proof. O
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Definition 3.6.2 Let «: (0,00) — (0,00) be a positive function that serves as a
parameter. Let I'(k, Rg), Ry > 0, denote the class of all pairs (¢, @), with @ € [0, 1]

and ¢ a nonnegative function that belongs to %jj’(R" ), p € (1,00), and satisfies

L'o—ap=g inR?,
. . (3.6.8)
%nf Y= lﬂng ®,
Ry a

for some v € U, and g € L (RY), such that ||g“Lm(BR) <k(R) forall R > 0.

loc

Lemma 3.6.3 ForeachR > Ryand p > 1, there exist constants Cr(R) and Cr(R, p),
which depend only on d, k and Ry, such that, for all (¢, @) € T'(k, Ry),

osc ¢ < Cr(R) (1 + « inf (,0) (3.6.9a)
Bor Bg,

e = ¢O],2,5,) < Cr(R. p) (1 +ainf ¢) : (3.6.9b)
Proof Let (p, @) € I'(k, Ry) satisfy (3.6.8). By Lemma A.2.10, ¢ € %fép(Rd) for all
p > 1. Fix R > Ry and let
g := a(g — 2«k(4R)), @ :=2k(4R) + v .
Then g < 0 in Byg, and @ satisfies
L'@(x) — ap(x) = g(x) in Bug.
We obtain
“g||L°°(B4R) < Q(ZK(4R) + ||g||L°°(B4R))
<3a (2K(4R) - “g||L°°(B4R))

< 3|B4R|_l“g”Ll(B4R) ’

Hence g € K(3, B4g) (see Definition A.2.11). Therefore, by Theorem A.2.13 and
(3.6.8), there exists a constant Cy such that

sup ¢ < Cyinf @,
Bir Bg

which implies that

asup ¢ <Cpy (2K(4R) +a il?f tp) . (3.6.10)
Big R

Let ¢ € #>"(Bsg) N C(B3g) be the solution of the Dirichlet problem

loc
LvlﬂZO iI]B3R, l,DZ&,D 0n8B3R.
Then
Lip-yY)=ap+g inBs,
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and by Theorem A.2.1 and (3.6.10), there exists a constant ¢, such that

sup | — ¢l < Co(1 + ap(2)), (3.6.11)

Bsr

where X € Bg, is any point where ¢ attains its infimum. Since ¢ is £"-harmonic in
Bsg, it cannot have a minimum in Bsg, and as a result the function y¥(x) — ¢() is a
nonnegative £'-harmonic function in Bsg. By Harnack’s inequality (Theorem A.2.4)
and (3.6.11), for some constant Cy,

Y(x) — p(X) < Cu(Y(R) — @(£))
< CuC.(1 + ap(®))  Vx€ Bx. (3.6.12)
Thus by (3.6.11) and (3.6.12),

0sc ¢ < sup (¢ — ) + sup ¥ — p(X)
Bor Bar Bor
< Cou(1+ Cr)(1 + ap(R)). (3.6.13)
Let ¢ := ¢ — ¢(0). Then
L'¢—ap=g+ap@) inBsg.

Applying Lemma A.2.5, with D = Byg and D’ = Bg, relative to the operator £’ — a,
we obtain

H¢||W2~I’(BR) <G (”(’b“LP(BgR) * “Lv‘1Zj - a"_D”LP(BZR))

< Co|Bar|" (%sc o+ k(2R) + ago(O)) . (3.6.14)
2R
Since
0) < +inf ¢,
»(0) %if ® 13’,10 @
using (3.6.13) in (3.6.14) yields (3.6.9b). o

Suppose that {(¢,, @,) : n € N} c I'(x, Rp) is a sequence satisfying

< My VneN, (3.6.15)

g;of {anpn)
for some M € R. Set §,, = ¢,,—¢,(0). By Lemma 3.6.3, {@, } is bounded in W2P(Bg).
The Sobolev imbedding theorem then implies that {¢, } contains a subsequence which
converges uniformly on compact subsets of RY. We combine Lemmas 3.5.4 and 3.6.3
to obtain useful convergence criteria for a-discounted value functions and the asso-
ciated HJB equations.

Lemma 3.6.4  Suppose {(¢n, @n)}, o0 C Tk, Ry), for some Ry > 0, satisfies (3.6.15)
for some My > 0, and a,, — 0 as n — oo. Moreover, suppose that either of the two
pairs of conditions (Al)—(A2) or (B1)—(B2) hold.
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(A1) L@y — @upn = gu in R? for some v € Uy,
(A2) g, — g in L°(Bg) for every R > 0.

(B1) minge [L@n(x) + ca(x, )] = @npn(x) + ha(x), x € RY.

(B2) ¢,(-,u) = c(-,u) and h, — h in C*'(Bg) for every R > 0, uniformly over
uel.

Define @, = ¢, — ¢n(0). Then there exists a subsequence {gy,} which converges in
C'(Bg), r < 1, to some function y for every R > 0, and such that agpy, (0) converges
to some constant 0 < My. If (Al) — (A2) hold, then € V/IOZQP(R”’)for any p € (1, 00),
and satisfies

Ly=g+o inR?. (3.6.16)
On the other hand, under (B1)—(B2), € Cz‘g(Rd) for any r < 1, and satisfies

lo

rniél [L%(x) + c(x,u)] = 0 + h(x). (3.6.17)
ue
In either case, we have

ian Y= iﬂgdf Y > —Cr(Ro)(1 + My), (3.6.18)
Ro

where Cr is as in Lemma 3.6.3.

Proof Since

ann(0) < @, 08¢ @, + a,inf @, , (3.6.19)
Bg, Bg,

it follows by (3.6.9a) and (3.6.15) that the sequence {@,¢,(0)} is bounded. Select any
subsequence {k,} c N over which it converges. By (3.6.9a), (3.6.15), and (3.6.19),
the limit does not exceed My. By (3.6.9b) and the assumptions of the lemma, the
sequence {¢; } satisfies the hypotheses of Lemma 3.5.4 on each ball B (see also
Remark 3.5.5). Convergence over some subsequence {k,} C {k,}, on each bounded
domain, then follows by Lemma 3.5.4 and the limit satisfies (3.6.16) or (3.6.17),
accordingly. The standard diagonal procedure yields convergence in R?. Next, for
each x € R9,

Y = lim ()

> —lim sup (cpkn ) - in]f <pk”) + liminf (gokn(x) — indf gokn>
Rd n—oo R

n—oo

> —lim sup (osc gokn),
By,

n—oo

and the inequality in (3.6.18) follows by (3.6.9a) and (3.6.15). Lastly, the equality in
(3.6.18) easily follows by taking limits as n — oo in

00 =il 2 90 = B () + (1,0~ inf ) +ipf @, ).
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and utilizing the uniform convergence of ¢, on Bg,, to obtain
w(x) — inf ¢ > liminf (t,okn(x) —inf tpk”) >0  VxeR?,
Bg, n—oo Bg,

thus completing the proof. O

Let v, € U, be an optimal control for the a-discounted criterion. As we have
shown in Section 3.4, under the near-monotone hypothesis there exists v* € Uy
which is optimal. Clearly V,, = J,* < J? for all @ > 0. Thus by Lemma 3.6.1,

*

inf V,=inf V<2 Va>0. (3.6.20)
K(o%) R4 a

By (3.6.20), Lemma 3.6.3, and the remark in the paragraph preceding Lemma 3.6.4,
it follows that {V,} is equicontinuous on bounded subsets of R?, when « lies in a
bounded interval. These properties of the optimal a-discounted cost function under
the near-monotone hypothesis are summarized in the corollary that follows.

Corollary 3.6.5 Under Assumption 3.4.2, (3.6.20) holds. In addition, for any R > 0
and @y > 0, the family {V, : a < ap} is equicontinuous on Bg and there exists a
constant 6y = 0o(R) such that

Vo) <& 46, VxeBg, Yae(0,a0).
04

3.6.2 The HJB equation

The basic theorem characterizing optimal controls with respect to the ergodic crite-
rion via the HJB equation follows.

Theorem 3.6.6 Let Assumptions 3.4.2 and 3.5.1 hold. There exists V € C2(RY) and
a constant o € R such that

mimrll [£LV(x) + c(x,u)] = 0 VxeRY, (3.6.21a)

ue

0<o’. V=0 and inf V> -co. (3.6.21b)
R

Proof Assume at first that ¢ is bounded in R? x U. By Theorem 3.5.6, V, satisfies
(3.5.10). Select Ry such that K(0*) C Bg,. By (3.6.20), the hypotheses (B1)—(B2) of
Lemma 3.6.4 are met for any sequence (@, V,) with @, — 0. Thus there exists a
pair (V, o) satisfying (3.6.21a)—(3.6.21b), and, moreover, V is the uniform limit (in
each bounded domain of R?) of Va, — V4, (0) over some sequence @, — 0, while g is
the corresponding limit of @, V,, (0).

Now drop the assumption that the cost function is bounded. We construct a se-
quence of bounded near-monotone cost functions ¢, : RIxU - Ry, n € N, as
follows. Let g9 > 0 satisfy

lim min c(x,u) > 0" +&p.

|x| >0 uel
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With d(x, B) denoting the Euclidean distance of the point x € R? from the set B C R,
and B, c R¢ denoting the ball of radius n, we define

o(x, By, ) c(x,u) + d(x, By) (0" + &0)
d(x, By) + 0(x, B )

cu(x,u) =

Note that each ¢, is Lipschitz in x, and by the near-monotone property of ¢, we have
¢n < cpy1 < c for all n larger than some finite ny. In addition, ¢, — c¢. Observe also
that ¢, has a continuous extension in R? x U by letting c,(c0) = 0" + &p. Let o] be
the optimal ergodic cost relative to c,. We first establish that o), — 0" as n — co.
Since ¢, is monotone, o), T 0. Let 7, n € N, denote the ergodic occupation measure
corresponding to an optimal v, € U, relative to c,. Let 7t € PR x U) be any
limit point of {r,}, and denote again by {7,} a subsequence converging to it. By
Lemma 3.2.11,

R=06R +(1 -8R

for some &' € ¥, A’ € P({oo} x U), and § € [0, 1]. Since ¢, < cyex < c for all

n > ng, we have

f Cp AT,y < f Cnk AT < 0° . (3.6.22)
RxU RxU

Taking limits as k — oo in (3.6.22) and using the fact that ¢, is continuous in RY x U
and 7, — 7t € Z(R? x U), we obtain

6f cpd +(1-6)0" +&) <00 (3.6.23)
RxU
Next, taking limits in (3.6.23) as n — co, and using monotone convergence,
6f cd +(1-0)(0" +&)) <0 <0". (3.6.24)
RxU

Since by the definition of o*, f cd > o%, (3.6.24) implies, all at once, that § = 1,
f cd7ft = " and ¢ = p". This concludes the proof that g;, — o*.

Continuing, let (V,,0,) € C%(RY) be the solution to the HIB equation correspond-
ing to the bounded cost ¢, satisfying infgs V, > —oco and V,(0) = 0, which was
constructed in the first part of the proof. By (3.6.18) of Lemma 3.6.4,

inf V, =inf V, > —Cr(Rp)(1 + o)

Bg, R4
(in fact, V,, attains its infimum in K(0*)). Also, V, satisfies assumption (B2) of
Lemma 3.6.4 with @ = 0 and &, = g,,. Observe that (3.6.15) holds trivially if @, = 0.
Therefore the family {(V,, 0)} belongs to I'(k, Ry) and satisfies the hypotheses (B1)—
(B2) of Lemma 3.6.4. Convergence of V, — V,(0) (over some subsequence) to a
limit satisfying (3.6.21a) follows. Note that the constant o arises here as a limit point
of {0,}, and hence o < o*. Also, V is bounded below in R? by (3.6.18), and thus
(3.6.21b) holds. This completes the proof. O
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Remark 3.6.7 Equation (3.6.21a) is usually referred to as the HIB equation for
the ergodic control problem. Note that (3.6.21a) is under-determined, in the sense
that it is a single equation in two variables, V and o. The function V is called the
cost potential and for an appropriate solution pair (V, o) of (3.6.21a) o is the optimal
ergodic cost o, as we show later.

Lemma 3.6.8 Let Assumption 3.4.2 hold. Let (V,0) € C*(RY) X R be a solution of
(3.6.21a), and suppose that V is bounded below in RY. Letv € Uy, satisfy, a.e. in R4,

& v 0 9V
min ; b(x, u)a—Xi(x) +e(x,u)| = ; b’v(x)a—xi(x) +ey(x). (3.6.25)
Then

(1) v is stable;

(i) 0= 0"
(iii) if o = o, then v is optimal.

Proof Since V satisfies L'V < —¢g for some & > 0 outside some compact set and is
bounded below, Theorem 2.6.10 (f) asserts that v is stable.
By (3.6.21a) and (3.6.25), for R > 0 and |x| < R,

EX[V(Xinc,)] = V() = E} [ fo [0 - cv(Xy)]ds| .
Therefore
Ey [f R[Q— cn(X,)] dS} > inf V(y)-V(x).
0 yeRr?

Since v is stable, letting R — oo, we have

ot —E} [f o, (Xy) ds] > inf V(y)—V(x).
0 yeRrd

Next, dividing by ¢ and letting t — oo, we obtain

t—00

1 t
© = limsup ” E} [f c,(Xy) ds]
0

> f MY =0, 2 0"
Rd
Thus, if o = 0%, the third claim follows. O

It follows from Lemma 3.6.8 that o* is the smallest value of o for which (3.6.21a)
admits a solution V that is bounded below in R?. It is also the case that, provided
(V, 0) satisfies (3.6.21a)—(3.6.21b), (3.6.25) is a sufficient condition for optimality.
This condition is also necessary, as we prove later. We also show that (3.6.21a) has
a unique solution (V, 0*), such that V is bounded below in R¢. Therefore there exists
a unique solution satisfying (3.6.21a) —(3.6.21b). We need the following stochastic
representation of V.
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Lemma 3.6.9 Ler Uy := {velUg : o, <o} and T, = T(BS), r > 0. Then, under
Assumption 3.4.2,

(@) if (V,0) € C*(RY) x R is any pair satisfying (3.6.21a)—(3.6.21b), then

T
V(x) = limsup inf EY [ f (cv(x,)—g*)dt], xeRY; (3.6.26)
0

rl0 vellgg

(b) if in addition to satisfying (3.6.21a)—(3.6.21b), V is the limit of V,, — V,,(0)
over some sequence a, — 0, then

V(x)—hm inf EY [ f (co(Xy) - Q)dt] xeRY. (3.6.27)

rl0 yellgy

Proof For x € R?, choose R > r > 0 such that < |x] < R. Let v* € U, satisfy
(3.6.25). By (3.6.21b) and Lemma 3.6.8 (ii), o = o*. Using (3.6.21a) and Dynkin’s
formula, we obtain

V() = E[ f T () = g i+ VX TR, < )
0
+ V(X ) I{T, > tr}|. (3.6.28)

Since by Lemma 3.6.8, v* is stable, E)V; [T,] < oo. In addition, V is bounded below in
R4, Thus

lim inf EV [V(X: ) (T, =2 Tr}] 20  VxeR?.
Hence, letting R — oo in (3.6.28), and using Fatou’s lemma, we obtain
* Tr
V(x) > E! [f (e (X)) —0")dr + V(XTr)]
0

> it 2] [0 -o)a
0

Vel

+inf V.
B,
Next, letting » — 0 and using the fact that V(0) = 0, yields

T,
V(x) > limsup inf E} [f (cy(Xy) — 0") dt] .
rlo - velly 0

Now suppose V = lim,—,e (Vq, — Vo, (0)). We need to prove the reverse inequality. We
proceed as follows. Let v, € Uy be an a-discounted optimal control. For v € Weq,
define the admissible control U € U by

v ift <t ATR,
UT =
v, otherwise.
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Since U is in general sub-optimal for the a-discounted criterion, using the strong
Markov property, we obtain

f e e(X,, U,) dt}
0

T,ATR B
=E; [ f e e (X)) dt + e TNV, (Xe pr) | - (3.6.29)
0

Va(x) < BY

Since v € Uy, we have infge {@J)} < 0, < . Hence, by Theorem A.3.7, J! is a.e.
finite. Since V,, < J}, we have, by Remark A.3.8,

a’

E|e ™ Vo (Xa) 1%, 2 Tr}| < B[ ™ J5(Xx, )] —0. (3.6.30)

Decomposing the term e" "™V, (Xz 1r,) in (3.6.29), then taking limits as R — oo
applying (3.6.30), and subtracting V,(0) from both sides of the inequality, we obtain

Va(x) = Va(0) < E| [ f ; e e, (X)) di + e Vo (Xe,) — Va(O)]
0

=E, [ f T e (X) - o) di | + E}| Va(Xz,) = Va(O)]
0

+Efa(1-e™)[o" —aVa(X2)]|.  (3.631)
By Theorem 3.6.6 and Lemma 3.6.8 (ii), we have lim, o @V,(0) = 0 = o*. Hence

sup|,9*—aVa|—>0 asa — 0

7

by Lemma 3.6.3. We also have the bound
E|a”'(1-e)| <E%]  Va>0,

and hence letting @ — 0 along the subsequence {«,} in (3.6.31), yields

V(x) <E f Y (X)) — o) di + V(Xf,)] .
0

Since V(0) = 0,
lim sup E[V(X%,)] =0.

,
vellgyg

Therefore, we obtain
Ty
V(x) < liminf inf E! [f (ev(X) —0") dt} ,
rl0 Veﬁssd 0
and the proof is complete. O
Lemma 3.6.9 implies, in particular, that V,, — V,(0) has a unique limit as @ — O.

Next we show that the solution (V, ) of (3.6.21a) which satisfies (3.6.21b) is unique,
and that (3.6.25) is necessary for optimality.
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Theorem 3.6.10 Suppose that Assumptions 3.4.2 and 3.5.1 hold. Then there exists
a unique pair (V,0) in Vﬂlfép(Rd) XR, 1 < p < oo, satisfying (3.6.21a)—(3.6.21b).

Also, a stable stationary Markov control v is optimal if and only if it satisfies (3.6.25)
a.e.

Proof Suppose V,0) e Wli”(Rd) XR, 1 < p < oo, satisfy (3.6.21a) —(3.6.21b). Let
7 be a stationary Markov control satisfying, a.e. in R,

uel

d ov d ov
min ; bi(x, u)a—xi(x) +e(x,u)| = ; bg(x)a—xi(x) +ep(x). (3.6.32)

By Lemma 3.6.8, 7 is stable and o = o*. Let (V, 0") be the solution pair obtained in
Theorem 3.6.6. By Lemma 3.6.9, V satisfies (3.6.26), and V satisfies (3.6.27). Thus
V -V < 0in R By (3.6.21a), L(V — V) > 0. Since V(0) — V(0) = 0, then by
the strong maximum principle, V = V a.e. in R?. This establishes uniqueness. To
complete the proof, it suffices to show that if ¥ € Uy is optimal, then (3.6.25) holds.
By Corollary 3.6.5, the a-discounted cost J! = V,, satisfies

inf J) =inf J) < Ya > 0. (3.6.33)

¢
K(o*) R4 a

Thus JZ is a.e. finite, and Theorem A.3.7 asserts that it is a solution to

L) +cy=al) inR?. (3.6.34)

The hypotheses (A1)-(A2) of Lemma 3.6.4 are clearly satisfied for (J?, ). Observe
that (3.6.34) conforms to case (A1) of Lemma 3.6.4 with g, = ¢;. Hence, over some
subsequence {a,},

J‘j _‘](z,,(o)—) ‘7, a'nJZ“(O)_)é?

ay

and the pair (v, Q) € Wz’p(Rd) x R4, for any p € (1, o), and satisfies

loc

LV+e;=5 inRY and i]gdf V>—c0. (3.6.35)

By (3.6.33), 3 < o". Also since V is bounded below, following the argument in the
proof of Lemma 3.6.8 we obtain ¢ > g;. Thus ¢ = o*. Now we use the method
in the proof of the second part of Lemma 3.6.9. Replacing V,, and v with J? and
¥, respectively, in (3.6.29), the inequality becomes equality, and following the same
steps, we obtain

Vix) = 11%1 E’ [ f Tr(ca(x,) - Q*)dz] , xeR?. (3.6.36)
r 0

If V denotes the solution obtained in Theorem 3.6.6, then by Lemma 3.6.9 and
(3.6.36), V-V < 0. Also, by (3.6.21a) and (3.6.35), L' (V- V) > 0, and we conclude
as earlier that V = V a.e. in R?. Thus V satisfies (3.6.21a) and ¥ satisfies (3.6.32).
This completes the proof. O
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Remark 3.6.11 The restricted (i.e., under the condition o < ©*) uniqueness ob-
tained in Theorem 3.6.10 cannot be improved upon in general. In Section 3.8 we
give an example which exhibits a continuum of solutions of (3.6.21a) for o > o*.

3.7 The stable case

In this section we study the ergodic control problem in the stable case, i.e., under
the assumption that g, is uniformly stable. Much of the analysis relies on some
sharp equicontinuity estimates for the resolvents of the process under stable controls
which are obtained in Theorem 3.7.4. Theorem 3.7.6 extends these results even fur-
ther: without assuming that all stationary Markov controls are stable it asserts that
as long as o* < oo, then the family {V, — V,(0) : @ € (0, 1)} is equicontinuous
and equibounded. One approach to the ergodic control problem is to express the
running cost functional as the difference of two near-monotone functions and then
utilize the results obtained from the study of the near-monotone case [28, 39, 65].
This approach limits the study to bounded running costs. The equicontinuity results
in Theorem 3.7.4 and Theorem 3.7.6 facilitate a direct treatment of the stable case
which extends to unbounded running costs (see Theorems 3.7.11 and 3.7.14).

3.7.1 A lemma on control Lyapunov functions

We consider the following growth assumption on the running cost c.

Assumption 3.7.1 The cost ¢ satisfies

sup f (1 + c(x,u)) m,(dx,du) — 0. 3.7.1)
Vvellygn JBEXU R—co

Assumption 3.7.1 simply states that 1 + ¢ is uniformly integrable with respect to
{1, : v € Ugm). Note that if ¢ € Cp(R? x U), Lemma 3.3.4 asserts that (3.7.1) is
equivalent to uniform stability of Up,.

Let 1 € C(RY) be a positive function. We denote by &/(h) the set of functions
f € C(R?) having the property

|f (0l
h(x)

lim sup < 00, (3.7.2)
|x| >0

and by o(#) the subset of &'(h) over which the limit in (3.7.2) is zero. We extend this

definition to functions on C(R¢ x U) as follows: For & € C(RY x U), with & > 0,

g€ o(h) & limsup sup lsCx, wl =
|x|o00  uelU h(x’ Ll)

and analogously for O'(h).
Recall that t, = T(BY), r > 0, and the definition of € in Assumption A3.5.1 on
p. 107.
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Lemma 3.7.2 There exist a constant ko > 0, and a pair of nonnegative, inf-compact
functions (V, h) € C2(R?Y) x € satisfying 1 + ¢ € o(h) and such that

L'"V(x) < ko — h(x,u), Y(x,u) e R x U 3.7.3)
if and only if (3.7.1) holds. Moreover,

(1) for anyr >0,

%,
x— sup EY [f (1 + (X)) dt} € o(V); (3.7.4)
velggm 0
(ii) if ¢ € o(V), then for any x € R?,

1
lim sup — E[eX)] =0, (3.7.5)

1—e0 Vel t

and

Igi_r)rgo E! [¢(Xiatp)] = EY [o(X0)] Vv € U, V1= 0. (3.7.6)

Proof To show sufficiency, let

c(x) =1+ f cx,u)v(du | x), veUgy.
U

A theorem of Abel states that if ), a, is a convergent series of positive terms, and if
Fp i= Ysn ax are its remainders, then Y, r,'a, converges for all A € (0, 1). There is
a counterpart of this theorem for integrals. Thus, if we define

V€U

_1/2
&(r) :=(Sup f 5‘7(X)77v(dX)) , r>0,
B
it follows by (3.7.1) that

f HEEF (D) <o Vv elgn, YBE0,2). (3.7.7)
R4

Let
h(x,u) = (1 + c(x,u) &(x]) .

By (3.7.1), x — g(]x|) is inf-compact, and it is straightforward to verify, using an
estimate analogous to (3.3.12), that it is also locally Lipschitz. Adopting the notation
in (2.3.13), we have h,(x) = &,(x) g(|x|). Since by (3.7.7), the function &,(x) g°(|x]),
B € [0,2), is integrable with respect to 7, for any v € Uy, it follows by Corol-
lary 3.3.2 that the integrals are uniformly bounded, or in other words, that

sup f hy(x) (x) pu(dx) <00 VB E[0,1).
velgm JRI

It then follows by Lemma 3.3.4 that there exists a nonnegative, inf-compact function
YV € C*(R?) and a constant ky > 0 which satisfy (3.7.3). To show necessity, suppose
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that (3.7.3) holds. By Lemma 3.3.4, the bound in (3.3.10) holds, and since we have

1 + ¢ € o(h), (3.7.1) follows. Next we prove (i). Define
_ _ h(x,u)
&) = I%ln g(x]) = r i o ) r>0.

Since 1 + ¢ € o(h), we obtain g(r) — oo as r — oo. With R > 0 large enough so that
X € Bg, applying Dynkin’s formula to (3.7.3), we have

EV(Xx, nxp)] = V(x) < EY [ f y R[ko - hy(Xp]dr (3.7.8)
0

for all v € U,,. Therefore

T, ATR
E’ [ f hy(X,) dt
0

It is straightforward to show that sup,oy ~ El[T,] € O(V). Indeed, if Ry > 0 is
large enough such that £,(x) — kg > 1 for all x € B;O, then using the strong Markov
property and (3.7.8), we obtain

<V(x) + ko EL[T, A TR]. (3.7.9)

+ sup E: [t

yeﬁBRU

E)[%,] <E} [ f O (%) — kol dt
0

<V + sup sup Ej[T]

velggm yeaBRo

and the claim follows by Theorem 3.3.1. Therefore, taking limits as R — oo in
(3.7.9), we have

sup E’ [ f X)) dt] c o). (3.7.10)
0

velggm

For each x € B¢ and v € Uy, select the maximal radius p,(x) satisfying
[ f L1, (X)X, dr| <

U rcv(X,)dt] . (3.7.11)
0
Thus, by (3.7.10)— (3.7.11),

T, T,
E [f &(Xy) dt] <2E! [f Ipe ) )(Xt)év(Xt) df]
0 0 o

2 %,
—]EV ]I l. Xt vv X[ v Xt d
< gov(x) " [fo er(x)( )E(XDE(1X:]) t]

< 2 E;[ | T'hv(xt)dt]
o o

eﬁ(~(v ) (3.7.12)
gopy

Since for any fixed ball B, the function

l\)l>—‘

%,
x+— sup E! [ f I[B},(XI)EV(XI)dt:|
0

v€lsgm
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is bounded on B¢ by Lemma 2.6.13 (i), whereas the function on the left-hand side of
(3.7.12) grows unbounded as |x| — oo uniformly in v € Uy, it follows that

liminf inf p,(x) = 0.

|x|o00  velgm

Therefore, (3.7.4) follows from (3.7.12).
We turn now to part (ii). Applying Itd’s formula and Fatou’s lemma, we obtain
from (3.7.3) that

E [V(X)] < kot + V(x) Vv € U - (3.7.13)

If ¢ is o(V), then there exists f: R, — R, satisfying f(R) — oo as R — oo, such
that

V() = lp@)l f(1x) -
Define
Rty =t Adnf {Ix] : lp(0)| = Vi), 120.
Then, by (3.7.13),
E V(X)) Ip, (X0)]

EY (eI < B} [[(X0)] Ty, (0] + ———ot
X0l 2 X0 T, )] FR®)
| kot + V() (3.7.14)
FR@)

and taking the supremum over v € Uy, in (3.7.14), then dividing by ¢, and taking
limits as ¢t — oo, (3.7.5) follows.
To prove (3.7.6), first write

B} [@(Xiar)] = BEY [o(X,) it < r}] + B} [@(X<) Ift > TR}] - (3.7.15)
By (3.7.3), BY[V(Xia,)] < kot + V(x). Therefore

E)vc [()D(XTR) H{t > TR}] < [k()t + (V(.X)] XSEI;ER % ’

and since ¢ € o(V), this shows that the second term on the right-hand side of (3.7.15)
vanishes as R — oo. Since |p(X;)| < MYV(X,) for some constant M > 0, Fatou’s
lemma yields

EY [p(Xn)] < lim E} [o(X) I{f < Tg}]

R—o0

< lim E! [p(X) I{r < Tr)] < B} [0(X)]

R—o0

thus obtaining (3.7.6). O

Following the proof of Lemma 3.7.2, we obtain the following useful corollary:
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Corollary 3.7.3 Suppose v € Uy, and o, < oo. For some fixed r > 0 define

FEI
o(x) == E’ U (1 + c,(X)) dt] , xeR?.
0
Then
1
lim " E'[o(X)]=0  VxeR?,
and for any t > 0,

lim E’ [¢(Xinzp)] = B [9(X))] Yy € U, Yx e RY.

3.7.2 Equicontinuity of resolvents

We next show that, for a stable control v € Uy, the resolvents J; are bounded in
# >P(Bg) uniformly in « for any R > 0. Assumption 3.7.1 is not used in these results.

Theorem 3.7.4 There exists a constant Cy depending only on the radius R > 0,
such that, for all v € Ug, and a € (0, 1),

Co Ov
L =IO apn y < —( + su c) (3.7.16a)
” “o ”WZ'(BR) mv(B2r) \11v(B2r) B4R£U
sup aJ! < Co( & 4 sup c) . (3.7.16b)
Bg M(BR)  Byxu

Proof Let
1 =inf {t > ©(Bar) : X; € Bg} .

For x € 0Bg, we have

J(x) =E! [f e e (X, dr + e‘”%J;(Xf)]
0

=F [ f ' e e, (X)) dt + T (Xe) — (1 — e_"%)J(VY(Xf)] . (3.7.17)
0

Let P (A) = P} (X+ € A). By Theorem 2.6.7, there exists ¢ € (0, 1) depending only
on R, such that
s = Py|ly <26 Vx,y € OBg.

Therefore
B [J2(X)] - B} [Jh(Xo)]| < gosc Jy - Vx,y € dBr. (3.7.18)
'R

Thus (3.7.17) and (3.7.18) yield

1 Ff
osc J) < sup EY [ f e eu(X,) dt]
9Bk 1 =6 reony 0

+ sup E[(1-e")i(Xe)| . (3.7.19)

x€0Bg
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Next, we bound the terms on the right-hand side of (3.7.19). First,

EL[(1-eN)JiXa)| < Bl o' (1- %) sup aiy(x)

X€OBg
< (sup aJ;) E[?] Vx € 0Bg. (3.7.20)
6BR
Let
M(R):=sup ¢, R>0.
BrxU
By Lemma A.2.10, the function
M@Q2R
Pa = CR +Jg
a

is in ”//ljcp (RY) for all p > 1 and satisfies

L70a(x) — 0o () = —c,(x) = M(2R)  Vx € By, (3.7.21)
and thus

MQ2R) < (L' - @) (x)| <2M(2R)  Vx € By. (3.7.22)
By (3.7.22),

L" = @l o s,y < 2B (L = @l 5, - (3.7.23)

Hence ¢, € K(2, Byg) (see Definition A.2.11), and by Theorem A.2.13, there exists
a constant Cy; depending only on R, such that

0o(x) < Chea(y)  Vx,yeBg anda € (0,1). (3.7.24)

Integrating with respect to 7,, and using Fubini’s theorem, we obtain

f aly()ndx) =0, Vv E Ugy. (3.7.25)
R"
By (3.7.25). inf, {aJ}} < % and (3.7.24) yields
sup aJ’ < Cp (M(ZR) L ) : (3.7.26)
BR TIV(BR)

thus proving (3.7.16b). On the other hand,

Yo(x) = E}, [fT e "(M2R) + c,(X))) dt]
0

also satisfies (3.7.21)—(3.7.23), in Byg, and therefore (3.7.24) holds for . Thus
using the bound

inf EY fT(M(ZR) + c,(Xy)) dt
0

[ < (M(2R) +0y) sup E;[f],
x€0BR

X€O0Bg
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we obtain
+
sup EY [f e e (X)) dt} < Cy(M(2R) +0,) sup E![%]. (3.7.27)
X€ABR 0 X€0Bg
By (3.7.19), (3.7.20), (3.7.26) and (3.7.27),
osc J) < 2Cn (M(ZR) + ’ ) sup E}[T]. (3.7.28)
o, " T 1(Bo) ) o, o

Applying Theorem A.2.13 to the L”-superharmonic function x — E}[%], we obtain

sup E[f] < Cjy inf ENI%] (3.7.29)
Xx€OBR xed

for some constant C‘;{ > 0. By (2.6.9a), (3.7.29), and the estimate

inf E}[T] < sup EY[T(B2g)],
x€0Bg v( R) xEBER ( 2R)

which is obtained from Theorem 2.6.9, we have

C
sup EY[T] <
x€0Bg nv(BR)

(3.7.30)

for some positive constant C; = C;(R).
Next, we use the expansion

TR
J(x)=E! [f e e, (X dt + J( X)) — (1= e_MR)J;(XTR)] Vx € By,
0

together with (3.7.20) to obtain

TR
ose J; J, < sup EY [f e e, (X,)dt
0

x€Bg

+osc J) + (sup 0/.1;) sup El[tr]. (3.7.31)
0Bg OBg xeBg

By Theorem A.2.1, there exists a constant ¢ 1= ¢ 1(R) such that EY[Tg] < C’l for all
X € Bg, and thus the first term on the right-hand side of (3.7.31) can be bounded by

TR
sup EY [f e e, (X,)dt
x€Br 0
For second and third terms on the right-hand side of (3.7.31) we use the bounds in
(3.7.26), (3.7.28) and (3.7.30). Therefore, (3.7.31) yields

<C) sup ¢ Yy e Uy, .
BrxU

osc J! <

O
s - (BR) (M( R) + ) (3.7.32)

Tlv(BR)

for some constant C> = C>(R).
Let po := J, — J(0). Then

L3, —ap, = —c, +aJ.(0), inBy.
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Applying Lemma A.2.5, with D = By and D’ = Bg, relative to the operator L' — «,
we obtain, for some positive constant C3 = C3(R),

||¢(¥||’W2,[7(BR) = 63 (”(’ba’”LP(BzR) + ||_£V¢)a/ - a‘pQHU’(BZR))
< C'3|B2R|I/” (osc J. + M(2R) + sup aJ(v,) ,
Bor Bor

and the bound in (3.7.16a) follows by (3.7.26) and (3.7.32). m]

The bounds in (3.7.16) along with Theorem 3.3.1 imply that if U, = Uy, then
as long as g, < oo for all v € Uy, the functions J}, — J(0) are bounded in W2P(Bg)
on any ball Bg, uniformly in @ and v € Ug,. Next we relax the assumption that
U = Ugsm. We assume only that 0* < oo, and this of course implies that there exists
some ¥ € Uy, such that o; < co. We show that the a-discounted value functions {V,}
are bounded in % >”(Bg) on any ball Bg uniformly in @ € (0, 1).

We first need a technical lemma. In this lemma we use the Markov transition
kernel P,, for v € Uy, defined in Theorem 2.6.7, relative to the domains D, = Bg
and D2 = BQR.

Lemma 3.7.5 Letv € Uy, and R > 0 be fixed, and P,(x,A) for A € PB(0Bg) be the
transition kernel of the Markov chain on 0By defined by,

P(x, f) = fa Py f0) = B By, [fXe)]| s x € By,

for f € C(OBR). Also let

my:=max V, and m_:=min V,.
T = gy ¢

Then there exists a constant 6 € (0, 1) depending only on R such that
Py(x, Vo) = m, <max{1,8 (@ = m,)]  VYae(,1). (3.7.33)

Proof Forz e 0Bgandr < R, let B,(z) := dBrNB,(z), where B,(z) € R? denotes the
ball of radius r centered at z. We first show that for any r > 0 there exists € = &(r) > 0
such that

P,(x, B,(z)) > &(r) Vx,z € 0Bg. (3.7.34)

Since P,(x,-) > CI;,1 P,(x',-) for all x,x’ € dBg by (2.6.15), it is enough to prove
(3.7.34) for some fixed x. Let ¢,: B — R, be a smooth function supported on
B.(z) and such that ¢, > 0 on B.(z) and ||l = 1. For Z # z, the function ¢, is
simply the translation of ¢, on dBg. Hence |/, — ¥|lo — 0 as z” — z. Consider the
map z — P,(x,.). This is the composition of the following continuous maps:

(l) aBR 27 lﬁz € C(()BR)
(ii) C(0Br) > f — E’[f(Xx,)] € C(Bag) (this is continuous by Lemma 2.6.13 (ii)).
(iii) C(Bar) 3 g = E’[g(Xx,,)] € C(Bg).
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It is clear that P, (x, ¥,) > 0 for all z € dBg, and hence it follows that

min P,(x, v > 0.

7€0BR

On the other hand, P,(x, B,(z)) > P,(x, ), so (3.7.34) holds.
If m, —m, < 1, then since P,(x,V,) < Mg, (3.7.33) clearly holds. Suppose then
m, —m, > 1. In this case it is enough to show that

Py(x, Vo) —m,, < 6(imy —m,) Ya € (0,1). (3.7.35)

By the linearity of the operator P,, equation (3.7.35) can be written in the equivalent
scaled form

< < Vo(x) —m,
Po(x,04) <0 Ya e (0,1), where @,(x) :== ——.
my — moz

In this scaling ¢, : dBg — [0, 1], and maps onto its range. Note that ¢, satisfies

c, —am
Vv _ —a
-ES%—CY‘PU——_ .
my —m,

(3.7.36)

Also, since am, < aV,(x) < aJ}(x) for all x € B, the term am, is bounded
uniformly in @ € (0,1) by (3.7.26). By (3.7.36) and Lemma A.2.5 there exists a
constant C such that ool 2nsyy < Cforall @ € (0, 1). In particular, {¢, : a € (0, 1)}
is an equi-Lipschitzean family. Hence, since ¢, is onto [0, 1], there exists ro > 0 such
that

1 -
®a(X) < 3 Yx € B,(z), Yae(0,1),
for some z € dBg which depends on a. Therefore, by (3.7.34) we have

~ 1
Py(x. o) < (1= &(ro)) + 5&(r0)

_g) _

=1
2

: 0,
and the proof is complete. O

As mentioned earlier, the next theorem does not assume g, = g

Theorem 3.7.6 Suppose g; < oo for some ¥ € Ugy,. There exists a constant Cy > 0
depending only on the radius R > 0, such that, for all a € (0, 1), we have

Co Op )
Vo — V(0 , < + sup c|, 3.7.37a
” ( )”Wz’ (Bo) ™ ny(Bag) (Uo(sz) Bme ¢ )

sup aV, géo( %4 sup c). (3.7.37b)
BR TI\A’(BR) BZRXU
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Proof Since V,, < J7, (3.7.37b) follows by (3.7.26). To prove (3.7.37a) we define
the admissible control U € U by

pifr<t,
U[ =
v, otherwise,

where 7 is as in the proof of Theorem 3.7.4, and v, € Uy, is an @-discounted optimal
control. Since U is in general sub-optimal for the a-discounted criterion, we have

®
Vo(x) <E! [ f e Yey(X,) dr + e“fv(,(xf)] . (3.7.38)

0

To simplify the notation, we define

Y, = sup E® [f Yes(X,)
X€OBR

We then expand (3.7.38) as in (3.7.17), strengthen the inequality using the fact that
aV, < aJ’, subtract m,, from both sides, and employ Lemma 3.7.5 to obtain

dr+ sup E[(1-e™)J5(Xe)] -

X€OBR

Vo(x) —m, <E} [Vo(Xe)] —m, + ¥,
< max {1,06(m, —m, )} + ¥, . (3.7.39)

We evaluate (3.7.39) at a point £ = X(a) € dBg such that V,(X) = m,, i.e., where it
attains its maximum, to obtain
— {1 Y, }
my —m < max\ =, = .
- 0o 1-0
The estimates for ¥, derived in the proof of Theorem 3.7.4 provide a bound for

08Cop, Vo =My —m,. We combine this with estimates for the other two terms in the
expansion

TR
osc Vo < sup B [f Yeo(X,) dt
0

xeBg

+ osc V, + (sup aV, )sup Ele[tg]

dBr xeBg
to obtain a bound for oscg, V, similar to the one in (3.7.32). Finally, the bound
in (3.7.37a) is obtained by repeating the steps in the last paragraph of the proof of
Theorem 3.7.4. m]

3.7.3 The HJB equation in the stable case

We now embark on the study of the HIB equation in the stable case via the vanishing
discount approach. As seen in Theorem 3.4.7, the existence of a stationary Markov
control which is optimal with respect to the pathwise ergodic criterion (2.7.6) re-
quires the tightness of the empirical measures U defined in (3.4.5). The hypotheses
imposed in this section are weaker than Assumption 3.4.9 which guarantees tight-
ness of the family {¢V} (see Theorem 3.4.11). As a result, in this section we study
optimality with respect to the average formulation of the ergodic criterion in (2.7.7),
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and we agree to call a control U € U average-cost optimal if it attains the minimum
of (2.7.7) over all admissible controls.

On the other hand, uniform stability implies the tightness of the mean empirical
measures {Zfl} by Lemma 3.3.4, which in turn implies that every limit point of gt as
t — oo lies in 4. Therefore

1 [ _
liminf = f EY[e(X,, Uy)] ds = liminf f c(z,u) ZY (dz, du)
t Jo 1= JRaxy '

t—00

> min f cdm, YU e U,
RIXU

velgm

and it follows that, provided g, is uniformly stable, a stationary Markov control
which is average-cost optimal in the class gy, is also average-cost optimal over all
admissible controls. It is worth noting that if g, is uniformly stable, then we obtain
a stronger form of optimality, namely that

l T
0" < inf (liminf T f EY[e(X,, U)] dt). (3.7.40)
0

Uell T—c0

We start by showing some fairly general properties of the vanishing discount limit.
We need the following definition.

Definition 3.7.7 Let I, := {v € Uy, : 0, < o0}. Define
t, ~
P (x;0) := lim E! [f (ey(X) — 0) dt} , V€ Ugm,

Y*(x;0) = hmmf inf E! [f (ev(X)) — 0) dt}

vellym

provided the limits exist and are finite.
In the next lemma we do not assume (3.7.1), nor do we assume that U, = Wgy,.
Lemma 3.7.8 The following hold:

(1) Suppose o* < oo. Then for each sequence «,, | O there exists a further subse-
quence also denoted as {a,)}, a function V € C*(RY) and a constant o € R such
that, as n — oo,

@, Ve, (0) > 0 and Vo, = Vo = Vo (0) >V,
uniformly on compact subsets of RY. The pair (V, o) satisfies
min [£'V(x) + c(x,u)] =0, xeR?. (3.7.41)
Moreover,
V) < ¥ (x0, o050,
and for any r > 0, we have

V(x) = —o"limsup E}* [¥,] —sup V V¥x € B, (3.7.42)
al0 B,

where {v, : 0 < @ < 1} € Uy, is a collection of a-discounted optimal controls.



3.7 The stable case 135

(i) If ¥ € U and oy < oo, then there exist V € ”//ljcp RY), forany p > 1, and o € R,
satisfying

LV+e=0 inRY,

and such that a'JfZ(O) — 0 and Jf, - JZ(O) >V, asa O, uniformly on compact
subsets of R%. Moreover,

V(x) = ‘Pﬁ(x; 0) and O =05.

Proof By Theorem 3.7.6, aV,(0) are bounded, and V,, = V,, — V,(0) are bounded
in #2>P(Bg), p > 1, uniformly in a € (0, 1). Therefore we start with (3.5.10) and
applying Lemma 3.5.4 we deduce that V,, converges uniformly on any bounded
domain, along some sequence a, | 0, to V € C*(RY) satisfying (3.7.41), with o
being the corresponding limit of @, V,, (0).

We first show o < p*. Let v, € Uy, be an e-optimal control and select R > 0 large
enough such that i, (Bg) > 1 — &. Since V,, < J;*, by integrating with respect to 7,
and using Fubini’s theorem, we obtain

*

+ &

(inf Va)m,, (Br) < f V() 7, (dx) < f T, (dx) < &
Bg R R4

Thus

inf v, < &8
Bg a(l —¢)

and since V,(0) — infp, V, is bounded uniformly in @ € (0, 1), we obtain

"+
o <limsup aV,(0) < @ +e .
@l0 (1-9

Since € was arbitrary, o < 0.
Let v, € U, be an a-discounted optimal control. For v € 1y, define the admis-
sible control U € U by

v ifr <1, AR,
U[ =
v, otherwise.

Since U is in general sub-optimal for the a-discounted criterion, using the strong
Markov property relative to the stopping time %, A T, we obtain for x € Bg \ B,,

Va(x) <BY [ f e ™e(X;, Uy) dt}
0
T, ATR .
=F’ [ f e e, (X)) dt + e TRV (Xe ar) | - (3.7.43)
0

Since v € Uy, applying Fubini’s theorem, fRd aJ,(x)n,(dx) = o, < co. Hence, J},

> @

is a.e. finite, and by Theorem A.3.7 and Remark A.3.8, since V,, < J;, we have

B} [ ™ Vo (Xe,) 1T, 2 Tr) | < B[ ™V} (Xe,)] —— 0 (3.7.44)
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for all v € Uy,. Decomposing the term e "™V, (X 1,) in (3.7.43), then taking
limits as R — oo, applying (3.7.44) and monotone convergence, and subtracting
V,(0) from both sides of the inequality, we obtain

Vo) < B [ f e e,(X,) - aVa(0)] di
0

+ B e Vo(Xe,)| (3.7.45)
for all v € Ug,. We write (3.7.45) in the form
T o
Vo(x) < EY} [ f e e (X)dt + e Vo (Xg,) - Va(O)]
0

- E} [ f Ve - 0) dr] + B[ Va(Xz) = Va(0)]
0

+Ea”!(1- e )]0 - aVa(Xs,)]]. (3.7.46)

Since [0 — @V,(0)] = 0 as @ — 0, and V, — V,(0) is bounded on compact sets
uniformly in @ € (0, 1) by Theorem 3.7.6, we obtain supg lo —aV,| > 0asa — 0.
Also,

E[o7'(1-e™)| <ELIR] .

Thus, letting @ — 0 along the subsequence {a,}, (3.7.46) yields

V(x) <E [ f (X)) — o) di + V(X%r)] Vv e g . (3.7.47)
0

Since V(0) =0,

limsup sup E.[V(Xx)]=0.
rl0 vEflsgm

Therefore

t,

V(x) < liminf inf E} [ f (cv(Xy) — 0) dt] .
rl0 VEUgm 0

Thus V(x) < ¥*(x;0). In order to derive the lower bound for V, we let v = v, to

obtain

Va(x) = B [ f e (e, (X)) — o) di| + Ey[Va(Xx,)|
0

+Er a7 (1-e )0 — aVa(Xe)]|, xeB. (3.748)

It follows by (3.7.48) that
Vo(x) 2 =B} [t] —sup V, - (sup lo - aVal) B [,]
B, B,

> — (Q* + S};p |g - aVa|) sup EV[T,]- sgp V, VYx e B, (3.7.49)

velgm
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Taking limits as @ — 0 in (3.7.49) along the convergent subsequence yields (3.7.42).
This completes the proof of (i).

If o < oo, then using the bounds in Theorem 3.7.4 along with Lemma 3.5.4 and
Remark 3.5.5 it follows that J§ —J} (0) and e, J}, (0) converge along some sequence
@, — 0to V and 9, respectively, satisfying £V + ¢; = 0. Since (3.7.45) and (3.7.46)
hold with equality if we replace V, with Jf,”, o with 9, and v with ¥, letting a,, — O,
we obtain

V(v =B [ f " (e X0) - o) de + V(X)) (3.7.50)
0

Taking limits in (3.7.50) as r — 0, yields V= ¥i(x; 0). By (3.7.50) and Corol-
lary 3.7.3, we have

) BN
lim " E\[V(X,)] = 0.
—o0
Therefore, applying 1td’s formula to £V + ¢; = , dividing by ¢, and taking limits
as t — oo, yields o = g;. This completes the proof of (ii). )

Definition 3.7.9 For v € 1, we refer to the function V(x) = ¥"(x;0,) € %jcp RY)
as the canonical solution of the Poisson equation L"V + ¢, = o, in R?.

Theorems 3.7.11 and 3.7.12 below assume (3.7.1). In other words, we assume that
1 + ¢ is uniformly integrable with respect to {7, : v € Ugp}. Note that Assump-
tion 3.7.1 is equivalent to the statement that v — o, is a continuous map from Uy,
to R;. Theorem 3.7.12 asserts the uniqueness of the solution of the HIB equation in
a certain class of functions which is defined as follows:

Definition 3.7.10 Let 7 be the class of nonnegative functions V € C*(RY) satisfy-
ing (3.7.3) for some nonnegative, inf-compact function 4 € €, with 1 + ¢ € o(h). We
denote by o(¥") the class of functions V satisfying V € o(‘V) for some V € 7.

Theorem 3.7.11 Assume (3.7.1) holds. Then the HIB equation
min [LV() +c(rw)] =g, xe R?, (3.7.51)
ue

admits a solution V* € C*[RY) N o(¥) satisfying V*(0) = 0, and with o = o*.
Moreover, if v € Uy, satisfies

b (x) B;V*(x) + ¢y (x) = min [P oV @) +cow|  ae, (3752

then

Uell T—oo

1 T
o =¢" = inf liminf — BY [ f ¢ (X, Uy) dz] . (3.7.53)
0

Proof The existence of a solution to (3.7.51) in C%(RY) with o < o" is asserted by
Lemma 3.7.8. Combining (3.7.42) and (3.7.47) we obtain

Vol < sup E [ f " (X)) + o) di
0

VE€Ugm

+sup V Vx e BS.
B,
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Hence V € o(¥) by (3.7.4). Suppose v* € g, satisfies (3.7.52). By Dynkin’s for-
mula,

tATR

EY [V(Xine,)] = V(x) = EV [ L7V(X,) ds]

0
=E; [ f h [0 — ¢ (X))] ds] . (3.7.54)
0

Taking limits as R — oo in (3.7.54), by applying (3.7.6) to the left-hand side, decom-
posing the right-hand side as

. N INTR
QEi [t A TR] - E; |:f Cyx (Xv) dS:| P
0

and employing monotone convergence, we obtain

E) [V(X)] - V(x) = E} [ f [o— ¢ (Xy)] ds} ) (3.7.55)
0

Dividing (3.7.55) by ¢, letting t — oo, and applying (3.7.5), we obtain o,» = o, which
implies 0" < p. Since o < p*, we have equality. One more application of Itd’s formula
to (3.7.51), relative to U € U, yields (3.7.53). O

Concerning uniqueness of solutions to the HIB equation, the following applies:

Theorem 3.7.12 Let V* denote the solution of (3.7.51) obtained via the vanishing
discount limit in Theorem 3.7.11. The following hold:

(1) V*(x) = P*(x;0%) = ¥7(x;0%), for any average-cost optimal ¥ € Uggp,;
(il) v € Uy, is average-cost optimal if and only if it is a measurable selector from
the minimizer: mi{jl [LV*(x) + c(x, )],
ue
(iii) if a pair (V,3) € (C*(RY) N o(¥)) x R satisfies (3.7.51) and V(0) = 0, then
(V,0) = (V*,0").
Proof By Lemma 3.7.8 (i), since V* is obtained as a limit of Va,, as @, — 0, we have
V* < P*(x;0), and by Theorem 3.7.11, o = o*. Suppose ¥ € U, is average-cost
optimal. Let Vewr (RY), p > 1, be the canonical solution to the Poisson equation

loc

L'V + ¢y = 0y in RY. By the optimality of $, we have o; = o*. Hence,
LV =V)20 -0:=0
and
Vi) = V() < P (o) - V(x50 < 0.
Since V*(0) = V(0), the strong maximum principle yields V* = V. This completes
the proof of (i) — (ii).
Now suppose (V,d) € (C2(RY)No(#))xR is any solution of (3.7.51), and ¥ € U,

is an associated measurable selector from the minimizer. We apply Dynkin’s formula
and (3.7.6), since V € o(‘V), to obtain (3.7.55) with V, ¥, and § replacing V, v*, and
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o, respectively. Dividing by ¢, and taking limits as ¢+ — oo, using (3.7.5), we obtain
oy = 0. Therefore o < @. One more application of Itd’s formula to (3.7.51) relative
to an average-cost optimal control v* € gy, yields

EY [V(X)] - V() > B [ f [6 - cv (X)) ds] : (3.7.56)
0

Once more, dividing (3.7.56) by ¢, letting ¢t — oo, and applying (3.7.5), we obtain
0 < 0*. Thus g = o*. Next we show that V > ¥*(x; 0*). For x € RY, choose R > r > 0
such that < |x| < R. Using (3.7.51) and Dynkin’s formula,

V(x)= B [ fo T eoX) — ) di 4 VXTI, < )
+V(Xe) 1%, 2 r}| . (37.57)
By (3.7.8),
B’ [V (X<,) Titr < )] ko EL[%]+ V(x) ¥y € g . (3.7.58)
Since V € o(V), (3.7.58) implies that
sup BY [V (Xx,) Tite < %} — 0.

vellgm R—00

Hence, letting R — oo in (3.7.57), and using the monotone convergence theorem and
Fatou’s lemma, we obtain

V(x) > E [ f " (es(X) - 0") dr + V(Xf,)]
0

+inf V.
B,

velgm

> inf E [ f (en(X)) - o) dr
0

Next, letting » — 0 and using the fact that V(0) = 0 yields V > ¥*(x; 0*). It follows
that V* — V < 0 and L7(V* — V) > 0. Therefore, by the strong maximum principle,
V = V*. This completes the proof of (iii). O

Let v € Uy and let (V,h) € C*(RY) x € be a pair of inf-compact functions
satisfying the Lyapunov equation L'V (x) < ko — h,(x), with kg € R. Theorem 3.7.12
implies that if ¢ € o(h), then there exists a unique solution V € %jf R N o(V) to
the Poisson equation L'V + ¢, = g, in R? and V agrees with the canonical solution
¥"(x; 0,) in Definition 3.7.9.

In what follows, we relax Assumption 3.7.1. Provided Ugy, is uniformly stable and
oy < oo for all v € Uy, we establish the existence of an average-cost optimal control
in Ugg.

Corollary 3.7.13  Suppose that Uy, is uniformly stable and that o, < oo for all
v € Ugy. Then the HIB equation in (3.7.51) admits a solution V* € C*RY) and
o € R. Moreover, o = 0%, and any v* € Uy, is average-cost optimal if and only if it
satisfies (3.7.52).
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Proof By Lemma 3.7.8 (i) (which does not use Assumption 3.7.1), we obtain a
solution (V, 0) to (3.7.51), via the vanishing discount limit, satisfying o < o* and
V(0) = 0. Decomposing V into its positive and negative parts as V = V¥ — V™ in
(3.7.54), we obtain

—EBY [V (Xiae)] = V(x) < 0B [t A Tg] — EY [ f ' e (Xs) ds] . (3.7.59)
0

By uniform stability there exist nonnegative inf-compact functions V € C*(R?) and
h: R — R,, which is locally Lipschitz, and a constant k, satisfying

max LYV(x) < ko — h(x) Vx e RY.

Since for any fixed r > 0, sup,¢_ E}[T,] € o(V), it follows by (3.7.42) that
V= € o(‘V). Therefore, if v* is a measurable selector from the minimizer in (3.7.51),
then by Lemma 3.7.2, we have

Jim B[V (X)) = By [V (X0)]
and

1 _.
lim " El [V '(X)]=0.
t—o0
Thus, dividing (3.7.59) by ¢ and taking limits, first as R — oo and then as t — oo, we
obtain
1_.[r
0 <o —limsup n E} [f o (X5) ds] .
f—oo 0
Hence p,+ < g, and it follows that o = p*.
To prove the second assertion, suppose that ¥ € Uy, is average-cost optimal in Ugp,.
Let V = ¥7(x; 0;) be the canonical solution to the Poisson equation L'V + ¢; = 05.
By optimality o; = o*. Thus

LV =V)>0" -0, =0.
Also, by Lemma 3.7.8,
Vi(x) £ V¥ (x;0%).

Hence V* — V < 0, and since V*(0) = V(0), the strong maximum principle yields
V* = V. Thus L'V* + ¢; = o*, and the proof is complete. O

We can improve the results in Corollary 3.7.13 by relaxing the hypothesis that
Ugem = Uggn and thus allowing for the existence of stationary Markov controls that
yield infinite average cost. In the proof of the theorem below we use the fact that,
provided ¥ is tight, and therefore also compact, the map v — 7, from U, to ¢ is
continuous by Lemma 3.2.6 (b). It follows that v — o, is lower-semicontinuous and
therefore also inf-compact.
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Theorem 3.7.14  Suppose Uy, is uniformly stable. Then the HIB equation (3.7.51)
admits a solution (V*, 0*) with V* € C*(RY). Moreover; a stationary Markov control
is average-cost optimal if and only if it is a measurable selector from the minimizer

min |6/, ) 0,V (x) + c(x, w)|. (3.7.60)

Proof The existence of an optimal ¥ € Uy, is clear from the remarks in the
paragraph preceding the statement of the theorem. For n € N define the truncated
running cost ¢" := min{c,n}. Since ¢" is bounded and U, is uniformly stable,
Assumption 3.7.1 holds. Hence by Theorem 3.7.11, for each n € N, there exist
Vi, 0n) € CE(RY) x R, with V,,(0) = 0 which solve

m%) [£'V,(x) + "(x,u)] = 0,, x€RY.
ue

The conclusions of Theorem 3.7.12 also hold. It is evident that o, < o*. Therefore,
since also infyey,, 7,(Bgr) > O for any R > 0 by uniform stability, Theorem 3.7.4
implies that there exists a constant C = C(R), such that

Vall 2z <CR) ¥neN, VR>0.

Applying Lemma 3.5.4, we deduce that V,, — V* € C*(R%), uniformly over compact
sets, 0, — 0, as n — co (over some subsequence), and that (V*, o) solve (3.7.51).
Clearly, o < o*.

On the other hand, by (3.7.42) we have

Vu(x) =2 —0, sup E}[%,]- sup v, VxeB., VneN.

v€lm

Taking limits as n — oo, it follows that V* satisfies

V*(x) = —0" sup EV[T,]—supV VYxeBS, VneN,
vEUgm
and as shown in the proof of Corollary 3.7.13 this implies that o = o*, and that any
measurable selector from the minimizer of (3.7.60) is average-cost optimal. It is also
straightforward to show that V*(x) < ¥*(x; 0*). Therefore, any average-cost optimal
stationary Markov control is necessarily a measurable selector from the minimizer
in (3.7.60), as shown in the last paragraph of the proof of Corollary 3.7.13. O

By Lemma 3.7.8, provided o* < oo, there always exists a solution V € C*(RY)
to the HIB equation (3.7.51) with o < o*. It also follows from the proof of Corol-
lary 3.7.13 that if

1
liminf — ]EV [V (X)] =0,

t—oo

where v € U, satisfies (3.7.52), then o = p* and, provided v* is stable, it is
average-cost optimal. Conversely, as shown in the last paragraph of the proof of
Corollary 3.7.13, if v* € Uy, is average-cost optimal, then it necessarily satisfies
(3.7.52). As a result, we can relax the hypothesis that g, = Uy, and assert the
following.
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Theorem 3.7.15  Suppose that o* < oo, and that over some sequence {a,} C (0, 1),
converging to 0 as n — oo, the functions V, , n € N, are all bounded below by
some constant My. Then the HIB equation in (3.7.51) admits a solution o = o* and
V* € C*(RY), and a stable stationary Markov control v* is average-cost optimal if
and only if it satisfies (3.7.52).

Concerning the optimality of the control v* € Uy, in Theorem 3.7.15 a standard
application of a Tauberian theorem, which asserts that for all U € U

Oy = ‘Q* = llm Sup a’nVan(x)

n—oo

< limsup a, f e ™ EY [e(X,, Up]dt
0

n—oo

l T

<limsup — | EY[&X,, U)ldr,
T—o00 T 0

shows that v* is in fact average-cost optimal over all 2. Compare this with the

stronger form of optimality in (3.7.40) which holds under the hypothesis that g,

is uniformly stable.

Remark 3.7.16 The hypothesis that the running cost is bounded below can be re-
laxed. If this is the case, we modify Assumption 3.7.1 by replacing ¢ with |c| in the
integral of (3.7.1). Then the conclusions of Theorems 3.7.11 and 3.7.12 continue
to hold. More general statements are also possible. For example, if we require that
¢~ satisfies Assumption 3.7.1, then the conclusions of Corollary 3.7.13 and Theo-
rem 3.7.14 hold.

3.7.4 The HJB equation under a strong stability condition

We investigate the HIB equation (3.7.51) under the Lyapunov stability condition
(L2.3) on p. 61. We need the following lemma.

Lemma 3.7.17 Let V satisfy (2.5.5). Then for any v € Uy, and any bounded
domain D,

f V(x)n,(dx) < — 2k (3.7.61a)
hm — E [ V(X)] = YxeR?, (3.7.61b)
and
(D°)
E [ VX, dt} e O(V). (3.7.61¢c)
0

Proof Dividing (2.5.11) in Lemma 2.5.5 by ¢ and taking limits as ¢ — oo yields
(3.7.61b). Also, integrating (2.5.11) over [0, 7], dividing by ¢, and taking limits as
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t — oo yields (3.7.61a). With R > 0 large enough so that x € Bg, applying Dynkin’s
formula, we obtain

T(D)ATR
EY V(X)) — V(x) < E; [f (ko = 2k1 V(X)) de]| .
0

Therefore
T(D)ATR 1 kO
E f V(X)) dt| £ —V(x) + —— E[T(D) A tr]. (3.7.62)
0 2k 2k,
It is evident that B’ [T(D°)] € O(V). Therefore, taking limits as R — oo in (3.7.62),
(3.7.61c¢) follows. m]
Suppose that

x> max c(x,u) € O(V).
uelU

It follows by Lemma 3.7.17 and Theorems 3.7.11-3.7.12 that the HIB equation
(3.7.51) admits a unique solution V* € C*(RY)NO (V) and o € R, satisfying V(0) = 0.
Moreover, V* has the representation in Theorem 3.7.12 (i) and the necessary and suf-
ficient condition for optimality in Theorem 3.7.12 (ii) holds.

3.7.5 Storage functions

In this section, we point out connections between the foregoing theory and the notion
of storage functions (to be precise, a stochastic counterpart thereof) arising in the
theory of dissipative dynamical systems [120].

Definition 3.7.18 A measurable function V: R? — R is said to be a storage func-
tion associated with a supply rate function g € C(RY x U) if it is bounded from below
and V(X,)+ fot 2(X,, Uy)ds, t > 0,1s an (F¥)-supermartingale for all (X, U) satisfying
(2.2.1).

The storage function need not be unique. For example, we get another by adding
a constant. Suppose that g € C(R? x U) is such that the map

!
x + inf sup EY [f 8(X;, Uy) ds]
>0 yex 0

is bounded below in R¢. We define

!
Vo(x) := liminf sup Efcj [f 2(Xs, Uy) ds] , xeR?.
0

=0 yen

Lemma 3.7.19 If'V, is finite, then it is a storage function.
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Proof Fort >0,

T
Ve(x) = liminf sup EY [ f 3(X,, Uy)ds

T—eo  yen

= liminf sup EY U 2(X,, Ug)ds + Sup EY [f 2(X,, U )ds”
Uy t

— Upg 0

> sup EY U g(X,. Us)ds + lim inf sup EY [f (X, U )ds”
0 Ut

Upon

= sup EY [ f 8(X,, Uy ds + vg(x,)] , (3.7.63)
Uel 0

where the second equality in (3.7.63) follows by a standard dynamic programming
argument, and the inequality by Fatou’s lemma. Let 0 < r < ¢. Since by Lemma 2.3.7
the regular conditional law of (X 06,, U 06,) given ’{f;f is again the law of a pair (X, U)
satisfying (2.2.1) with initial condition X, a.s., using (3.7.63) we obtain

i‘x*} = f , 8(X,, Uy)ds
0

!
EY [ f 8(X,, Ug)ds + V(X))
0

U
+ EX'

!
f 2(X,, Uy ds + Vo(Xo)

< f 23X, Ug)ds + V(X)) .
0
It follows that

!
f (X5, Ug)ds + Vo(Xy), 120,
0

is an (§)-supermartingale. Since also by definition V, is bounded below, it is a
storage function. O

We now discuss an ergodic control problem which involves maximization of the
average reward. Let 1: RYxU be a nonnegative, continuous function, which is locally
Lipschitz in its first argument uniformly in the second. We wish to maximize over all
admissible U € U the reward

t—00 t

!
lim inf 1 f EY[A(X,, Uy)]ds . (3.7.64)
0

Let k* denote the supremum of (3.7.64), and suppose k* is finite. Under suitable
conditions, this problem has an optimal stationary solution.

Definition 3.7.20 A measurable map : R — R is said to be a value function for
the optimal average reward problem in (3.7.64) if for all (X, U) satisfying (2.2.1), the
process

a,b(X,)-i—f[l_z(Xx, Uy)—k'lds, t>0,
0
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is an (&)-supermartingale and is a martingale if and only if (X, U) is an optimal
pair.

Proving a martingale dynamic programming principle amounts to exhibiting a
value function ¢. The following lemmas establish the link with storage functions.

Lemma 3.7.21 Ify > 0 is as in Definition 3.7.20, then \ is a storage function for
g=h—-k"

This is immediate from the definition. Note that if i is a value function, so is Y +C
for any scalar C. In particular, there exists a nonnegative value function whenever
there exists one that is bounded from below.

Going in the other direction, we have

Lemma 3.7.22 If'V, is finite a.e. for g = h — k%,
!
Vo(X:) + f [A(X,, Uy) —k*]ds, t>0, (3.7.65)
0

is an (FX)-supermartingale for all (X, U) as in (2.2.1). Moreover, provided (X, U) is
a stationary solution and V,(X;) is integrable under this stationary law, then (X, U)
is optimal if and only if the process in (3.7.65) is a martingale.

Proof The first claim is immediate. For stationary optimal (X, U),

E [V (X0)] 2 f E[R(X,, U;) - k'] ds + B[ Vo(X)] -
0
Hence
0> E[h(X,,Uy)] - k.

But since (X, U) is stationary, the corresponding reward

| -
lim sup Tf E[h(X;, Ug)]ds
0

T—co

in fact equals E [A(X;, Uy)]. Since it is optimal, this equals k*, so equality must hold
throughout, which is possible only if

f
Vg(x,)+f[ﬁ(xs, U)-k]ds, t>0,
0

isin fact an (FX)-martingale. The converse easily follows by the same arguments. O

Now suppose that the Lyapunov stability condition (L.2.3) on p. 61 holds, and that
h € € (see Assumption A3.5.1) is an inf-compact function which satisfies

X maS( h(x,u) € O(V). (3.7.66)
Uue
By Corollary 3.3.2,
k* := sup f h(x,u) m,(dx, du) < oo . (3.7.67)
vely, JRIXU
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Then by Theorem 3.7.4, for each fixed & > 0, J), is bounded in # 2P(Bg), p>1,
for each R > 0, uniformly over v € Ugy,. Thus we can use Lemma 3.5.4 in the
same manner that we did for the minimization problem to show that the function
Fo(x) :=sup, Jo(x) satisfies

ssm

max [LYFo(x) + h(x,u)] = aF(x). (3.7.68)

Moreover, F, is the minimal nonnegative solution of (3.7.68) and v € Uy, is optimal
for the maximization problem if and only if it is a measurable selector a.e. from
the maximizer in (3.7.68). On the other hand, again by Theorem 3.7.4, the function
F, := F,—F,(0)is bounded in #%?(Bg), p > 1, and x — aF,(x) is bounded in Bg,
uniformly in @ € (0, 1) for any R > 0. Passing to the limit in (3.7.68) as @ | 0 along
a subsequence we obtain a solution V € C?(R%) to the equation

max [£V(x) + h(x,u)] =k (3.7.69)

by Lemma 3.5.4. In this case k > k*. As in the proof of Lemma 3.7.8, for any r > 0,
we have

Fo(x) =B [ f , e " (hy,(X;) — k)dt
0

+ B[ FalXs,)]

+ Bl (1 - e )k - aFo(Xe)]], x€B. (3.7.70)

Taking absolute values in (3.7.70), then strengthening the equality to an inequality
and passing to the limit as @ — 0, we obtain

[V(x)| < sup E} [ f) (. (X)) + k) di
(

vellg,

+sup V, xeB. (3.7.71)
B,

Since h € O(V), it follows by (3.7.61c) and (3.7.71) that V € &(V). Thus, following
the method in the proof of Theorems 3.7.11-3.7.12, using (3.7.61b) and (3.7.68),
we verify that completely analogous optimality results hold for the maximization
problem. It is also clear that V is bounded below in R?. Indeed, one can either repeat
the argument in the proof of Lemma 3.6.1 to show that

Argmin F, C {x e R : min h(x,u) < k*} ,
R4 uelU

or choose to argue that if r > 0 is large enough so that min,cy h(x,u) > k* for
x € B¢, then the first term on the right-hand side of (3.7.70) is bounded below by the
nonnegative inf-compact function

velg,

T,
x> inf E! [ f e_’(hV(X,)—k*)dt}
0

for all @ € (0, 1), while the other two are bounded uniformly in @ € (0,1). As
a result, V is inf-compact. It follows that V is a storage function with supply rate
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g = h —k*. Let v* be a measurable selector from the maximizer in (3.7.68). Then
since V € O(V), it holds that [V dp, < e by (3.7.68). Let
Ko :=limsup inf EY [V(X))] .
t—o0 Uell
The constant Kj is finite by (2.5.11). Using these properties and (3.7.69) it easily
follows that V, is well defined and satisfies

V(x) - f Vdp,. < V() < V(x) - Ky, xeR?. (3.7.72)

Hence V, € O(V). Let v € Uy, be a measurable selector from the minimizer in
(3.7.69). Since for the controlled diffusion under v* with X, = x € R? the process
V(X;) is an (FX)-martingale, while V,(X;) is an (F)-supermartingale, it follows that
M, = V(X;) — V,(X,) is an (&f)-submartingale. Consequently, since it is bounded
by (3.7.72), M, converges a.s. as t — oo. Since V(x) — V,(x) is integrable under the
invariant probability distribution 7,-, the limit must be a constant a.e. Therefore V
and V, differ by a constant a.e. We have proved the following.

Theorem 3.7.23 Let the Lyapunov stability condition (L2.3) hold, and let h € € be
an inf-compact function satisfying (3.7.66). Define k* by (3.7.67) and set g = h — k*.
Then V, — minge Vg is a.e. equal to the minimal nonnegative solution in C*(RY) of
(3.7.69).

3.8 One-dimensional controlled diffusions

In this section we specialize the results of the previous sections to one-dimensional
diffusions. We exhibit explicit solutions for the optimal control when d = 1.

For v € Uy, let ¢, denote the density of the corresponding invariant probability
measure 77,. Then ¢, is the unique solution of

L@ @) = (by(X)py(x)) =0,
©, >0, fmgov(x)dle.

If we define

_ £ 2b,(y)
Pl = exp (fo 20 ¥ )

<. [CBW

" ) 02()

(3.8.1)

dx,

¢, takes the form

Bu(x)
K,02(x) "

Also, a stationary Markov control v is stable if and only if K, < co.

‘Pv(x) =
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Let the cost function c¢: R X U — R, satisfy the near-monotone Assumption 3.4.2.
Recall that for v € Uy,

0= f (X ()
R

and

o= inf p,.

velIssd

Let v € Ugq and X the corresponding state process. For xy € R, let

%, =inf {t>0:X, = x). (3.8.2)
Lemma 3.8.1 For x < xo,
. ody [ (Y BR)
E' [t ]=2 dz|, 3.8.3
o[l f ﬁv(y)[ 0 02(2) Z] G:8.3)
while for x > xy,
. “dy [ B0
E! [%,] =2 dz| . 3.84
[Tl f ﬁv(y)[ 20 Z] 384)

Proof Foryy < x < xporxy <x<yplet
8 (x) = B [y, A%y, | -
Then gy, (x) is the unique solution to

162 (0gl, (x) + by(0gl, (x) = -1,
(3.8.5)
g)’o(XO) = gyo(yo) =0.

Solving (3.8.5) and letting yp — —oo or yy — oo, we obtain (3.8.3) or (3.8.4), respec-
tively. O

The HIB equation when d = 1 simplifies to the following second order nonlinear
ordinary differential equation:

%Gz(x)V"(x) + HlElI[IJ) [bCx, )V’ (x) + c(x,u)] = 0. (3.8.6)
Let
G:={Vel®): inf V> —c0, V(0) = o}

and

H:=G X (-0,0"].

Theorem 3.8.2 Under the near-monotone Assumption 3.4.2, (3.8.6) has a unique
solution (V,p) in the class H. This solution satisfies 0 = o*. Moreover, a control
v € Ugy, is optimal if and only if

b,(x)V'(x) + cp(x) = HEEII) [6Ce, )V (%) + c(x, u)] .
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Proof Letv* be a stable stationary Markov control which is optimal. With 8 = g,
define

0 g « .
5 [ &S (@ - dz| ifx<0,
V(x):=
2 [ [ B -oad] itrzo.

By direct verification we can show that V" is continuous and satisfies
37OV () + b0V (x) + c,(x) =

Then by the Dynkin formula, with ¥, as defined in (3.8.2), V has the stochastic
representation

V(x) =B [ f h [ev (X)) = 0°] dt} : (3.8.7)
0

Clearly, V(0) = 0. In order to show that V € G it suffices to prove that infg V > —oo.
Choose £ > 0 and R, > 0 such that

& < liminf Hl%l c(x,u)— 0",

|x| >0

and
& <min c(x,u)— 0", if|x]>R,.
uelU

Let
=inf {r>0:|X;| < R.}.

Then, for |x| > R., by decomposing the integral in (3.8.7) and applying the strong
Markov property, we obtain

V(x) > E/ [ f [ey (X)) — 0] dt| + mf E” [ f o (X)) — 0" dt] (3.8.8)
0

Since v* is stable, the second term in the right-hand side of (3.8.8) is bounded uni-
formly in x € R. Also, the first term is bounded below by e E [%]. Also, for any
T >0,

P(t<T)<P ( sup |X; — x> > (Ix] - Rs)z)
0<t<T

Cr

<—— —
(Ix] = R,)* W
for some constant Cr, thus implying, since 7 is arbitrary,

lim inf Ev [T] =

|x|—00

Therefore V(x) — oo as |x| — oo, and in particular infg V > —oo. m|
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3.8.1 Non-uniqueness of solutions of the HJB equation

We show via an example that under the near-monotone hypothesis the HIB equation
can in general admit multiple solutions (V, o) with V bounded below and ¢ > o*, even
though the Markov controls that are selectors from the corresponding minimizers are

all stable.

Example 3.8.3 Consider the controlled stochastic differential equation

dX[:Utdt“Fth, X():X,

where U, € [—1, 1] is the control variable. Let c(x) = 1 — e ™™ be the running cost
function. Clearly, the near-monotone property holds. The HIB equation (3.8.6), re-

duces to

%V%m+n?uuwun+dm=g,

which is equivalent to
V() =V (@) +cx) =0.

Let ¢ be defined by

c(x) = 2[ ez(y*x)c(y) dy, xeR.

00

The following properties can be easily verified:
(i) ¢(—x) > c(x) > ¢&(x) for all sufficiently large positive x.

(i) &'(x) = 2[c(x) - &(x0)].

1-2e ifx<0,
(iii) (x) =41 ifx=0,
1-2e™+%e™ ifx>0.

(3.8.9)

(@iv) c(log %) = é(log %) Also, ¢ is strictly decreasing in (—oo, log %) and satisfies

¢ > c, and it is strictly increasing in (log %, 00), satisfying ¢ < c.

W) lim () = lim o) = 1.

(vi) The function ¢(x) + ¢(—x) has a unique minimum, which is attained at zero, and

this minimum value is %

Consider the Markov control v*(x) = —sign(x). This is a stable control and the

corresponding invariant probability measure is given by
My (dx) = e 2Mldx
Also,
oy (dx) = foo c(X)ny(dx) = 1,
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implying that o* < % Let o = &, be the map from [!/3,1) to (o0, 0], defined by
¢ =o,ie.,

3
&, = log 3 + log(1 — o).
Define
X Y
Vo(x) = 2f ez‘y_‘f@'dyf e 2 %l(o - c(z))dz, xeR.

Direct verification shows that VQ is C% and

Ly - V/(x) + c(x) = x€eR. (3.8.10)

—&
| =&l ¢

Also, the derivative of V,, evaluates to

Vi(x) = 2626 f el (o — c(y)) dy

{g — %) if x<&,,

2 (o — e(=&,)) + (e(—x) — o) ifx> &,

{g(ex_egg) ifx <&,
(3.8.11)

2e2%e~6o(1 — efo) + (&(—x) — 0) ifx>¢,.

We claim that V, < 0 in (=00, &,), and V; > 0 in (&, c0). It follows by (3.8.11) that
V, < 0in (=e0,&), V5(&) = 0 and V; > 0 in [-log(1l — @), o). On the other hand,
since V4 (&,) = 0, decomposing the integral in (3.8.11) we obtain

Vo(x) = 262("‘59)f e 20 %) (0 - c(y)dy, & <x<-—log(l-p).
&

Since o > ¢(x) for x € (&, —log(l — ©)), it follows that V(x) > 0 on this interval.
This settles the claim. Therefore, by (3.8.10), we obtain

%Vé’)’(x) = V(I +c(x) = 0, Yoel[l/3 1), (3.8.12)

and thus the HJB equation (3.8.9) admits a continuum of solution pairs (V,, 0), which
satisfy infgp V,, > —oo, for /3 < o < 1. The stationary Markov control corresponding
to the solution pair (V,, 0) of the HIB in (3.8.12) is given by v,(x) = —sign(x — &,).
The controlled process under v, has invariant probability density ¢,(x) = e WGl A
simple computation shows that

f e (dx=0- 31 -0)Bo—- 1 <o, Voe(31).

Therefore, if o > 1/3, then V,, is not a canonical solution of the Poisson equation
corresponding to the stable control v,, and it holds that

B[V, (X,
lim [ f( Bl

t—00

=31-0Bo-1), VYxeR.
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Now, consider the solution of (3.8.12) corresponding to o = % We obtain
Vis(x) = 2(e™™ + x| - 1).
Therefore Vi, is integrable with respect to 7,- and it follows that

. EU[Vis(X)]
hm B

t—00 t

=0 VxeR.

An application of Itd’s formula yields

N . 1
lim — E} cXyds|==.
t—oo 0 3

We need to show that v* is optimal. Let v be any stable Markov control. For an
arbitrary x’ > 0 define

V) = {v(x) if x € (=¥, ),

—sign(x) otherwise.

It is evident by (3.8.1) that K, < K,, and hence ¢, > ¢, on (—x’,x"). As a result
ov < oy, Which implies that any optimal control equals v* a.e. Therefore v* is optimal
and 0" = 1.

3.8.2 The upper envelope of invariant probability measures

Suppose Uy, = Ugm. Let v and v be measurable selectors satisfying

v(x) € Arg max {sign(x)b(x, u)}
uelU

v(x) = Arg min {sign(x)b(x, u)} .
uelU

It follows by (3.8.1), that
Bu(x) < B,(x) < Br(x) VYxeR, VYvely,,
and as a result
0<K, <K <Ky<o Yv e Uy, .
Therefore

K5
wu(x) < Eg&v(x) VxeR, Vvelg,. (3.8.13)

Hence, (3.8.13) implies that the upper envelope of 7 is a finite measure, in particu-
lar that J7 is tight.
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3.9 Bibliographical note

Sections 3.2, 3.4 and 3.6. We follow primarily [28] which essentially builds upon
[37, 39]. We extend the results to unbounded data for the controlled diffusion, and
unbounded costs. See also [17] for an example of an unbounded control space.

Sections 3.3 and 3.7. These are based on [4] and [41] with corrections.

Section 3.8. See [15, 16].
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Various Topics in Nondegenerate Diffusions

4.1 Introduction

This chapter consists of several topics in nondegenerate controlled diffusions. In Sec-
tion 4.2 we study constrained and multi-objective problems. Section 4.3 deals with a
singularly perturbed ergodic control problem involving two time-scales. Section 4.4
gives a brief account of ergodic control in bounded domains and lastly Section 4.5
presents a detailed solution of a problem arising in practice.

4.2 Multi-objective problems

This section is devoted to the study of multi-objective optimal control. We first study
a class of constrained optimal control problems and then continue the analysis for
models endowed with multiple cost criteria.

4.2.1 Optimal control under constraints

The ergodic control problem with constraints can be described as follows. Let
ci:RIXU->R,, 0<i<C,

be continuous functions and m,,m; € Ry, 1 < i < ¢, given constants with m, < m;.
The objective here is to minimize

f codm (4.2.1)
RIXU
over Tt € ¢, subject to

ﬂiﬁf cdn<m, 1<i<¢.
RIXU

Let

H::{T[Eglmiﬁf C,‘dT[Sﬁ,‘,lSiSf}.
RIXU
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We assume that H is non-empty. Also, assume that

0o := inf f codm < 0. 4.2.2)
RIXU

TteH

As in the unconstrained problem, we consider two cases.

Assumption 4.2.1 (near-monotone) There are no lower constraints, i.e., m, = 0,
i=1,...,¢ Also

liminf min co(x, u) > 0o
U

|x|>00  ue

liminf min ¢;(x,u) >m;, i=1,...,¢.

|x|—o00  ueU

Assumption 4.2.2 (stable) ¥ is compact, and H closed, hence also compact.

Lemma 4.2.3 Under either Assumption 4.2.1 or 4.2.2, the minimization problem
(4.2.1) subject to (4.2.2) has a solution in H,, the set of extreme points of H.

Proof First note that under either assumption, H is closed and convex. Under As-
sumption 4.2.2 the result follows by compactness of H. Next, consider Assump-
tion 4.2.1. Let {71} be a sequence in H such that

f codm, L op asn— oo,
RIXU

Let A be the closure of H in 2(R? x U). Since H is compact, dropping to a subse-
quence if necessary, we may assume that 7, — 7 € H. We write 7 as

AA) = 671 (A N (RY x 1)) + (1 = 6) Aa(A N (oo} x T)) 4.2.3)

for A € BRY x U), where A} € (R xU), A, € P({oo} x U) and § € [0, 1]. We
first show that § > 0. Set my = 0y, and choose € > 0 and r > 0 such that

miul} cilx,uy2mj+e, forlx|>r, 0<j<C.
ue
Forn € N, let

o(x, By, )ci(x,u) + d(x, B,)(m; + &)
D(X, Bn) + b(x’ BZ+1)

i(x,u) = , 0<j<¢,

where, as defined earlier, d(x, A) denotes the Euclidean distance of the point x from
the set A. Observe that, by defining c’j’.(oo, u) = mj + &, it follows that c;?(x, u) has a
continuous extension on R¢ x U. Thus, for n > r,

;> liminf f c;dmy
RIXU

—00

> lim " dmy,
k—oo  JRdwy /

=5f chdfty + (1 - ) + ). (4.2.4)
RIXU



156 Various Topics in Nondegenerate Diffusions

Taking limits in (4.2.4) as n — oo, using monotone convergence, we obtain
m,z&f cijdy +(1-0)(mj+¢g;), 0<j</L. (4.2.5)
RIXU
By (4.2.5), 6 > 0, and

fcjdﬁl <mj, 0<j<¢. (4.2.6)
Since for each compactly supported f € C2(RY),
L' f(x) m,(dx,du) = 0 YneN,

RIXU

passing to the limit as n — oo, we obtain

6 f Lf)Rdx,du) =0 VfeCIRY.
RIXU

Since ¢ > 0, using Lemma 3.2.2 we obtain 7t} € ¢. In turn, by (4.2.6), 7t; € H. This
of course implies that f codft; > pg. Using (4.2.5) with j = 0, we deduce that § = 1
and

Qo=mo=f cod7y,
RIXU

to conclude that (4.2.1) attains its minimum in H at t = 7t;. To complete the proof,
we need to show that 7 is the barycenter of a probability measure supported on H,.
By Choquet’s theorem, 7t € H is the barycenter of a probability measure ¥ on H,.
By (4.2.3), since § = 1, ¥(H, \ H,) = 0, or equivalently, ¥(H,) = 1. Hence,

00 = f codmt = f P(dé) co(x, u) &(dx, du) . “4.2.7)
RIXU H, RIXU
Therefore, since
f codez00  VEEH,,
RIXU

we conclude from (4.2.7) that f co dé = o, for some & € H,. O

Next we show that H, C ¥,. The intuition behind this somewhat surprising result
is that if 7t € ¢ is not an extreme point, then, viewed as a subset of the space of finite
signed measures on R? x U, ¢ is locally of infinite dimension at 7t. In other words,
¢ does not have any finite dimensional faces other than its extreme points. Since the
intersection of a finite number of half-spaces has finite co-dimension, there are no
extreme points in H, other than the ones in ¥,.
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Lemma 4.2.4 Let Ty in ¢ take the form
o = 3(m + 70),

withmy, Ty € 9, My # M. Then, for any n € N, there exists a one-to-one homomor-
phism h mapping R" into the space of finite signed measures on R¢ x U such that
o + h(A) € ¥ for all

AeA, = {(,11,...,4") el-1,11": Zw < 1} .
i=1

Proof Using the notation introduced in Definition 3.2.1, p. 87, we write ; = 1,,®v;,
i =0,1,2. According to the hypothesis of the lemma, v; # v,. Therefore there exists
a bounded measurable set A ¢ R? such that

[viC- 10 =vC 10, >0 VYxeA.

Let {A},...,A,} be any partition of A consisting of sets of positive Lebesgue mea-
sure. Define

VG120 = v 1)Ly + v [ 0T (x), i=1,2, k=1,...,n.

Since

1 dn,,
vo(-1X) =5 -(vi(- 1 %),
’ 2 i;,Z dny,

it follows that

dn
dn

(I[Ak(x) V'(x)+ﬂA;(X))9f('|x), 1<k<n.

1
2 i=1,2 Yo

vo(- | x) =

Since, by Lemma 3.2.4 (b), SZ—’ i = 0,1, is bounded away from zero on bounded
vo

sets in R?, using Lemma 3.2.7, we conclude that for each k = 1,.. ., n, there exists a
pair (v}, v4) of points in Uy, which agree on A¢ and differ a.e. on Ay, and such that

Ty, = T = %(nvf +704). (4.2.8)
Define

& = %(nv§ -mg), k=1...n,

n 4.2.9)
h(A)::Z/lk;:k, A=,..., ) €A,.
k=1

Note that h(A,) is a rectangle in the space of signed measures with corner points
(€1, ..,£&,). With ‘co’ denoting the convex hull, it follows that

Ty + h(A,) = A, = CO{TCVIF,TC‘/; 1 <k<n},
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and 7 is in its relative interior. It remains to show that {& : 1 < k < n} are linearly
independent. If not, assume without loss of generality that & = Y}, 1y for some
constants r, ..., 7,. Let 7 € R satisfy 7! > max {1, ZZ:2|”k|}~ It follows that

Tl + 71 € cofmyu, my 2 <k <nj.
Let ¥ € Uy, such that 7, = 11y + 7£;. Note that since

7 € com, :2<k<n},

ko TCk
1 2
then ¥ must agree with vy on A;. Since 7 € (0, 1), we obtain 7y = f’ﬂv% + (1 = 7)1y,
and by the remark in the paragraph preceding Lemma 3.2.7 in p. 91, since ¥ agrees
with vg on Ay, then v} should also agree with vy on A;. In turn, by (4.2.8), v} and v}

should agree on A; which is a contradiction. This completes the proof. O

The next lemma follows from Lemma 4.2.4 and the more general results of Dubins
[48]. We present a simple algebraic proof which is tailored for the particular problem.

Lemma 4.2.5 Let H;, i = 1,...,¢, be a collection of half-spaces in the space of
finite signed measures on R? x U of the form

H; ={¢: [hidé <O},
and let L

H:=¢9nHnN---NH;.
Then H, C 9,.

Proof Suppose 1y € H, \ ¥4,. Choose n > ¢, and let {£4,...,&,} and () be as
in (4.2.9). We use the convenient notation (k;, ;) := fhi d¢;. Since n > ¢, we can
choose X € A, such that })7_,|4| = 1 and

D ahicr =0 Vjel...0.
k=1
Then, for ¢ € [-1, 1], ©(6) € & defined by

7(8) 1= Ty + & Z e = T + h(SN)
k=1
satisfies (h;, 1(6)) < 0. Therefore 7(6) € H for ¢ € [-1, 1], and since 71(0) = 71 is in
the relative interior of 7t([—1, 1]), it follows that 7ty ¢ H, contradicting the original
hypothesis. O

The existence of a stable stationary Markov optimal control follows directly from
Lemmas 4.2.3-4.2.5.

Theorem 4.2.6 Under either Assumption 4.2.1 or 4.2.2, the constrained problem
(4.2.1)—(4.2.2) has an optimal solution v € Ugy.
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Suppose there is a feasible 7t for which the constraints are satisfied with strict in-
equality. Then standard Lagrange multiplier theory [88, pp. 216-219] implies that
the constrained problem is equivalent to the unconstrained minimization of the func-
tional

{ {
J(T[’y’K):fc-/'dTH'ZYi(fcidﬂ_n_ii)"'ZK"(mi_fcidﬂ)’ (4.2.10)
1 1

when the weights (y, k) = {y;,ki,1 < i < {} are equal to the Lagrange multipli-
ers (y*,k*) € R_zf. Moreover, if we use the optimal value 7t* of 7t in (4.2.10), then
as a function of (y, k), (4.2.10) is maximized over the nonnegative quadrant at the
Lagrange multipliers. In other words, the saddle point property holds:

J(, v, k) < J(T, Y k) < Ty k), med, (y,k) €RY.

4.2.2 A general multi-objective problem

In Section 4.2.1, we considered the problem of minimizing the ergodic cost of a
functional ¢, subject to constraints on the ergodic cost of functionals cy,...,cs. In
the traditional multi-objective framework optimality is relative to a chosen partial
ordering in R“*!. Let

c(m) = (fcodn, fcldn,...,fct:dﬂ)

denote the ergodic cost vector corresponding to 7t € ¢, and
W :={é(m): me Y}.

Note that W is a closed, convex subset of R*!. Define the partial ordering < on W
by

(X0, X1, .., X0) < (Y0, Y15+ -+ Y0)

if x; <y;foralli =0,1,...,¢, with strict inequality for at least one i. We call x* € W
a Pareto point if there is no z € W for which z < x*. Note that a minimizer of
A, x) = Zsz A;x; over W for any choice of 4; > 0,0 < i < ¢, is a Pareto point. In
fact, if W is a polytope, then the minimizers

{fceW:El/l,->0,0§i§f, mivrvlu,x):u,@} 42.11)
Xe

include all Pareto points. But, in general, W is not a polytope. In such a case we have
to settle for a weaker result, namely, that the set in (4.2.11) of minimizers is dense in
the set of all Pareto points. This is a consequence of the celebrated Arrow—Barankin—
Blackwell theorem [9].

More generally, we can obtain Pareto points by minimizing a continuous func-
tional Up: W — R having the property that Uy(x) < Up(y) whenever x < y. Such
a functional is called a utility function. The functional x — (A, x), with 4; > 0,
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0 < i < ¢, is an example of a utility function. Another important example is con-
structed as follows: Let

¢ =[min | ¢pdm, min | ¢;dm,..., min | cdm|.
ned S S

The vector ¢* € R is called an ideal point. In general the ideal point c¢* does not
belong to the feasible domain W. Let ¢ be the unique point in W such that

|c* — ¢ = min |c* —|.
ceW

The point ¢ corresponds to minimization with respect to the utility function U(x) =
|x — ¢*| and is a Pareto point, often referred to as the shadow minimum.
Since ¢ € W, there exists a 7t € ¢ such that

E’Z(ICOdﬁ, fcldﬁ,...,ngdﬁ). (4212)

But 7t may or may not belong to ¢,. For simplicity, we assume that ¢;, i = 0, 1,...,¢,
are bounded. By Caratheodory’s theorem [101], ¢ can always be expressed as a con-
vex combination of at most £ + 2 points of W. On the other hand, it is evident that
any extreme point of W is of the form é(7t) for some 7 € ¢,. Consequently ¢ = &(7t')
for some U € ¥ that is a convex combination of at most £ + 2 points of ¥,. In
fact the extreme points of the subset of ¢ satistying (4.2.12) are in ¥, as shown in
Lemma 4.2.5.

4.3 Singular perturbations in ergodic control

In this section, we consider ergodic control of singularly perturbed diffusions, in
which the singular perturbation parameter £ > 0 is introduced in such a way that the
state variables are decomposed into a group of slow variables that change their values
with rates of order €'(1), and a group of fast ones that change their values with rates
of order & (%). Our objective is to relate this problem to the ergodic control problem
for the averaged system obtained in the ¢ — 0 limit, i.e., to prove that the latter
(lower dimensional) problem is a valid approximation to the original problem for
small €.

Our approach relies on the intuition that for small &, the time-scales are sufficiently
separated so that the fast component sees the slow component as quasistatic and can
be analyzed, within an approximation error that becomes asymptotically negligible
as € | 0, by freezing the slow component at a constant value. In turn, the slow
component sees the fast component as quasi-equilibrated and can be analyzed by
averaging out its dynamics with respect to the equilibrium behavior of the latter. We
make this precise in what follows.
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The model is a coupled pair of stochastic differential equations in RY x R* given
by

dz? = h(Z, X7, U, dt + y(ZF) dB,, (4.3.1a)
1- 1

dX? = —b(Z?, X%, U,)dt + —o(ZF, X5) dW, . (4.3.1b)
€ \e

Here / and b are the relaxed versions of drift vector fields #: R x R* x U — R and
b: RIXR*XU — R%,ie., h(z, x,v) = L h(z, x, u)v(du), v € Z2(U), and similarly for b.
The action set U is a compact metric space. The standard assumptions in Section 2.2
of Lipschitz continuity and affine growth for the drift terms (%, ) and diffusion matrix
diag(y, o) are in effect here. Also, B and W are d- and s-dimensional independent
standard Brownian motions, respectively, and the least eigenvalues of y(z)y'(z) and
a(z, x) = %0(z, x)0'(z, x) are uniformly bounded away from zero (nondegeneracy
assumption).

As usual, U is a &(U)-valued control process with measurable paths satisfying
the non-anticipativity condition: for t > s, (B, — By, W, — W) is independent of ¥,
the completion of

ﬂ o(Z5, X5, U B W, i r < 5).
§'>8
As before, we call such U an admissible control, and denote this set as .

Given a running cost in the form of a continuous map c: RYXR*xU — R,, we set
c(z,x,v) = fU c(z, x, u)v(du). We seek to minimize over all admissible U the ergodic
cost in its average formulation

1 !
lim sup ;f E[e(Z5, X5, Uy)] ds.
0

tToo
For f € C*(R¥), define £*: C*(R*) - C(R? x R* x U) by
LUf(x) =tr (a(z, X)V2 f(x)) +(Vf(x),b(z, x,u)), (4.3.2)
and £: C2(R? X R*) —» C(RY x R* x U) by

A 1 1
Lif@x) = 5 (Y@ @Vif @ n) + (Vaf @ 0, hz xw) + —Lif(@ ),

where V, and V§ denote the gradient and the Hessian in the variable y, respectively.
We work with the weak formulation of the above control problem. We also impose
the following conditions, which are in effect throughout unless otherwise stated.

Assumption 4.3.1 We assume the following:

(a) cislocally Lipschitz continuous in (x, z) uniformly in u € U.
(b) cis inf-compact, i.e.,

lim min c(z, x,u) = co. “4.3.3)
[z, x)| >0 uel
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(c) There exists an inf-compact function V € C*(R*) and a function g € C(R? X R¥)
such that

lim g(z, x) = oo,

|x]—00
uniformly in z in compact subsets of R?, satisfying
LIV(x) < —g(z,x). (4.3.4)

(d) There exists a constant M* > 0 such that for each € € (0, 1), the average cost for
at least one admissible U does not exceed M*.

For U € Wand € > 0, define the empirical measures {(tU ® : t > 0}, and the mean
empirical measures {ZtU “ 11> 0} by

[ ra
RIXRSXU

_ 1 !
[ et [ @ vl e
RIXRIXU rJo

1 !
? f f(Zi’ Xf? US) dS ’
0

for f € Cp(R? x R* x U).
Let

DY(dz, dx, du) := n5(dz, dx) v(du | z, x) (4.3.5)

denote the ergodic occupation measure associated with a Markov control v € Uy,
and denote by ¢ the set of all ergodic occupation measures @ as v varies over all
stable Markov controls.

The following is immediate from Theorem 3.4.7.

Theorem 4.3.2 Under Assumption 4.3.1 (a), (b) and (d), there exists v € Ugq such
that if ®F := @, is the corresponding ergodic occupation measure, then, under any

admissible U,
lin%inf fcd{,U’ngchD;f a.s.,
tToo
lim inf f cdZ¥ > f cd®® .
tToo

4.3.1 The averaged system

We introduce the averaged system and show that the optimal cost for the associated
ergodic control problem serves in general as an asymptotic lower bound for the op-
timal cost for the original problem in the £ | 0 limit. The argument is based on
the tightness of the optimal ergodic occupation measures as ¢ is reduced to zero,
implying their relative compactness in the Prohorov topology.
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Setting 7= £, X; = X%, Z = 7%, U: = Uyr, and W, = %WET, (4.3.1b) becomes
dX, = b(Z., X;, U,)dr + o(Z;, X;) AW, ,
which does not depend on & explicitly. We define the associated system
dX¢ = b(z, X%, U,) dr + o(z, X2) dW,, (4.3.6)

where z € R* is fixed, W a standard Brownian motion independent of X, and the ad-
missibility of U is defined by: for t > s, W,— W; is independent of &, the completion
of Nyss (X%, Uy, W, : r < 5’). The definition of the associated system is motivated
by the intuition that the fast system may be analyzed by freezing the slow dynamics
as the separation of the time-scales increases with £ | 0.

Remark 4.3.3 Equation (4.3.6) is the relaxed control form of the associated system.
One also has the pre-relaxation form

dX, = b(z, X,, Uy) dr + 0(z, X;) AW, 4.3.7)

which we shall have an occasion to use later.

Let
G, = {nz e Z(R*xU): f Lif(x)m(dx,du)y =0 Vfe cg(RS)} ,
RsxU

where £ is defined in (4.3.2). The next lemma in particular characterizes this as the
set of ergodic occupation measures for the associated system.

Lemma 4.3.4 The class 9, is the set of T, € P(R* x U) taking the form
7, (dx, du) = n,,(dx) v(du | x),

where 1, is the unique invariant distribution of the time-homogeneous diffusion X
given by (4.3.6) when U, = v(X;) := v(du | X,). The set-valued map 7z +— 9, is convex
compact-valued and continuous. Moreover, for any compact set K € RY, U,cx%, is
compact.

Proof The first claim follows from Lemma 2.6.14. That &, is convex and closed for
each z € R? is easily verified from the definition. It is also straightforward to verify
that it is compact-valued and continuous. Let K be a compact set in R, and write
T, as T, to explicitly denote its dependence on v. Viewing (4.3.7) as a controlled
diffusion with action space K x U, it follows by (4.3.4) and (iv) of Lemma 3.3.4,
that the diffusion is uniformly stable. Consider the set of controls U of the form
¥ = 6,(dz")v(du | x), z € K. It follows that 777, (defined as in Section 3.2 on p. 89) is
tight uniformly in z € K, and since U is closed, Lemma 3.2.6 implies that the map
Vo T, € Uyex¥, is continuous. Since U is compact and the map is onto, the proof
is complete. O
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It follows by Lemma 4.3.4 that the graph {(z,7t;) : z € R®, 7, € ¢4} is closed and
the set {(z, ;) : z € K, T, € 4,} is compact for any compact set K C R*. For u € ¥,
define

h(z, 1) := f h(z, x, u) u(dx, du) ,
RsxU

&z, p) = f c(z, x, u) u(dx, du) .
RsxU
The averaged system is defined by
d7; = i(Z;, pu)dt + y(Z)dB;, @, €%, Vt=0. (4.3.8)

The averaged system corresponds to the slow variables with their dynamics averaged
over the equilibrium behavior of the fast variables. Here Zy = Z5 =120, > 0,Bisa
standard Brownian motion in RY, while u satisfies y, € %, and the non-anticipativity
condition: for z > s > 0, B, — By is independent of the completion of

(o Brpy i r<s).
s>

We may view u as the effective control process for the averaged system. By anal-
ogy, we call u a Markov control if g, = p(dx,du | Z,) for all ¢, identified with the
measurable map y: RY — Z(R* x U). Call it a stable Markov control if in addition
the resulting time-homogeneous Markov process Z is positive recurrent. In the latter
case, Z has a unique invariant probability distribution ¢, (dz). Let & denote the set of
the corresponding ergodic occupation measures for the averaged system in (4.3.8).
For ¢ € ¢, we have

&(dz, dx, du) := ¢, (dz) u(dx, du | 2),

or equivalently, & = ¢, ® u. Then as before, one has the following characterization.
Define £: C?(RY) — C(R? x Z(R* x U)) by

~ 1 -
L@ = 5 (Y@ @V2S@) + (VS (). hiz. ).

Lemma 4.3.5 The set ¥ is the subset of (R xR*xU) consisting of all ¢ = ¢, @
such that u(- | z) € 9, for all z € R® and

I"f() @ dz) =0 VfeCiRY).
R.\‘

This again follows from Lemma 2.6.14. The ergodic control problem for the aver-
aged system takes the form: minimize over all admissible u

1 15
lim sup n E[f &(Zy, us) ds].
0

Too

We then obtain the following, in analogy to Theorem 3.4.7.
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Theorem 4.3.6 There exists a stable optimal Markov control u* for the averaged
system such that if & = @, ® u* is the corresponding ergodic occupation measure,
then for any admissible u as above

1 15
lim inf ;fE(ZS,,uS)dszfcdf* a.s.,
0

tToo

1 (.
liminf — f B [6(Z,, )] ds > f cdé.
tToo 0

Let ¢¥* denote the set of optimal ergodic occupation measures, i.e.,
%" = Arg min fcdf.
&ed

If p is an ergodic occupation measure for the associated system in (4.3.6), i.e., u € ¥,
we decompose it as u = u, ® v where p, is the unique invariant distribution. In
particular, for an optimal u*, we obtain

o (dx, du | z) = py-(dx | 2) vi(du | 2, %) (4.3.9)
Also define 1, via the decomposition
f(dz’ d-x9 du) = Uv(dz, d-x) V(du | Z9 .X) M

We now consider the limit as € | 0. Let ®¢ be as in Theorem 4.3.2. Then by
Assumption 4.3.1 (d), it follows that sup,_,, f cd®{ < M*. In turn, by (4.3.3) and
the Chebyshev inequality, it then follows that {®¢ : & € (0, 1)} is tight. The following
theorem characterizes the limit points of this collection.

Theorem 4.3.7  Any limit point ®° of % as & | 0 lies in 4.
Proof Disintegrate ®° as
@Y(dz, dx, du) = ¢(dz) fi(dx, du | 2).

With f; € C3(RY) and f, € CA(R®), let £ | 0 in the equation & [ LU(fif2) dD? = 0 to
obtain

f fl(Z)[ L f>(x) fi(dx, du | z)| ¢(dz) = 0. (4.3.10)
R? RéXU

Then as (4.3.10) holds for all f; € C5(R?), we conclude that for ¢-a.s. z,

L fo(x) f(dx,du [ 2) = 0,

RsxU
implying that ji( - | z) € ¢,. The qualification “¢-a.s.” may be dropped by choosing a
suitable version. Now for f € CS(R"), lete | Oin f fﬁ fd®Z = 0 to obtain

f Lifao? = f L'f(2) ¢(dz) = 0. 4.3.11)
Rd

By Lemma4.3.5, (4.3.11) implies that ¢ is the unique stationary distribution ¢y under
{ for the averaged system. It follows that ®° € ¢, O
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Corollary 4.3.8 liminf,o f cdd? > f cdér.

This shows that the optimal ergodic cost for the averaged system provides an
asymptotic lower bound (as € | 0) for the optimal ergodic cost of the original prob-
lem. To show that it is in fact a valid approximation, we must replace the “lim inf” by
“lim” in Corollary 4.3.8 and the inequality by an equality. We do so under additional
assumptions in the following sections.

4.3.2 The affine case

We show that in the special case of the control entering the drift in an affine manner
and the running cost being strict convex in the control, we have

li dot = .
ip [ cant = [eu

This crucially depends on the fact that under these conditions, the expression being
minimized over the control parameter in the associated Hamilton—Jacobi—Bellman
equation is strictly convex and therefore the minimizer is unique and continuously
varying with &.

Assume the following.

Assumption 4.3.9 (i) U is a compact subset of R for some m > 1 and for each
(z, x) € R¥™S h(z, x,-), b(z, x,- ) are componentwise affine and c(z, x, - ) is strictly
convex.

(i) |h(z, x, u)| € o(c(z, x, u)) and

max c(z, x,u) € 0(|g(z, x)|)
uel

with g as in (4.3.4).

(i) v* = v*(du | z,x) in (4.3.9) is a stable Markov control for (4.3.1) for suffi-
ciently small € > 0 (say, € < &), and the corresponding stationary distributions
nt.(dz,dx), € € (0, &), are tight.

The next lemma, which uses only Assumption 4.3.9 (i) and (ii), shows in particular
that v* in (4.3.9) is unique. Thus part (iii) of Assumption 4.3.9 is unambiguous.

Lemma 4.3.10 Under Assumption 4.3.9 (i) and (ii), v*(du | z, x) in (4.3.9) is unique
and continuous in (z, x) € R**. In addition, the corresponding p* in (4.3.9) and the
associated & € 9* are both unique, or equivalently, G* is a singleton.

Proof By Theorem 3.6.10, a necessary and sufficient condition for the optimality
of u* is that y*(z) minimizes the function

w8z + (V(), Az, 1),

over ¥, for a.e. z, where ¥ € C2(RY) is the value function for the ergodic control
problem for the averaged system. Note that Theorem 3.6.10 proves the existence of
a C? value function and the associated “verification theorem” for the case when %, is
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independent of z. Condition (4.3.3) is a special case of near-monotonicity. The mod-
ifications required to handle the more general state-dependent control space needed
here are minor in view of the upper semicontinuity of the set-valued map z — ¥,
already established. The details are omitted.

We may drop the qualification “for a.e. 7’ by taking an appropriate version. Now
for fixed z € RY, consider the ergodic control problem for the associated system
(4.3.7) with cost

3
lim sup 1 f E [ZZ(X'S, US)] ds,
' Jo

tToo

where €, € C(R* x U) is defined by
Co(x, u) := oz, x,u) + (V(2), h(z, x,u)) .

Since ¥, is precisely the set of ergodic occupation measures for the associated sys-
tem, u* is the optimal ergodic occupation measure for the above problem. Note that
for each z, the cost function ¢, is inf-compact, because of the first half of Assump-
tion 4.3.9 (ii). By Assumption 4.3.9 (ii), (V¥(z), h(z, x, u)) € o(g) for each z € R
Thus Theorem 3.6.10 can be applied again to this new control problem, in order to
conclude as above that v*(du | z, x) minimizes

VY Rl RS(Zz()C, . ) + (V‘i’z(x), b(z, X, - )>) ,u(dx | Z) ,

where ¥, € C?(R*) is the value function for this new ergodic control problem for the
model in (4.3.7). Let

G(z, x,u) := C;(x,u) + (V‘i‘z(x), b(z, x,u)).

By Theorem 3.6.10, the map (z, x) — inf,cy G(z, x, u) is locally Lipschitz contin-
uous, while Assumption 4.3.9 (i) implies that u — G(z, x,u) is strictly convex. It
follows that Arg min,;; G(z, x,u) is a singleton, and is continuous in (z, x) € R4*5.
In other words, (z, x) — v* is continuous.

Recall (4.3.9), where p,- is the unique stationary distribution for the associated
system under v*. Uniqueness of p* follows. In turn, & = ¢, ® u*, where ¢, is the
unique stationary distribution of the averaged system under y*. Thus €* is unique. O

Remark 4.3.11 Note that v*(du | z, x) is in fact Dirac for all (z, x) € R4**. Also
note that the assumption of affine dependence of # and b on u is crucial in preserving
the strict convexity of the running cost.

Theorem 4.3.12  With v* as in (4.3.9), ©%. defined in (4.3.5) converges to & in
PRIXR xU) as € | 0. Moreover, if the function g in Assumption 4.3.9 (ii) satisfies

lim sup f 8(z, x) 18- (dz, dx) < o0, (4.3.12)
el0 Rd+s

then

lifngdq)i* = fcdf* (4.3.13)
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and

11E)1fcdq>§=fcd§*. (4.3.14)

Proof 1In view of Theorem 4.3.7, (4.3.13) implies (4.3.14). Therefore it suffices to
prove the convergence of ®%, to & and show the validity of (4.3.13).
Suppose that

n%.(dz,dx) — ij(dz, dx) = @(dz) fi(dx | z)

along a subsequence as € | 0. In view of the continuity of v*(du | -, - ), we may pass
to the limit along this subsequence in

£ f [ f L' f(z, x)v'(du | z, x)] n5.(dz,dx) =0, f e CoR),
RIXRS$ U

with f = fif, fi € Cé(Rd) and f> € Cé(RS), and argue as in Theorem 4.3.7 to obtain

f [ f L f(z,x) v (du] z, x)] i(dz,dx) =0, feCiR™M™).
RIXRS U

Hence fi(dx | z) is in fact the unique stationary distribution for the associated system
controlled by v*(du | z,x) (i.e., fi(dx | z) = w+(dx | z)) for y-a.s. z. The latter
qualification may be dropped by choosing an appropriate version. Recall (4.3.9). Let
el 0in

f [ f ﬁ?f(z,x)v*(dulz,X)} 7% (dz,dx) = 0
RIXRS 10]

for f = fi € C;RY) (ie., f is a C* function of the z variable alone). A similar
argument then yields

f I f()@(dz2) =0, feCiRY).
Rd

Thus @(dz) is the unique stationary distribution for the averaged system controlled
by the stable Markov control u*, i.e., ¢ = ¢,-. Thus

N(dz, dx) v (du | z, x) = £€'(dz, dx, du) ,

implying ®¢. — ¢£*. By (4.3.12) and the second half of Assumption 4.3.9 (ii) there
exists &y > 0 such that ¢ is uniformly integrable over {®%,} for £ € [0, g]. Hence
(4.3.13) holds. O

4.3.3 The general case

We drop part (i) of Assumption 4.3.9, retain part (ii), and modify part (iii) in order
to extend the results of Section 4.3.2 under some technical assumptions. These as-
sumptions basically allow us, given an optimal control for the averaged system, to
approximate the optimal process in law by the e-indexed processes we start with.



4.3 Singular perturbations in ergodic control 169

Define vi(du | z, x), for ¢ in some interval (0, 6o], by
vi(du | z,x) = f VidulZ, X)) ps(z — 7', x — x')dZdx’,
RIXRS

where ps : RS 5 R,, 8 € (0, 8], are smooth mollifiers supported on a ball of radius
0, centered at the origin. In what follows,

vo(du | z,x) :==v*(du| z,x),

and the variables 75, fis, s, ¢s, and <i)§ introduced below, correspond to v* when
0 = 0. Replace Assumption 4.3.9 (iii) by Assumptions 4.3.13—4.3.14 below:

Assumption 4.3.13  The kernel vi(du | z, x) is a stable Markov control for (4.3.1)
for all 6 € [0, 6p], and € € (0, &9). Moreover, there exists an inf-compact § € C(R*+9)
satisfying

sup c(z, x,u) € 0(]g(z, x)|), (4.3.15)
uelU

such that the stationary distributions 7%, of (4.3.1) corresponding to {v;}, denoted by
5
f15(dz, dx), 0 < & < &, satisfy

sup f 2z 0) A5dz,dx) <0 VS € [0,60]. (4.3.16)
O<e<gy JRIXRS

Once again, in view of the nondegeneracy assumption, the transition probabilities
for t+ > 0 of the time-homogeneous Markov process described by (4.3.6) under the
Markov control v}, ¢ € [0, 6p], have densities w.r.t. the Lebesgue measure. Therefore
the same applies for the corresponding invariant probability measures fis := . for
the associated system. Let

fis(dx, du | 2) := fis(dx | 2) vy(du | z, %)

and @5 be the unique stationary distribution for (4.3.8) under the Markov control fi;.
Also, for ¢ € [0, dp], let

flg(dz, dx) := $5(dz) f1s(dx | 2)
®9(dz, dx, du) := 73(dz, dx) vi(du | z, x) .
Note that (i)g € ¢*. We also assume:

Assumption 4.3.14 The kernel /ft(;(dx, du | z) is a stable Markov control for (4.3.8)
for 6 € [0, dp], and for g as in Assumption 4.3.13,

sup f 28(z, ) 7(dz, dx) < o0. (4.3.17)
6€[0,60] RIXRS

Lemma 4.3.15  As (6,,z,) — (6,2) in [0,5*] X RY, fs,(dx | z,) = fis(dx | 2) in total
variation.
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Proof By Assumption 4.3.1(d), {v§ : 6 € [0,67], z € K}, with K a compact subset
of R?, are uniformly stable controls for the associated system. The continuity of the
map (6,2) = vy(- |z, x), along with Lemma 3.2.6 (a), yield the desired result. O

We also let <f>§ e P(R? xR’ xU), d > 0, denote the ergodic occupation measure
for (4.3.1) under the control vi.

Lemma 4.3.16 fcd(i)g — fcdci)g aséd |0, andfcd<i)§ — fcdcbg ase ] O.
Proof By (4.3.3), (4.3.15), (4.3.16), and the Chebyshev inequality,
{75 : 0 €[0,00], & €[0,0]},

and therefore, also {@5 : ¢ € [0, dp]} are tight. Let ¢ be any limit point of @5 as 6 | O.
Since @5 is characterized by

f LB f()@s(d7) =0, feC*RY), (4.3.18)
R‘I

then the standard argument based on Harnack’s inequality used in the proofs of Lem-
mas 3.2.4 and 3.2.5 implies that the convergence of ¢; — ¢ is in fact in total varia-
tion. Now for f € C,(R? x R* x U),

ff(z, x,u)vi(du | z,x) — ff(z, x,u) vy(du | z, x)
U 6—0 U

a.e. along a subsequence J,, | 0. Hence, if we define

fz x,v) = ff(z,x,u)V(duIz,x),
U

then by Lemma 4.3.15, along this subsequence,

Fz,x,v)) fs(dx | 2) — f F@x, v fodx|z)  ae.,
R 510 Jps
which in turn leads to

f fex, vz)ﬂg(dxlzw(s(dz)—af Fea v fio(dx | 2) §(d2)
RXRY 610

RsXR4
In particular, letting 6 | O along an appropriate subsequence in (4.3.18), we obtain

fR A f@ed) =0, feC®),
i.e., ® = @o. Thus
D = ¢(d2) f1s(d, dut | 2) == B = Go(d2) fo(dx, du | 2).
The convergence (i)g - (f)g follows along the same lines. Equations (4.3.15) — (4.3.17)

ensure uniform integrability of ¢ under these measures, which in turn implies the
convergence claimed in the lemma. O

Theorem 4.3.17  lim, [ cd®? = [cdd).
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Proof Fix a > 0 and take § > 0 small enough such that

'fcdcbg_fcdci)g <2
Then pick £ > 0 small enough so that

‘fcdé{?—fcdé)g <%.
Thus

lim supfchDf < lim supfcdcf)g
€l0 £l0
< f cdci)g +a.

Since a > 0 is arbitrary, the claim follows in view of Corollary 4.3.8. O

Remark 4.3.18 Condition (4.3.3) can be replaced by the weaker requirement

lim inf c(z,x,u) >B" := sup f° (4.3.19)
Izl =00 xu 0<e<gg
for some gy > 0, where 5%, &£ > 0, is the optimal cost for the ergodic control problem
(¢ = Oyields the corresponding condition for the averaged system). This goes exactly
along the lines of Sections 3.4-3.5. Since in particular this presupposes that 5° are
uniformly bounded for € € (0, &), in view of Theorem 4.3.7, we may replace the
“SUPp<ece, in (4.3.19) by “SUP)<ecsy
We briefly indicate the corresponding developments when a blanket stability con-
dition is available. We do not assume (4.3.3) or its generalization (4.3.19), but require
that ¢ be bounded from below. Suppose for € € (0, &y) there exist a bounded ball
B C RY*S and a pair of nonnegative, inf-compact functions V¥ € C2(R?*+), i = 1,2,
satisfying
LivD(zx < -1,
(4.3.20)
L VvD(z,x) <~V (z, %)
for all (z, x) € D°. The Lyapunov condition (4.3.20) is the same as Assumption 3.4.9,
and implies as in Corollary 3.4.10 that the second moments of hitting times of
bounded domains are uniformly bounded over all admissible controls. One can then
argue as in Theorem 3.4.7 to derive Theorem 4.3.2. By Theorem 3.4.11, (4.3.20)
ensures that {¢,} remain a.s. tight (so do {f,}) and ¢ is compact. This allows one to
derive Theorem 4.3.2 without the need to use (4.3.3). Conditions similar to (4.3.20)
imposed on (4.3.8) ensure Theorem 4.3.6. Next, for obtaining the counterparts of the
results of Section 4.3.3 for the affine case, assume the additional conditions stipu-
lated in Theorem 3.7.11 to ensure the existence of C> value functions for the two
ergodic control problems that feature in the proof of Lemma 4.3.10. The rest re-
mains as before. We omit the details as they are straightforward adaptations of the
foregoing.
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4.4 Control over a bounded domain

4.4.1 Controlled diffusions with periodic coefficients

Consider a controlled diffusion governed by (2.2.1), where for each i = 1,...,d,
b(x,u), 0(x), and the running cost c(x, «) are periodic in x; with period T;. The state
space can be viewed as the d-dimensional torus
d
T.= R, . 1z

Since the state space is compact, it follows by Theorem 1.5.15 that under any control
v € U, the corresponding process has an invariant probability measure 7,. Since the
diffusion is nondegenerate, this invariant probability measure is unique. Without loss
of generality, we assume that for each i, T; = 1.

We follow the vanishing discount approach. Let a be the discount factor. As usual,
for U € U, define

J3 () = EY [ f e "e(X,, Uy) dr] :
0

e U
Vo(x) := IIJIgI J, (x).
It is evident that Theorem 3.5.6 has the following version in the periodic case:

Theorem 4.4.1 The optimal a-discounted value function V, is periodic in each
coordinate with period 1 and is the unique solution in C2(R%) N C,(R?) of

Ineiu? [LVa(x) + c(x,u)] = aVa(x).

Also, a stationary Markov control v is a-discounted optimal if and only if
d d
AV, : OV
D@ @ o =min |3 Ha =@ +cnw)| ae (441
Py BX,' uelU P 6x,-

Clearly V, assumes its global minimum at some x,, € T. By Lemma 3.6.3, V,, has
bounded oscillation on every ball Bg ¢ R? uniformly in @ > 0. Since it is periodic,
the same applies over R?. Moreover, by the same lemma,

sup ||V = Va(O)]| 2y < 0
a>0
Thus, letting @ — 0 and proceeding as in Section 3.6, we obtain the following.

Theorem 4.4.2 There exists a unique pair (V,p) € C2(RY) x R, such that V(0) =0
and V is periodic in each coordinate with period 1, satisfying

HEILIJI [£V(x) + c(x,u)] =0, xeR?.

Moreover, a stationary Markov control is optimal if and only if

4 oV N
;bv(x)a—xi(x)+cv(x) = min ;b(x, u)é’—)ci(x)+c(x, w| ae. (4.4.2)
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and

0 =¢" :=min f ¢y (x) 1(dx) .
vEllyy T

4.4.2 Controlled reflected diffusions

Let D ¢ RY be a bounded domain with C* boundary dD. Let X, be a D-valued
controlled reflected diffusion governed by

dX; = b(X;, Uy) dt + o(X;) dW,; — r(X;) d&;, (4.4.3)
and satisfying the following:

(i) b € C(D x U;R?), where U is a compact metric space, and is Lipschitz contin-

uous in its first argument.

(i) o: D — R®™ is Lipschitz continuous.

(iii) X is prescribed in law, and W is a d-dimensional standard Brownian motion
independent of Xj.

(iv) U is a U-valued control process with measurable sample paths satisfying the
following non-anticipativity condition: For ¢t > s, W, — W, is independent of
{Xo, Wy, Uy : 8’ < s}

(v) £1is an R-valued continuous, nondecreasing process (“local time on the bound-
ary”) satisfying

& = \fot Top(Xy) d&s . 4.4.4)
(vi) There exists a C? function : RY — R satisfying
D={xeR’:n(x) <0}, dD={xeR?:nx) =0},
and

[Vl =1 ondD.

(vii) r: D — R9 is a C? vector field such that, for some § > 0, r(x) - Vi(x) > & for
all x € dD.

Under assumptions (i) — (vii), given the joint law of (Xy, W, U) there exists a unique
weak solution of (4.4.3)-(4.4.4) [86, 100].

The following theorem characterizing the @-discounted control problem is stan-
dard [61, 77].

Theorem 4.4.3 For any a > 0, the a-discounted optimal cost V, is the unique
solution in C2(D) N C'(D) of

min [L*V,(x) + c(x, u)] = aVy(x) VxeD,
ued (4.4.5)
r(x) - VVyu(x) =0 Vxe€oD.
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Moreover, a stationary Markov control v is a-discounted optimal if and only if it
satisfies (4.4.1).

Note that since the state space is compact, the controlled process has an invariant
probability measure 7, for every stationary Markov control v. As in Section 4.4.1,
we have the following:

Theorem 4.4.4 Let xo € D be fixed. Then there exists a unique pair (V,0"), with
V € CX(D) N CY(D), V(xo) = 0, and o* € R, which satisfies the HIB equation.:

min [L*V(x) + c(x,u)] = 0 VxeD,
ued (4.4.6)
r(x)-VV(x) =0 VxeaoD.

Moreover, 0 is the optimal cost and a stationary Markov control v is optimal if and
only if it satisfies (4.4.2).

Proof For a > 0, let v, be a measurable selector from the minimizer in (4.4.5).
Since under any stationary Markov control the process is ergodic and the diffusion is
nondegenerate, it is straightforward to show that oscp V,, is uniformly bounded over
a € (0,1). This can be accomplished for example by the technique of the proof of
Theorem 3.7.6. Therefore V,, := V,, — V,(0) is bounded, uniformly in & € (0, 1), and
satisfies

LYVy—aV, = —c,, +aV,(0) inD.
Since @V, (0) < maxpyy ¢ for all @ > 0, by [1, theorem 15.2] we obtain the estimate

1Vally2s) < Co(IValliroy + 241DI max ¢) Vo€ ©,1),
X

for some constant Cy. Therefore we can use Lemma 3.5.4, together with the fact that
by Theorem A.2.15 the embedding #>?(D) — C'"(D) is compact for r < 1 — %, in
order to take limits along some subsequence @, | 0 in (4.4.5) and derive (4.4.6). O

For related work, see [18, 77, 100]. If the domain D is not smooth, the problem
is quite challenging since the reflection field is oblique, discontinuous, and/or multi-
valued at the boundary points which lack local smoothness. The theory of existence
and uniqueness of strong solutions for PDEs in such domains is not available. For a
treatment of this problem in polyhedral cones using viscosity solutions, see Borkar
and Budhiraja [34].

4.5 An application

We apply the theory developed in this section to the problem of energy-efficient
scheduling over a fading wireless channel. For a given data-arrival rate, the minimum
power required to stabilize the queue can be computed directly from the capacity of
the channel. However, with this minimum power, it is well known from queueing
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theory that the associated queueing delay is unbounded. Excess power needs to be
allocated to stabilize the queue and in this section we deal with the problem of min-
imizing the queueing delay for a time-varying channel with a single queue, subject
to constraints on both the average and peak excess power allocated.

Under the assumption of fast channel variation, i.e., if the channel state changes
much faster than the queueing dynamics, we consider the heavy traffic limit and
associate a monotone cost function with the limiting queue-length process. By sep-
arating the time-scales of the arrival process, the channel process and the queueing
dynamics a heavy traffic limit for the queue length can be obtained in the form of a
reflected diffusion process on R, given by

dX, = —b(U,) dt + o dW, + dZ, , 4.5.1)

where

N
b(u) = Zyjnju_,-.
—

J

Here X, is the queue-length process, and satisfies X, > O for all + > 0, W, is the
standard Wiener process, o is a positive constant, and Z, is a nondecreasing process
and grows only at those points ¢ for which X; = 0. The control variable u; is the power
allocated when the channel is in state j. The process Z;, which ensures that the queue-
length X, remains nonnegative, is uniquely defined. There are N channel states and
m = (my,...,my) is their stationary distribution, which is constant at the diffusion
time-scale. The constants y; can be interpreted as the efficiency of the channel when
in state j.

4.5.1 The optimal control problem for the heavy traffic model

The optimization problem of interest for the non-scaled queueing system is to mini-
mize (pathwise, a.s.) the long-term average queueing length (and thus, from Little’s
law, the mean delay) or more generally, to minimize the long-term average value
of some penalty function c: R, — R, i.e., subject to a constraint on the average
available power.

It is well known from queueing theory that if only the basic power is allocated,
which matches the service rate to the arrival rate, then the resulting traffic intensity is
equal to 1, and the queueing delay diverges. However, choosing the control U appro-
priately can result in a bounded average queue length. Thus the original optimization
problem transforms to an analogous problem in the limiting system, namely,

1 T
minimize limsup — f c(X;)dr as.
T—o00 T 0

. (4.5.2)
1
subject to lim sup Tf WU)dt<p as.
0

T—oo
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where

N
W) = hn, . uy) = ) mu;
j=1

The control variable u takes values in U := [0, pmax]N, with pmax denoting the (ex-
cess) peak power, and p denoting the (excess) average power. Naturally, for the con-
straint in (4.5.2) to be nontrivial, p < pmax-

Remark 4.5.1 It is important to note that although the running cost ¢ satisfies the
near-monotone condition in a natural manner (e.g., for the minimization of the queue
length c(x) = x), the constraint in (4.5.2) fails to satisfy Assumption 4.2.1 on p. 155.
Therefore the results in Section 4.2.1 cannot be applied directly to even assert the
existence of a Markov optimal control. In studying this application we intermarry
the rich body of results for nondegenerate diffusions presented in Chapter 3 with the
standard theory of Lagrange multipliers to transform to an equivalent unconstrained
problem that satisfies the near-monotone hypothesis in Section 3.4 and then use the
dynamic programming formulation in Section 3.6 to obtain an explicit solution for a
Markov optimal control.

We first prove the existence of a stationary Markov optimal control, and then show
that this is a channel-state based threshold control. In other words, for each channel
state j, there is a queue-length threshold. The optimal control transmits at peak power
over channel state j only if the queue length exceeds the threshold, and does not
transmit otherwise.

The boundary at 0 imposes restrictions on the domain of the infinitesimal genera-
tor L* given by
o’ &
L"::———() uel.

If f is a bounded measurable function on R, then ¢(x, f) = E’[ f(X,)] is a generalized
(mild) solution of the problem

3—‘?(& ) =L¢(x, 1), x€(0,00),1>0
0
(x,0) = £(x), a—‘”(o, 0=
X

1td’s formula can be applied as follows [77, p. 500, lemma 41],[78]: If ¢ € #; loc P(R,)
is a bounded function satisfying Z—f(O) = 0, then, for t > 0,

BY¢(X,)] - ¢(x) = B! [ fo LX) dt] .

Moreover, f, is the density of an invariant probability measure y, if and only if it is
a solution of the equation
( T

(L) filx) = Fr b(V(x))fv(x)) (4.5.3)
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Solving (4.5.3), we deduce that v € Uy, is stable if and only if

00 2 X
e [Conl-d [ wooa)acces

in which case the solution of (4.5.3) takes the form

- 2 ("
f(x) = A, exp (‘g f b(v(y)) dy) . (4.5.4)
0
We work under the assumption that ¢ has the following monotone property:

Assumption 4.5.2 The function c is continuous and is either inf-compact and, if ¢
is bounded, then it is strictly increasing. In the latter case we define
Coo = lim c¢(x).
X—00

The analysis and solution of the optimization problem proceeds as follows: We
first show that optimality is achieved for (4.5.2) relative to the class of stationary
controls. Next, in Section 4.5.3 using the theory of Lagrange multipliers we for-
mulate an equivalent unconstrained optimization problem. We show that an optimal
control for the unconstrained problem can be characterized via the HIB equation.
This accomplishes two tasks. First, it enables us to study the structure of the optimal
controls. Second, we show that this control is optimal among all controls in . An
analytical solution of the HIB equation is presented in Section 4.5.5.

4.5.2 Existence of optimal stationary controls

A control v € Uy, is called bang-bang, or extreme, if v(x) € {0, pmaX}N , for almost all
x € R,. We refer to the class of extreme controls in U, as stable extreme controls
and denote it by . In this subsection, we show that if the optimization problem in
(4.5.2) is restricted to stationary controls, then there exists v € U, which is optimal.

We take advantage of the fact that the set of power levels U is convex and avoid
transforming the problem to the relaxed control framework. Instead, we view U as
the space of product probability measures on {0, pmax}”. This is simply stating that
for each j, u; may be represented as a convex combination of the “0” power level
and the peak power pn.x. In other words, U is viewed as a space of relaxed controls
relative to the discrete control input space {0, Ppmax ™. This has the following advan-
tage: by showing that optimality is attained in the set of precise controls, we assert
the existence of a control in g, which is optimal.

Let 27 c Z(R,) denote the set of all invariant probability measures y, of the
process X; under the controls v € Ugg,. Let U:= {0, Pmax}". The generic element of
U takes the form ii = (@ty, ..., 04y), with &I; € {0, pmax}, I = 1,..., N. There exists a
natural isomorphism between U and the space of product probablhty measures on
U which we denote by £, (U) This is viewed as follows. Let 6, denote the Dirac
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probability measure concentrated at p € R,. For u € U, we associate the probability
measure 7, € £, (U) defined by

N
f.(@) = ® [(1 S )5o(ﬁi) + pl(spmnx(ﬂi)

i=1 pmax max

for it € U. Similarly, given v € U, we define 7,: R, — £,(0) and 7t, € (R, x U)
by

nv(x, dﬁ) = f]v(x)(da) ’
7, (dx, dit) := w,(dx) n,(x, di),

where u, € S is the invariant probability measure of the process under the control
v € Uggm.

Due to the linearity of u — h(u), we have the following identity (which we choose
to express as an integral rather than a sum, despite the fact that U is a finite space):

h(V(x)) = ‘ffL:Jh(ﬁ) nv(xs diy, ve Ugp.

As a point of clarification, the function % inside this integral is interpreted as the
restriction of 4 on U. The analogous identity holds for b(u).

In this manner we have defined a model whose input space U is discrete, and
for which the original input space U provides an appropriate convexification. Note
however that U ~ %(ﬁ) is not the input space corresponding to the relaxed controls
based on U. The latter is 2(U), which is isomorphic to a 2¥-simplex in R?'~!,
whereas Pg(ﬁ) is isomorphic to a cube in RY. We select ﬂ(ﬁ) as the input space
mainly because it is isomorphic to U. Since there is a one-to-one correspondence
between the extreme points of ﬂ(ﬁ) and @(ﬁ), had we chosen to use the latter, the
analysis and results would have remained unchanged. Even though we are not using
the standard relaxed control setting, since P@(ﬁ) is closed under convex combinations
and limits, the theory goes through without any essential modifications.

For p € (0, pmax], let

H(p) := {71 €Y f _ h(it) 7(dx, dit) < ﬁ} )
RyxU

Then H(p) is a closed, convex subset of ¢. It is easy to see that it is also non-empty,
provided p > 0. Indeed, let x” € R, and consider the control v,, defined by

0 ifx<x,
(Vx’)iz i=1,...,N.
Pmax  1fx>Xx,

Under this control, the diffusion process in (4.5.1) is positive recurrent and its invari-
ant probability measure has a density f,» which is a solution of (4.5.3). Let

k
2pmax z _
i .= 7 Z Vil , k= 1,...,N. (455)
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The solution of (4.5.3) takes the form

O,Ne—aN(x—x')*

fe(®) =

where (y)* := max(y, 0). Then

1+ ayx’

f h(v(x))fx’(x) dx = _ Pmax
R,

1+ anx’
and it follows that 7t,, € H(p), provided
1 X
x> —(@ - 1).
anN p

Thus the optimization problem in (4.5.2) when restricted to stationary, stable con-
trols is equivalent to

minimize over 7t € H(p) f _c(x) (dx, dit) . (4.5.6)
Ry xU
We also define
J*(p) ;= inf f cdr. “4.5.7)
neH(p) Jr,xU

As mentioned earlier, Assumption 4.2.1 does not hold, and hence the results in
Section 4.2.1 cannot be quoted to assert existence. So we show directly in Theo-
rem 4.5.3 that (4.5.6) attains a minimum in H(p), and more specifically that this
minimum is attained in Ug.

Theorem 4.5.3 Under Assumption 4.5.2, for any p € (0, pmax), there exists v* € U,
such that 7, attains the minimum in (4.5.6).

Proof First suppose c is unbounded. Fix p € (0, pmax] and let {7r;} be a sequence in
H(p) such that

lim cdm, — J(p). 4.5.8)
k—eo Jr, xT

Since the running cost ¢ was assumed inf-compact, it follows that the sequence {7t}
is tight in (R, x U) and hence some subsequence converges weakly to some 7t in
PR, X ﬁ). Clearly, 77" € 4. On the other hand, since / is continuous and bounded,
and r; — 7", weakly, we obtain

f hdr* = lim f hdrm < .
R, XU k—co JR, xT

Hence, m* € H(p). Since the map 7t — f cdr is lower semicontinuous on ¢, we

obtain
f cd7mt® < liminf f cdm = J(p),
R,xU k—co R.xU

and thus 7t* attains the infimum in (4.5.6).
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Now suppose c is bounded. As before, let {71;} be a sequence in ¢ satisfying (4.5.8)
and let 7t be a limit point of {7} in &. Dropping to a subsequence if necessary, we
suppose without changing the notation that 7, — 7t in ¢, and we decompose 7t as

A=67 +(1-6)7",

with @ € ¢4, U’ € P ({0} X ﬁ), and 6 € [0, 1]. Then on the one hand

6f hd7t’ < liminf f hdm, < p, 4.5.9)
R, xU R, xU

XU k— o0

while on the other, since ¢ has a continuous extension on R,

J*(ﬁ)zgim . _cdm

— JR,xU

(4.5.10)
=5f _cdft + (1 - 6)ces -
R

+XU
Note that since c is not a constant by Assumption 4.5.2, J*(p) < c«, and hence, by
(4.5.10), 6 > 0. Let ¥ € U, be the control associated with 7" and f; the correspond-
ing density of the invariant probability measure. Let * € R, have the value

o 1-0
= —,
0/3(0)
and v* € Uy, defined by
0 ifx<x,
vi(x) =
¥(x — x) otherwise.

The corresponding density is
0f3(0) ifx <%,
fr(x) =
O0fs;(x —X) otherwise.

By (4.5.9),

f B () o () dx = § f " HO () fix - B dx
R,

by

=0 f hd#’
R+><ﬁ

<p.

By construction f,-(x) > df;(x) for all x € R,. Hence,

f c(O)[fir(x) = 6fs(0)]dx < (1 = b)cwo - (4.5.11)
Ry
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By (4.5.10)— (4.5.11),
f W (0 dx <6 f (0 dx + (1 - S)cw

=J'(p).

Therefore v* € Uy, is optimal for (4.5.6). ]

4.5.3 Lagrange multipliers and the HJB equation

In order to study the stationary Markov optimal controls for (4.5.6), we introduce a
parameterized family of unconstrained optimization problems that is equivalent to
the problem in (4.5.2) in the sense that stationary optimal controls for the former
are also optimal for the latter and vice versa. We show that optimal controls for the
unconstrained problem can be derived from the associated HIB equation. Hence, by
studying the HJB equation we characterize the stationary Markov optimal controls in
(4.5.6). We show that these are of a multi-threshold type and this enables us to reduce
the optimal control problem to that of solving a system of N + 1 algebraic equations.
In addition, we show that optimality is achieved over the class of all admissible
controls U, and not only over Ugy,.
With 1 € R, playing the role of a Lagrange multiplier, we define

L(x,u, p, ) := c(x) + A(h(u) — p)

y , I _
J(v, p,A) := limsup ?f L(X,;,v(?), p, A) dt (4.5.12)
0

T—o00

J(p,A) = inf J,p,A).
velgm

The choice of the optimization problem in (4.5.12) is motivated by the fact that
J*(p), defined in (4.5.7), is a convex, decreasing function of p. This is rather simple
to establish. Let p’, p” € (0, pmax] and denote by 7', v’ the corresponding ergodic
occupation measures that achieve the minimum in (4.5.6). Then, for any ¢ € [0, 1],
T := 07 +(1—6) " satisfies fh dmy = 6p’ +(1—-96)p”, and since 71 is sub-optimal
for the optimization problem in (4.5.6) with power constraint 6p" + (1 — 6)p”, we
have

J@p +(1-6)p") < fcdm) =6J(p)+ (1 =8)J(p").

A separating hyperplane which is tangent to the graph of the function J* at a point
(Po, J*(Po)), with pg € (0, pmax], takes the form

{(B,)) : T + 45 (P = Po) = J"(Po)}

for some A, € R, (see Figure 4.1).
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J*+ Ago D ) .
PoP0 optimal p — J*(p) curve is convex

(ﬁ(h J* (1_)[]))

average cost: J

T+ Ao = o) =

0 average power: j; Prax

Figure 4.1 The separating hyperplane through (po, J*(po))

Standard Lagrange multiplier theory yields the following [88, p. 217, theorem 1]:

Theorem 4.5.4 Let pg € (0, pmax]. There exists Ap, € R, such that the minimization
problem in (4.5.6) over H(py) and the problem

minimize f _ L(x, 1, po, Ap,) Te(dx, dit) over Te€Y (4.5.13)
Ry xU

attain the same minimum value J*(po) = f*(po, Ap,) at some 1y € H(po). In partic-
ular,

f _ h(it) To(dx, dit) = py .
R

XU

Characterizing the optimal control via the HIB equation associated with the un-
constrained problem in (4.5.13), is made possible by first showing that under As-
sumption 4.5.2 the cost L(x, u, p, 1) is near-monotone and then employing the results
in Sections 3.5-3.6. It is not difficult to show that under Assumption 4.5.2

lim J*(p) = lim c(x). (4.5.14)
p—0 xX—00
Indeed, for p € (0, pmax], Suppose v € Uy, is such that 7t, € H(p). Letting

Ymax = mlax {Yl} 5
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and using (4.5.4) we obtain

pz fo h(v(x)) fi(x) dx
>yl f ) b(v(x)) f,(x) dx
o2 "
" 2wy
Therefore
fm c(x)f,(x)dx > min {c(x)} foo fr(x)dx
0 xz% 1
:mm {c(x)} ( (A \/_) )
23
2 max —
> IEE {c(x)}(l - );—2 \/E) .
Hence,

2 max —
J(p) = min {c(x)}(l - 2—2 JE)

x>—
and (4.5.14) follows. We need the following lemma.

Lemma 4.5.5 Let Assumption 4.5.2 hold and suppose c is bounded. Then for any
P € (0, pmax]), we have

T (P12) < (T (D) + co) -

Proof For p € (0, pmax], let P € H(p) be an optimal ergodic occupation measure,

ie.,
f cdn® = J*(p).
R+><U

Denote by v € U, the associated optimal control, and let f» stand for the density
of the invariant probability measure. Set & = [f,»(0)]!, and define v* € U, by

. 0 ifx<2x,
Vvi(x) = )
VP (x — %) otherwise.
We compute the density of the invariant probability measure as

" (O . ~

f\,(lz)( ) 1fx < £,
fr@)=9,.°

M otherwise.

Then
f h(v* () fy- (x) dx =

NI"Bl
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Observe that f,-(x) > % fuw(x) for all x € R,.. Hence, since c(x) < ¢, for all x € Ry,
we obtain

FR) - L1 < f Lo () = L fyn ()] dx
R,
< icw,
which yields the desired result. O

We are now ready to establish the near-monotone property of L. First, we introduce
some new notation. For p € (0, pmax], let

AP):={AeR, T PY2T P)+APp-p') Yp €0, pmaxl}s
and

A= U Ap).

PEQ,pmax]

Remark 4.5.6 It follows from the definition of A(p) that

inf f [e(x) + Ah(@D)] 7e(dx, dit) = J*(p) + Ap
R

el XU
for all A € A(p). To show this, let 77 € & and set p’ := fR i M) 7U(dx, dit). Then
for A € A(p), we have

f [e(x) + @) 7 (dx, dit) > J(F) + AP = T (p) + AP,
R, xU

where the second inequality follows by the definition of A(p). Conversely,

inf f [e(x) + Ah(@)] 1(dx, dit) < inf f [c(x) + Ah(@)] e(dx, dit)
ey R, xU TteH(p) R, x0

<J'(p)+Ap.
Also, it is rather straightforward to show that A = [0, 2) for some A € R, U {co}.
Lemma 4.5.7 Let Assumption 4.5.2 hold. Then, for all p € (0, pmax] and 1 € A,

liminf inf L(x, i, p,A) > J*(p, A). (4.5.15)

X—00 e

Proof 1If c is inf-compact, (4.5.15) always follows. Otherwise, fix p € (0, pmax] and
A e A Let p’ € (0, pmax] be such that 2 € A(p’). By the definition of A(p’), we have

J(#) = J(p)+ A%
Thus, using Lemma 4.5.5, we obtain

TP+ AP < Coo . (4.5.16)
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The definition of J*(p, ) in (4.5.12) yields

J*(p,A) := inf f L(x, it, p, A) 7(dx, dit)
el R.Q(ﬁ

= _2p+ inf f (c(x) + Ah(i)) 7(dx, dii)
TeY R+Xﬁ

Using this along with (4.5.16) and Remark 4.5.6 (since 1 € A(p")), we obtain

liminf inf L(x, i, p, ) + Ap = liminf c(x)

X—00 7elU

> J(p')+ AP

= inf f _[e(x) + Ah(@)] m(dx, dit)
R

el +><U
=J@, D)+ Ap,

and the proof is complete. O

4.5.4 The structure of the optimal control

We can characterize optimality via the HIB equation. This is summarized as follows:

Theorem 4.5.8 Let Assumption 4.5.2 hold. Fix p € (0, pmax] and A; € A(p). Then
there exists a unique solution pair (V, ), with V € C*(R,) and B € R, to the HIB

min [L*V(x) + L(x, @i, p, ;)] = B, 4.5.17)
uelU

subject to the boundary condition %—Z(O) = 0, and also satisfying
(a) V(0)=0;

(b) infyer, V(x) > —oo;

(©) B < TP, Ap).

Moreover, if the function v* is a measurable selector from the minimizer in (4.5.17),
then v € Uy, C U, and v* is an optimal control for (4.5.13), or equivalently, for
(4.5.6). Also, B = J*(p, Ap) = J*(P) (the second equality follows by Theorem 4.5.4).

From the results of Section 3.4 it follows that the stationary Markov control v* in
Theorem 4.5.8 is optimal among all admissible controls I, and hence is a minimizer
for (4.5.2).

Theorem 4.5.9 Under Assumption 4.5.2, for any p € (0, pmax], there exists v¥ € U,
which attains the minimum in (4.5.2) over all controls in .

If A(p) and J*(p) were known, then one could solve (4.5.17) and derive the opti-
mal control. Since this is not the case, we embark on a different approach. We write
(4.5.17) as

min [ L7V (x) + c(x) + :h@)] =B+ A5 . (4.5.18)
€U
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By Theorem 4.5.8, J*(p) is the smallest value of 5 for which there exists a solution
pair (V, B) to (4.5.17), satisfying (b). This yields the following corollary:

Corollary 4.5.10 Let Assumption 4.5.2 hold. For A € A, consider the HIB equation
min [L"V(x) + e(x) + Ah(@)] = o, (4.5.19a)
a0

subject to the boundary condition

Vo =o. (4.5.19b)
dx
and define
2, = {(V.0) solves (4.5.19) : inf V(x) > —oco} (4.5.20a)
o, :=min {o: (V,0) € 2,}. (4.5.20b)
Then
04 = min f [c(x) + Ah(@)] 7, (dx, dit) . (4.5.21)
velgm R+X6

Moreover, if p is a point in (0, pmax] such that A € A(p), then
o1=J(p)+Ap,

and if Vi, is a measurable selector of the minimizer in (4.5.19a) with 0 = 0,, then v
is a stationary Markov optimal control for (4.5.13).

The minimizer in (4.5.19a) satisfies

. _.dv . . davy .
min [—b(u)a +/lh(u)] = min Z(/l_yja)ﬂjuj'

el elU
Thus the optimal control v/ takes the following simple form: for i = 1,..., N and
xeR,,
0 if y; 9L (x) < A,
VDi(x) = W (4.5.22)
Pmax lf')/ia(x) =a.

Thus, provided ‘é—_‘; is monotone, the optimal control v} is of multi-threshold type,
i.e., for each channel state j, there exists a queue-threshold %; such that, at any time
t, the optimal control transmits at peak power pmax over channel state j, if the queue
length X; > %;, and does not transmit otherwise.

The following lemma asserts the monotonicity of %, under the additional assump-
tion that ¢ is nondecreasing.

Lemma 4.5.11 Suppose c is nondecreasing on [0, o), and Assumption 4.5.2 holds.
Then every (V,0) € 2, satisfies
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(a) ‘(’1—‘; is nondecreasing;

(b) if c is unbounded, then ‘3[—‘; is unbounded.
Proof Equation (4.5.19a) takes the form

o? d*v

+
EW] +0—cx), (4.5.23)

dv
() = D 7P [y,»am -2
J

where the initial condition is given by (4.5.19b). Since c is nondecreasing, then by
(4.5.21), 0 > ¢(0). We argue by contradiction. Suppose that for some x' € R,,
LV (¥) = —& < 0. Let

x" = inf {x>x’ : ‘%(x) 20} )

@V
dx?
,7

X"’ < oo. Since

is continuous by Theorem 4.5.8, it must hold that x” > x’. Suppose that

[
dx?

increasing, (4.5.23) implies that C(%‘z/(x") < “%‘{(x’) < 0. Thus x” cannot be finite,

Since

< 0 on [x', x”) and both [yj%(x) - /l]+ and o — c(x) are non-

from which it follows that ‘(‘;T,‘z/(x) < —¢ < O for all x € [/, 00), implying that V is
not bounded below and we are led to a contradiction. This proves part (a). If ¢ is not
bounded, then it is clear from (4.5.23) that since fTZ > 0, we must have %(x) — o0
as x — oo, and part (b) follows. m]

The proof of Lemma 4.5.11 shows that if (V, 0) solves (4.5.19), then V is bounded
below, if and only if %’(x) > 0 for all x € R,. Thus 2, defined in (4.5.20a) has an
alternate characterization given in the following corollary.

Corollary 4.5.12  Suppose the running cost c is nondecreasing on [0, co) and that
it satisfies Assumption 4.5.2. Then, for all 1 € A,

2, = {(V,Q) solves (4.5.19) : ‘(’127‘2/ >0on R+}.

Comparing (4.5.18) and (4.5.19), a classical application of Lagrange duality [88,
p. 224, theorem 1] yields the following:

Lemma 4.5.13 [f ¢ satisfies Assumption 4.5.2 and is nondecreasing on [0, o), then
for any p € (0, pmax] and A5 € A(P), we have

01, = Ap P = max (o — 4B} = J'(p). (4.5.24)
Moreover, if Ay attains the maximum in A — o, — AP, then gy, = J*(p) + Aop, which
implies that 1y € A(P).

Proof The first part follows directly from [88, p. 224, theorem 1]. To prove that
Ao € A(p), note that since the infimum of fR <€ d7t is achieved at some 7@ € H(p),
then

inf f L(x, i, p, Ap) T(dx, dit)
UG R+Xﬁ
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is attained at 7t and fR < h(it) (dx,dit) = p. Let p’ be arbitrary and 7t attain the

minimum of of 7T ﬁz i cdmin H(p'). We have

J*(p) = inf f L(x, @, p, Ao) T(dx, dit)
el R+Xﬁ

< f  L(x, @i, p, o) 7 (dx, dit)
R

+xU
=J(P") + (P - D).
Since this holds for all p’ it follows that 2y € A(p). O

Remark 4.5.14 Lemma 4.5.13 furnishes a method for solving (4.5.6). This can be
done as follows: With A viewed as a parameter, we first solve for o, which is defined
in (4.5.20b). Then, given p, we obtain the corresponding value of the Lagrange mul-
tiplier via the maximization in (4.5.24). The optimal control can then be evaluated
using (4.5.22), with 4 = A;. Section 4.5.6 contains an example demonstrating this
method.

4.5.5 Solution of the HJB equation

In this section we present an explicit solution of the HIB equation (4.5.19). We deal
only with the case where the cost function c is nondecreasing and inf-compact. How-
ever, the only reason for doing so is in the interest of simplicity and clarity. If ¢ is
bounded the optimal control may have less than N threshold points, but other than the
need to introduce some extra notation, the solution we outline below for unbounded
¢ holds virtually unchanged for the bounded case. Also, without loss of generality,
we assume that y; > --- > yy > 0.
We parameterize the controls in (4.5.22) by a collection of points

A

{X1,..., AN} C Ry

In other words, if V is the solution (4.5.23), then X; is the least positive number such
that §(%) > y;'. Thus, if we define

AN = (=G, k) eRY 1R <o- < Ry
then for each £ € 2™V, there corresponds a multi-threshold control v; of the form
Pmax if x> 521‘ s
vp)i(x) = 1<i<N. (4.5.25)
0 otherwise,

To facilitate expressing the solution of (4.5.23), we need to introduce some new
notation. Fori =1, ..., N, define

i i

- - Yi .

mi= E T, Yi= E myi, L sz_ﬂ'i-
j=1 j=1

L
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Note that from (4.5.5), we obtain the identity

2
@ = Py =1, N,
o

For x,z € R,, with z < x, we define the functions
X
Fo(o, x) := ox — f c(y)dy,
0
andfori=1,...,N,
X
Fi(0,%,2) := [0+ a1 (1 = ") - o f ¢"“e(y)dy,
Z

X
Gi(0,%,2) := 0+ Apmax]i — @; f eV e(y)dy — ¥ e(x) .

z

Using the convention %y, = oo, we write the solution of (4.5.23) as

2 . R
dv —ZFQ(Q,X) 1f0$x<x1,
—=1{" ) (4.5.26)
dx F eV o, x,3) + A ifx € (R du1). i2N.
In addition, the following boundary conditions are satisfied
. 10?2
Folo,%1) = 5— =0,
2y
(4.5.27)
oo 1 1
Fi(0, &ix1, £) = APmaxyie™ ) (— - —) , 1<i<N.
Yi+1 i
Also, fori=1,...,N, we have
d*v 2 s . . o
W(x) = gfa'( YGi(o, x. %),  x € (Ri, fir1).
Since ¢ is monotone, the map
X f " Ve(y) dy + e e(x) (4.5.28)
4

is nondecreasing. Moreover, using the fact that ¢ is either inf-compact (or strictly
monotone increasing, when bounded), an easy calculation yields

Gi(o, x,z) > lim G;(0, x,72) . (4.5.29)
X—00

Suppose & € 2V are the threshold points of a solution (V, o) of (4.5.23). It follows
from (4.5.29) that lim,_,.. Gn(0, x, Xx) > 0 is a necessary and sufficient condition for
‘é%/(x) > 0, x € (Xy, 00). This condition translates to

0+ Apmax 'y — ay f eIV Ve(yydy > 0. (4.5.30)

AN
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The arguments in the proof of Lemma 4.5.11 actually show that (4.5.30) is sufficient
for ?127‘2/ to be nonnegative on R,. We sharpen this result by showing in Lemma 4.5.15

below that (4.5.30) implies that ‘3127‘2/ is strictly positive on R.

Lemma 4.5.15 Suppose & € 2N satisfies (4.5.27). If (4.5.30) holds, then ¢ > c¢(%)
and Gi(0, x, X;) > 0 for all x € [X;,%+1),1=0,...,N—1.

Proof We argue by contradiction. If o < c(X}), then G(p, %;, X;) < 0, hence it is
enough to assume that G;(o, x, ;) < 0 for some x € [x;, X;y1] and i € {1,...,N — 1}.
Then, since (4.5.28) is nondecreasing, we have

Gi(o, %is1, %) 0. (4.5.31)
Therefore, since
Fi(0, %, %) = Gi(0, X, £) + €"“Vc(x) = [0 + Apmax il 577, (4.5.32)
combining (4.5.27) and (4.5.31) — (4.5.32), we obtain

) (11
c(Xir1) =0 — Apmaxli 2 /1%'( - —) ,
Yiv1 Vi

which simplifies to

Vi

C(JQHI) -0+ /lpmaxﬁ-i 2 /lpmax . (4533)
Yi+l
Since
L= g =T,
Yirl Yi+1
(4.5.33) yields
O+ Apmaxlis1 < c(Xiz1) . (4.5.34)

Using the monotonicity of x +— Gy1(0, X, X;4+1) together with (4.5.34), we obtain
Gii1(0, X, %i41) < 0 for all x € [X;;1, Xi+2], and iterating this argument, we conclude
that Gy (o, x, Xy) < 0 for all x € (%y, c0), thus contradicting (4.5.30). O

Combining Corollary 4.5.12 with Lemma 4.5.15, yields the following.

Corollary 4.5.16 Suppose (V, 0) satisfies (4.5.26)—(4.5.27) for some % € XN and
A € A. Then (V,0) € 2,, if and only if (4.5.30) holds.

For A € A, define
Ry={oeR,:(V,0) € 2} .

For each p € R, equations (4.5.27) define a map o — X, which we denote by x(o).

Lemma 4.5.17 Let 1 € A and suppose oy € R,. With 0, as defined in (4.5.20b),
and denoting the left-hand side of (4.5.30) by Gy(0, 00, Xy), the following hold:

(@) if o’ > oo, then o’ € Ry and Gy(0’, 00, X(0")) > 0;
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(b) if Gn(o, o0, (00)) > 0, then gy > 0i;
(¢) Ry = [0, ), and 0, is the only point in Ry which satisfies
Gn(04, 0, %(01) = 0.

Proof Part (a) follows easily from (4.5.23). Denoting by V,, and V’ the solutions of
(4.5.23) corresponding to gy and ¢’, respectively, a standard argument shows that

A2V’ -V,
u(x)kg'—gg>0 ¥YxeR,,
dx?
implying
av’ dV,
() > —2(x) VxeR,. (4.5.35)
dx dx

Hence, since by the definition of 2,, V, is bounded below, the same holds for V’,
in turn, implying that (V’, ") € 2,. By (4.5.35), we have %(0’) < %(0o), and since
Xy = Gy(o, 2, Xy) is non-increasing and o’ > 0y, we obtain G (o', o0, 2(0")) > 0.

To prove (b), write (4.5.27) in the form F (o, %) = 0, with F: RY*! — R¥. The map
F is continuously differentiable and as a result of Lemma 4.5.15 its Jacobian D;F
with respect to £ has full rank at (09, £(0p)). By the implicit function theorem, there
exists an open neighborhood W(oy) and a continuous map x: W(gg) — R, such
that F(o, 2(0)) = 0 for all o € W(op). Using the continuity of Gy, we may shrink
W(0o) so that Gy(p, o0, 2(0)) > 0 for all o € W(op). Hence W(oy) C R,, implying
that oy > 0,.

Part (c) follows directly from (a) and (b). ]

Combining Corollary 4.5.10 and Lemma 4.5.15, we obtain the following charac-
terization of the solution to the HIB equation (4.5.19).

Theorem 4.5.18 Let the running cost ¢ be nondecreasing and inf-compact. Then
the threshold points (%1,...,%y) € Z N of the stationary Markov optimal con-
trol in (4.5.25) and the optimal value o, > 0 are the (unique) solution of the set
of N + 1 algebraic equations which is comprised of the equations in (4.5.27) and

GN(Q/I? 0, X(Q/l)) =0.

4.5.6 Minimizing the mean delay

We specialize the optimization problem to the case c(x) = x, which corresponds to
minimizing the mean delay.

First consider the case N = 1, letting @ = a; and X
obtain

X1. Solving (4.5.19) we

20 x?

v
i il
with

F=0- 02— 22, (4.5.36)



192 Various Topics in Nondegenerate Diffusions

Also, for x > %,
N L 2 1
el Ca ) R L R &

Therefore, for x > X,

c61127‘2/(;0 = % (g - %= é) 0 4 G%a . (4.5.37)
It follows from (4.5.37) that
o1 =i+ é , (4.5.38)
By (4.5.36) and (4.5.38),
o1= &+ 4= (4.5.39)

Let p € (0, pmax] be given. Applying Lemma 4.5.13, we obtain from (4.5.39)

_ Pmax 1
2ap?  2aPpmax

p

and

1 ax p
J*(ﬁ>=2—(”“i“ + L )
@\ p Pmax

Moreover, the threshold point of the optimal control is given by

1 max
x:-(L—l).
al p

Now consider the case N = 2. We obtain:

dv 2 X2
= G_gx - 5. xsh, (4.5.40a)

dv 2
M= (Q - X -
X

2(x—x A
PEC 2 VS

5 , X <x<%, (4.5.40b)
[Oufe 4] Y1
and for x > %,
v 2 1 -
W= o (.Q ~ = — 4 APy 72)
X onfe’s) (e%) Y2
. 2x - % A
x [0 1] + w + = (4.5.40c)
[Sd?%) Y2
Since (%)) = %» we obtain by (4.5.40a),
#1 = 0— AJor — 42, (4.5.41)

Y1
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By (4.5.40c) 012V()c) > 0 for all x > X,, if and only if

0 dx2

R 1 Y172
0— X — — + APmaxT1 >0.
[¢%) Y2

Also, since %(fcz) = y—{, we obtain from (4.5.40b),

1 - 22 1 1
|

2 Y2 Y1
We apply Theorem 4.5.18 to compute the optimal control. Let %;(0) be as in (4.5.41)

and
R N ER | Y1 =72
(o) 1= £1(0) + /0 = A& = — + Apmaxy :
[¢%) Y2

Then p, is the solution of

( 2 Aot _ L)eazm(m—m@» + (L _ i) -0.

o ay @

This completely specifies an optimal stationary control.

4.6 Bibliographical note

Section 4.2. This is based on [31, 38].
Section 4.3. This is based on [36].

Section 4.5. This is from [123].
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Controlled Switching DifTusions

In this chapter we extend the results of Chapter 3 to switching diffusions, also re-
ferred to as diffusions with a discrete parameter [108]. A controlled switching diffu-
sion is a typical example of a hybrid system which arises in numerous applications
of systems with multiple modes or failure modes, such as fault tolerant control sys-
tems, multiple target tracking, flexible manufacturing systems etc. The state of the
system at time  is given by a pair (X, Y;) € RxS, S = {1,2,..., N}. The continuous
component X, is governed by a controlled diffusion process with a drift vector and
diffusion matrix which depend on the discrete component Y;. Thus X, switches from
one diffusion path to another as the discrete component Y; jumps from one state to
another. On the other hand, the discrete component Y; is a controlled Markov chain
with a transition matrix depending on the continuous component. The evolution of
the process (X, Y;) is governed by the following equations:

dX, = b(X,, Y;, U) dt + 0(X,;, Y;) dW,,
P(Yieoe = | Yo = i, X5, Yoo 5 < 1) = (X, UDSt + 0(01), i # j,

With/l'ii ZOforiij,andey:]/l{ =0.

For the most part we follow the structure of Chapter 3. Virtually all of the results
for a controlled nondegenerate diffusion can be extended to controlled switching
diffusions. From an analytical viewpoint, the study of ergodic control for switching
diffusions relies on the extension of the theory of scalar elliptic equations in non-
divergence form to coupled cooperative elliptic systems of second order. The key
theorems for elliptic systems used in this chapter are summarized in Section 5.2.

5.1 The mathematical model

5.1.1 Construction of a switching diffusion as a Markov process

We construct the controlled switching diffusion Z = (X, Y) as a strong Markov pro-
cess, continuous from the right, in the phase space RY x S, and action space U, a
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compact metric space, on a probability space (€, &, P). For the time being, let u € U
be fixed. Let T be the first exit time of the discrete component Y from the initial state
Yy = y. On the set {T > ¢t} the exit time T satisfies T o §; = T — ¢. Using this property,
we can verify that for each y € S, the function Q,(t, x,A) = P, (T > t, X; € A),
A € BRY), is a transition function, i.e., a sub-probability kernel that satisfies the
Chapman-Kolmogorov equations. Indeed

Oy(t+s5,x,A) =P (T>1+s, Xy €A)
= Ex,y[(HA(Xs)H{T > s}) o 6]

:f Oy(t, x,dx" ) By, [Ia(X,) T{T > s}]
R4

= Ny O)(t, x,dx")Qy(s,x", A) .
The transition function Q,(t, x, A), indexed by the parameter y, is associated with a
process governed on [0, T) by the Itd equation:
dX, = b(X,,y,u)dt + o(X;,y)dW,, (5.1.1)
with
b=[b",....b"": RYxSxU > R,
o=[0"]: RIxS - R,

At the same time, the distribution of T is specified as follows.

Poy(t>1]5) =exp (— ft AXs, v, 1) ds) . (5.12)
0

At the jump time T the transitions of the discrete component Y are governed by a
transition function Q(i, j; x, u), having a parametric dependence on (x,u) € R? x U,
and satisfying O(, i; x, u) = 0 for all i € S. In other words, we require that the process
satisfies

P(Ye=j| %)= O0ee. ji Xe.u), (5.1.3)

where ‘&,Z is the right-continuous completion of o{(X,,Y;) : s < t}. Let p be a
Poisson random measure on R X R, which is independent of W, with intensity
E [p(dé x dr)] = m(d€) dr, where m denotes the Lebesgue measure on R. Let

{Alj(-x9u) li]’ 1,]€S}

be consecutive, with respect to lexicographic ordering, left closed, right open inter-
vals of the real line, with A;;(x, u) having length A(x;, i, u)Q(i, Js x,u). Also define the
function g: RY xS x U xR — R by

i iee A,
g(x,i,u,f)z{y Etge Ay(nu) (5.1.4)

0 otherwise.
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The jump times and transitions in (5.1.2) —(5.1.3) may be realized by the stochastic
integral

ay, = f (X, Yo, u, &) p(dé x df) . (5.1.5)
R

Equations (5.1.1) and (5.1.5) describe the process Z.
Let
Ax,u) = A%y, W0, j;x,u), jEY,
(5.1.6)
Ay(xu) i= —A(x, y,u) .
By (5.1.6), ;4 = 0.

5.1.2 The controlled switching diffusion model

We make the following assumptions on the parameters.

Assumption 5.1.1 Lety: (0, c0) — (0, o0) be a positive function that plays the role
of a parameter.

(i) On every ball By the functions b(x,y,u), '/(x,y) and A;(x, u) are continuous
and Lipschitz in x, with a Lipschitz constant y(R) uniformly with respect to u.
(ii) Also b(x,y,u) and o(x,y) have linear growth in x, that is

b(x,y,w)| + loCe, I < (DA +1xl)  Y(xy,u) eRIxSxU.

(i) 0j; is uniformly elliptic, on every ball B, i.e., with a := 00", we have
d ..
Dl yéE =y RIEP V(xy) € By xS,
by

forall € = (&1,...,&;) € R

Remark 5.1.2 By Assumption 5.1.1 (i), /lj are locally bounded. This implies that
there is no accumulation of an infinite time of jumps at the discrete component in any
finite time interval. Indeed, in view of (5.1.2), the number of jumps in any interval
[0, #] is a.s. finite.

The controlled, switching diffusion process constructed in Section 5.1.1 can be
modeled via the following It stochastic differential equations.

dX; = b(X;, Y;, Uy dt + o(X;, ;) dW;,

5.1.7)
de=fg(Xz, Y-, U, &) p(dé x dp),
R

for t > 0, with g defined in (5.1.4), where

(a) Xo and Y are prescribed R¢-valued and S-valued random variables, respectively.
(b) W is a d-dimensional standard Wiener process, and p is a Poisson random mea-
sure on R X R, with intensity m(dz) x dt.
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(c) Xo, Yo, W, and p are independent.
(d) U is a U-valued process with measurable sample paths satisfying the non-
anticipativity property that the o-fields

o{Xo, Y0, Us, Wy, (A, B) : A € 4([0,5]), Be BR), s<t},
and

o{Ws;— W, p(A,B) : A € B([s,)), Be BR), s>t}
are independent for each r € R.

If (W, », Xo, Yo, U) satisfying (a)—(d) above are given on a prescribed probability
space (€2, &, P), then, under Assumption 5.1.1, equation (5.1.7) admits an a.s. unique
strong solution with X € C([0, o0); RY), Y € D([0, ); S), where D([0, 00); S) is the
space of right-continuous functions on [0, co) with left limits taking values in S. This
follows readily using the Picard iterations. As also defined in Chapter 2, a control
process U satisfying (d) is called admissible, and the set of all admissible controls is
denoted by .

Definition 5.1.3 If X(R?) is a vector space of real functions over RY, we adopt
the notation X(R? X S) to indicate the space (X(R?))", endowed with the product
topology. For example,

PRI xS) = {f: RIxS > R: f(-.i) e L'(RY), i € S

and similarly we define C*(R¢ x S), 7/1(1:;” (R4 x S), etc. We denote the components of
such a function f, either as f,(x) or f(x,y). If || - || xzey is @ norm on Xi (RY), then the
corresponding norm on X(RY x S) is defined by

I llxcroxsy = D Willacees -

yes

5.1.3 The extended controlled generator of the Markov semigroup
For ¢ € C?(R? x S), define £* and IT* by

u 3 ij 02(,0 : j 8‘10
(L')(x,) = ,Zl @) g e+ ,Zl Vleywgioy. (518
(T ¢)(x, ) = =A(x, y, u)p(x, ) + A, y, u) Z o(x, O, js x,u)
J#EY
= —B(x, w)p(x, y) + Z Ax, we(x, j) . (5.1.8b)

J#y

The last equality in (5.1.8b) follows from (5.1.6).
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Lemma 5.1.4 Let ¢ € C2(RY X S). Then fort > 0,
!
BV [0(Z)] - ¢(2) = E; f |£%0(Z) + 1% ¢(z,)] ds
0

!
=E, f [LU‘TSO(ZQ + Z /IJYY(XJ, Us)t,o(Zs)] ds. (5.1.9)
0 jes »
Proof Let {1y,...,7,} denote the times of jumps of Y in the interval [0, ], and set
79 = 0, and 7441 = t. Applying the 1t6 formula, we obtain, for k =0, ..., ¢,

Th+1

90(XTk+1’ YTk) - SD(XT“ Y‘rk) = LUAQO(XS, Yrk) ds

Tk

Tk+1
+ f (Vo(Xs, Yr,), 0(Xs, Yr, ) dWs) . (5.1.10)

Tk

Adding (5.1.10) over k from O to £, we obtain

@(Z) = ¢(2) + j(; L%p(Z,)ds + fo (Ve(Zy), o(Z,) dWy)

l
+ D (X, Y2) = 9(Xe,, Y )
k=1

— o) + f V() ds + f (Vo(Z,). 0(Z,) dW,)
0 0

+ fot fR[go(Xs, Y, + 8(Zs, Uy, &) — o(Z)|p(dé x dr) . (5.1.11)
Since
I"p(x,y) = fR le(x,y + g(x, y,u,£)) — ¢(x, )| m(dé),
taking expectation in (5.1.11), and using (5.1.6) we obtain (5.1.9). o

Definition 5.1.5 Let a}/(x) := a'(x,y) and bi(x,u) := b'(x,y,u). Also for u € U
and ¢ € C2(RY), we define

Li(x) = a (x)0;0(x) + b (x, 0)dep(x).
Lro(x) 1= df (0)0;0(x) + bl (x, 1)3rp(x) + By (x, 0)p(x).
The operator /7" is defined by
M f(ey) = > Ao fx, ), uel,

J#y
Combining the above definitions, for f € C2(R? x S), we obtain

Af () 1= Lif(ey) + Y| M wf(x, j)

jes

= Lif(ey) + T f(x,y), uel.
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Equivalently, we view the operator A* as acting on functions in C*(R%)", and with
A denoting the matrix [1/], we represent A as

AS(x) = LYf(xX) + A f(x), (5.1.12)

where we adopt the natural vector notation for f : R? x S — RV, i.e., represent it as
f =1, fn), with fi(x) = f(x,17). In expanded form (5.1.12) is written as

(A P(x) = (L f)(x) + (A" i(x)
= L) + ) Al u)f(x)

Jjes
= L) + (T fr(x), keS, uel.

We adopt the relaxed control framework, and for v € &2(U), we define

b,(x,y) := fb(x, y,uyv(du | x,y), /lf:,v(x) = f/l/{:(x, wyv(du | x,y),
U U
and
A f(x,y) = f A f(x,y)vidu | x,y). (5.1.13)
U

We also use the vector notation b, = (b1, ..., by,), with by, ,(x) := b,(x,y).
All these definitions also hold for f € %jcp (R % S).

Remark 5.1.6 If we vectorize v € Uy, by defining vy(du | x) := v(du | x,y), then
v=(1,...vy) € (ZU)Y. It is important to note that by, = by, A3y = Ay, for all
j €S, and therefore,

(A Sy = LHfx) + D A (0fix)  Vkes.
jes
Under a stationary Markov control v € U, a direct extension of the results
in [117] shows that (5.1.7) admits a pathwise unique strong solution Z = (X,Y)
which is a Feller process with extended controlled generator A (compare with The-
orem 2.2.12). As usual we let P': R, xRIxS — Z(R¢xS) denote its transition func-
tion. Also P} ; and E ; denote the probability measure and the expectation operator,
respectively, on the canonical space, of the process (X, Y) starting at (x,i) € R? x S.

5.2 Cooperative elliptic systems

The model in (5.1.7) gives rise to the class of elliptic operators in (5.1.13), with
v € Uy, appearing as a parameter. These take the form of a coupled (coupling in
the zeroth order term) elliptic system of operators, with coupling coefficients which
are nonnegative (cooperative). In the interest of economy of notation we have intro-
duced a convenient parameterization in Assumption 5.1.1, via the function y which
suppresses the need for distinct Lipschitz constants and growth bounds. We use the
same parameterization to define a class of elliptic operators as follows.
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Definition 5.2.1 Let y: (0,0) — (0, o) be a positive function that plays the role
of a parameter. We let 2(y) denote the class of operators A which take the following
form: with ¢ = (¢1,...,on) € # PRI X S)

loc
(AR = Lige(x) + Y A (09,0, (52.1)
Jj#k
and satisfying

(i) L € 8(y) (see Definition A.1.1). ‘
(i) (|1A]ll=(8) < ¥(R), A} 2 0 for k # j, and 3; 2] <0.!

Comparing Assumption 5.1.1 to Definition 5.2.1, it is clear that for the model in
(5.1.7), under Assumption 5.1.1, there corresponds a function y: (0, 00) — (0, o)
such that A” € A(y) for all v € Up,. Thus any property which holds uniformly over
solutions involving the operators in (y), also holds uniformly over all A", v € Ugy,.

The ergodic behavior of Z = (X, Y), depends heavily on the coupling coefficients
{/1'1.7 }. Recall that a matrix [M;;] € RM*N is called irreducible provided that for any
pair of non-empty sets /, J which form a partition of S, there exist iy € I and jy € J,
such that M; ;, # 0.

Definition 5.2.2 If D c R? is a bounded domain and A € A(y), then with {/l{ a
denoting the coeflicients that correspond to A, define

/Al‘i’;ﬂ(D) = “/l{,ﬂ”L‘(D)

and let A #(D) denote the N x N matrix [;l,] D) i # j].

We say that A € A(y) is fully coupled in a bounded domain D c R? if Az(D) is
irreducible, and that it is fully coupled if it is fully coupled in some bounded domain
D c R, We also say that a class of elliptic operators 2’ C (y) is f-uniformly fully
coupled in D, with 8 > 0 a constant, if for each A € A’ and any non-empty set I C S
there exist iy € I and j, € I¢ such that

AP (D)2 6.

Definition 5.2.3 Analogously to Definition 5.2.2, with v = (v1,...vy) € Uy, as a
parameter we let

A (Bg) = f | e, vi0)|dx, i jes,
, 5
and define the matrix

N'Bg) =X Bp):i# jl. v=(1....,v5) € Up.

We say that the controlled switching diffusion in (5.1.7) is fully coupled in By if
AY(Bg) is irreducible for all v € Ug,. We also say that the controlled switching
diffusion in (5.1.7) is fully coupled if it is fully coupled in some ball Bg.

! Note that this amounts to a more general framework than we need.
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Comparing Definition 5.2.3 to Definition 5.2.2, we note that if (5.1.7) is fully
coupled in Bg, then then the collection {A” : v € Uy} is B-uniformly coupled in By
for some constant 8 > 0. Thus, if (5.1.7) is fully coupled, then there exist Ry > O,
6 > 0 such that

A N8y = OMi(v), i % j, Vv e U,

where M(v) € {0, 1} is an irreducible matrix. Note also that the switching diffu-
sion is fully coupled unless there exists a non-empty I C S such that for each i € I,

min V(x,u)=0 ae.  Vjel.
uelU

It is rather straightforward to show that since /l{ > 0 fori # j, the weak and strong
maximum principles in Theorems A.2.2—A.2.3 hold for the elliptic system in (5.2.1).

An extension of the Alexandroff-Bakelman—Pucci maximum principle for elliptic
systems in the class A is summarized in the following theorem [42].

Theorem 5.2.4 (ABP estimate for elliptic systems) Let D C RY be a bounded
domain. There exists a constant Cy, depending only on d, N, D, and vy, such that if
@0 € #>UDxS)NCD x S) satisfies Ap > —f, with A € W(y), then

loc

sup (max ) < sup (max ¢7) + Callmas -

Moreover, if Ap < f, then
—inf (min ;) < sup (max ¢7)+ Callmax £

It is evident that Lemma A.2.5 and Theorem A.2.9 hold for A € ¥, since they
hold component-wise.

For a C? bounded domain D ¢ R?, g € C(AD x S), and f € LP(D X S), p > d, we
address the Dirichlet problem,

Ap=f inDXS, =g ondDXS. 5.2.2)

Consider the sequence of functions {<p(") : n > 0}, defined by f © =0, and inductively
for n > 0, as the solution of
Lig” = fi= ) 4" inD.
j#k

go}(”) =gy ondD

for k € S. By the strong maximum principle go,i"”) > tp,((") for all n > 0, and hence,
since Ap™ > f for n € N by Theorem 5.2.4, ¢\ is bounded in D x S uniformly
over n € N. By Lemma A.2.5, each component 901((”) is bounded in #>P(D’) for any
subdomain D’ c D. It is then straightforward to show that ¢\ converges to some
@ € Vﬂlip (D % S) uniformly on compact subsets of D X S and that ¢ solves the

Dirichlet problem (5.2.2). By the weak maximum principle this solution is unique.
We have proved the following:
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Theorem 5.2.5 Let D be a bounded C* domain in R, A € A(y), g € C(ODXS), and
feLP(DXS), p > d. Then (5.2.2) has a unique solution ¢ € #>F(DXxS)NC(DXS).

loc

Moreover, if g = 0, then ¢ € #>P(D x S) N %l’p (D X S) and we have the estimate

”"DHWZJ’(DXS) <G

for some constant C, = C{(d, p, D, ).

In view of Remark 5.1.6 the same approach via approximating solutions can be
followed for the quasilinear problem to obtain the analog of Theorem 3.5.3.

We could also consider Dirichlet problems on D = (Dy, ..., Dy) c RY x S, where
each D; is a C? domain in R¢. For the problem to be well-posed the boundary condi-
tion should be placed on U Dy xS\ D. Consider for example a problem with S = {1, 2}
and D a bounded C? domain in R?. The function ¢;(x) = P,;(T(D X S) > T(RY x {1}))
is a solution of

L~1<p1=0 inD, p1=1 ondD, ¢, =0 oan,
while ;(x) = E,; [T(D x {1})] is a solution of
Liyy=-1 inD, Y1 =0 ondD, yY,=0 onD.
Definition 5.2.6 For § > 0 and D a bounded domain, let &(5, D) denote the class

of functions f = (fi,...,fx): DX S — R, with f; € K(,D) for all i € S (see
Definition A.2.11).

Theorem 5.2.7 Suppose W < N(y) is O-uniformly fully coupled in Bg c RY. There
exists a constant Cy = Cp(d, N, v, R, 0, 6) such that if p € W *>P(Bg xS)nWOl”’(BRxS)
satisfies Ap = —f in Bg XS, ¢ = 0 on OBg X S, with f € K(5, Bg) and A € W, then

};sz i @) 2 Ca ZS:”f’”Ll(BR)
Harnack’s inequality for cooperative elliptic systems can be stated as follows [7].
Theorem 5.2.8 (Harnack’s inequality for elliptic systems) Suppose 0’ C A(y) is 6-
uniformly fully coupled in Bg. There exists a constant Cy = Cy(d, N, R, 7, 0,0), such

that if ¢ € W>4(Byg X S) satisfies Ap = —f and ¢ > 0 in Bog, with f € K(6, Bag)
and A € W, then

@i(x) < Cup;(y) Vx,y € Bg, Vi,j€S.

Theorem 5.2.9 Under a stationary Markov control v € Ugy, the solution Z = (X, Y)
to (5.1.7) has a strong Feller resolvent. Moreover, the resolvent kernel is mutually
absolutely continuous with respect to the Lebesgue measure in R?.

Proof For R > 0 let Tg denote the first exit time of Z from Bi X S. Consider the
Dirichlet problem

Ap=—f inBg, @=0 ondBg. (5.2.3)
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A straightforward application of Dynkin’s formula together with the ABP estimate
(Theorem 5.2.4) for the elliptic system, yields a constant Cy satisfying

IANTR
E, f(Z)ds| < Crllfllapexs)  Vf € LY(BrXS).

Thus

fo iLf(Z) s < trl] ds

defines a bounded linear functional on L¢(Bg x S). Invoking the Riesz representation
theorem there exists a function gy(t, x,i,-) € L""*(Bg X S) such that

f LfZ)Ts < tri]ds —fR ZgR(t x5,y k) fi(y)dy. (5.2.4)

keS

Fix f = Ija4 for A € %(Bg) and k € S. Clearly, g is increasing in R to some limit
g" and letting R — oo, (5.2.4) yields

!
f PV(s,x,i,Ak)ds = f g, x,i,y,k)dy.
0 A
It follows that
Qu(x,i,-, k) = af e Y P"(t, x,i,-,k)dt
0

is absolutely continuous with respect to the Lebesgue measure.
Next, let A be a bounded Borel set in Bg, X S for some Ry > 0, and /" a bounded
sequence of continuous functions such that

lim Z f a(x, k) — ()] dx = 0
" es IR

In order to simplify the notation we let P¥ denote the N X N matrix with elements
P (t x,A) = P'(t,x,i,Aj, j), where A; is the ' " element of the natural partition of
Aec BRIxS)as A = Ujes(A}, j). Correspondingly, we view I is an N-vector. Let
P} denote the i row of P¥. Also, for a function g: RY xS — R, let |g| := Ycclgil- If
M is a bound for {f"}, then for any R > 0, and with Z; = (Xj, Y;), we have

" t
‘ f P! (s,x,A)ds — f f P (s, x,dy)f"(y)ds
0o 0 Jrd "

!
< E;,i f [T4(Zy) - f”(Zx)| ds
0

IATR
<E, f Ma(Z,) = f(Z)l ds + 1(1 + M)P’, (g < 1)
0

< Cllla - +1(1+ M)P) (TR <1). (5.2.5)

fn”Ld(BRxs)
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With x € Bg, and R > Ry, we first take limits in (5.2.5) as n — oo, and then take
limits as R — oo. Since

P, (Tk < 1) = P} (sup [X| > R) < R2EilX,*,

s<t

the right-hand side of (5.2.5) tends to zero uniformly in (x, i) € Bg, X S. Therefore

! !
f Piv,(s,x,A)ds—f f P! (s,x,dy)f(y)ds| — 0,
0 ’ 0 R ’ n—oo

thus establishing that x — fol P! (s, x, A) is the uniform limit of continuous functions

sup
(x,i)eBR(J xS

on each ball in R, and hence also continuous. Lastly, an application of Dynkin’s
formula to the Dirichlet problem (5.2.3), in combination with Theorems 5.2.4 and
5.2.7, shows that for any Borel set A with positive Lebesgue measure, and any x € R?,
fot PZ'(S, x,A)ds > 0 for some ¢ > 0, and hence Q,(x,i,A) > 0. O

5.3 Recurrence and ergodicity of fully
coupled switching diffusions

In this section we assume that the switching diffusion (5.1.7) is fully coupled in some
ball Bg,.

Definition 5.3.1 For D x J c R? x S, we let T(D x J) denote the first exit time of
(X;, Y;) from the set D X J. Also, we use the abbreviation T(D) for T(D X S). As usual
T denotes the first recurrence time to a set, i.e.,

D x J) :=t((D x J)),
and we use the analogous abbreviation T(D) for T(D X S).

Lemma 5.3.2 Let D; and D, be two open balls in RY, satisfying D € D,. Then

0< inf EV[t(Dy)]< sup EY[t(Dy)] <o, (5.3.1a)
(x,i))eD xS ’ (x,i)eD; xS ’
velgy, velly,
sup BV [t(Df)] < o0 Vv € Uggm . (5.3.1b)
(i)edDyxS

Proof Let h be the unique solution in #>?(D, X S) N 7/01”’ (DyxS),p=1,o0f
A'h=-1 inDy xS, h=0 ondD; xS.
By Dynkin’s formula,
h(x,i) = E} [T(Dy)] VxeD,.

The positive lower bound in (5.3.1a) follows by Theorem A.2.12, noting that A; sat-
isfies L;ihj < —1 on D,.
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Let T; = T(RY x {i}). For the upper bound in (5.3.1a), we use
B! [1(Dy)] = . [¢Dy) 1T > D)) + EL[1D) It < 1D}l (53.2)

The first term on the right-hand side of (5.3.2) is dominated by E;yi[T(Dz) A T,
and therefore, it is bounded by some constant M. Let ¢ be the unique solution in
W2P(Dy x S) N #,"P(Dy x S), p > 1, of the Dirichlet problem
A'¢ =0 in D, x {i},

¢=1 ondD, x{i},

¢=0 onD;x{i°.
Then ¢ satisfies .fZlVgoi(x) =0forx e Dyandi € S, and since ¢;(x) = ]P’;’i(’r,- > 1(Dy)),
it follows by the strong maximum principle (and Harnack’s inequality) that for some
pe(0,1),

sup  PU(Ti>T(D2)=p.
(x,i)eDyxS ’

velgy,

Hence we write the second term on the right-hand side of (5.3.2) as
B 7D 1w < T(Do))] = B [} [(D) 1w < (D) | 5]
= B [I{ < (D)} E_y, [T(D2)]]

=P, (i <T(Dy) sup E}[T(Dy)]

(x,i)€Dy xS
vellg,
<(l-p) sup EL[u(Dy)]. (5.3.3)
(x,0)eD, XS
vellg,

By (5.3.2)-(5.3.3)

sup  E [T(Dy)] < Mo+ (1-p) sup Ej [t(Dy)],
(x,i)€Dy xS (x,i)eDyxS
vellgy, Vel

and the result follows since p > 0.

Let {R, : n € N} c R, be an increasing, divergent sequence, and let g(”) be the
unique solution in #*?((Bg, \ D1)xS)N 7/01 P((Bg,\ D1)XS), p > 1, of the Dirichlet
problem

AGW =~1 in(Bg,\D)xS,  g" =0 on(3Bg, UID)XS.
If xg € D, and v € U, then Eio,i[T(D(i )] < 0. Since

g (x0) = B, [T(DS) A T(Dg,)] < B, [T(D9)],

X0,1 X0,1

by Harnack’s inequality the increasing sequence f = g™ — ¢(V of A-harmonic
functions is bounded locally in D{ x S, and hence approaches a limit as n — oo,
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which is an A’-harmonic function on D{ X S. Therefore g = lim,, g™ is a bounded
function on 9D, X S and clearly g;(x) = E} [t(D})]. Property (5.3.1b) follows. O

Let D; and D, be two open balls in R¢, satisfying D; € D,. Let £y = 0 and for
k=0,1,..., define inductively an increasing sequence of stopping times by

Tope1 =min {t > Ty : X; € D;} s
Toks2 = min {t > Ty 1 Xy € Dy}

Invariant measures for switching diffusions are characterized in the same manner
as in Theorems 2.6.7 and 2.6.9. Namely if & € Z2(0D; X S) denotes the unique
stationary probability distribution of (X, ¥,) := (Xs,,, ¥¢,,) under v € Uy, then
n e PR xS) defined by

ey B B | 7 706 v | i
X, y)ynlax, dy) = N
RIXS faD, < By [f2] fu(dx, dy)

for f € Cp(R? x S) is the unique invariant probability measure of (X, Y), under
v € Ugg.

It is convenient to use vector notation for measures in Z(R¢ x S). Specifically, for
n e PRI xS), we define the vector-valued measure

ii=n,....nv) € PRI x9),

where 7,(-) := n(- X {y}) is a sub-probability measure on R9. Thus, provided the
map f = (fi,..., fv)": R = RY is integrable under 77, we define the pairing (f, i)

by
[ i =3 [ pon

yes

= J(x, y)n(dx, dy).
RIxS

Invariant probability measures are also characterized as in (2.6.40), namely that

n € PR x S) is an invariant probability measure for the process associated with

A, if and only if
[seian =0 vree.
R4

where % is any dense set in (C%(Rd))N.

As usual, we use # and ¢ to denote the set of invariant probability measures
and ergodic occupation measures respectively. When convenient, we use the vector
notation 7t for 7t € 4. Also, for f: RY x U — RY, the pairing (f, 7t) is analogously
defined by

f (F(x, ), R(dx, du)) ::Z f £ w) 70,(dox, du) .
RIXU RIxU

yes
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The same characterization as in Lemma 3.2.2 applies, and hence the argument in
Lemma 3.2.3 shows that ¢ is a closed and convex subset of Z(R? x § x U).
Regularity of invariant probability measures is the topic of the next section.

5.3.1 Regularity of invariant probability measures

Lemma 5.3.3 Let B be an open ball in R¢ and u a finite Borel measure on B, with
u(B) > 0, and suppose that u is singular with respect to the Lebesgue measure. Let p
be a nonnegative mollifier supported on the unit ball centered at the origin, and for
e > 0, define

pex)=e7p(3) . and ()= f pex = y)u(dy).
B
Then, for any p > 1,
fltps(X)lp dx — oo.
B &e—0

Proof Since u is a Borel measure and u(B) > 0, there exists a compact set K C B,
with u(K) > 0, and Lebesgue measure |K| = 0. Let K? denote the e-neighborhood of
K,ie., K¢ = {x € B: d(x, K) < &}, where d denotes Euclidean distance. Define

Pe(x) := fK Pe(x = y)u(dy).,

and note that @, is supported on K?, and ¢, < ¢, on B. Let up_denote the distribution
of g, i.e.,

e, () =[{xe B: g.(x) >1}|, 1>0.

We argue by contradiction. Suppose that for some p > 1,

lim [ [|@(x)Pdx <M < . 5.3.4)
-0 VB
On the one hand,
Mo () <177 f |B:(0)I” dx (5.3.5)
B

while on the other g < |[K®|. Hence, by (5.3.4)—(5.3.5), since |[K®| — 0 as & — 0,
using dominated convergence

00

lim [ @e(x)dx =1lm | g (rdr
>0 JB e—-0 JO

00

< Mlin(l) (IK®| A P)de
E 0
=0. (5.3.6)

However, using Fubini’s theorem, we obtain fB Pe(x)dx = u(K) > O for all e > 0,
which contradicts (5.3.6). ]
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The operator A takes the form

(A = Lipr + Z e
t#k
'Ek = Cl;(jaij + b;(('), + /li s
with a;;j locally Lipschitz and the rest of the coefficients are in Ly, C(Rd ). Moreover,
AL >0 fork # ¢, and ¥, AL = 0.
If i = (uy,...,uy) € 2(RY x S), we adopt the notation

N
(), f(dx) = > @r(Xpe(d).
k=1

Theorem 5.3.4  Suppose u is a Borel probability measure on R¢ x S satisfying
(Af(x),ddx)y =0  YfeC*RIxS).
R4
Then the measure u is absolutely continuous with respect to the Lebesgue measure.

Let A € {0, 1}V*N be defined by

. 0 ifizjor/l{=0a.e.,
1 otherwise.

Then, provided A is an irreducible matrix, y is strictly positive on R? x S.

Proof LetS, =1{keS: (R > 0}. Decompose p = By, + (1 = By, with
u; L mand u;/ <m, and suppose B; > 0 for some ke Sy. Select R > 0 large enough
such that p%(BR) > 0, and for € € (0, R) define

(e! - e’ZTR)_1 2R
Pe(x) = ff e sp(x)dr.

With “+” denoting convolution, since 9;(h * p;) = (9;h) * p and p, is symmetric with
respect to the origin, using Fubini’s theorem, we obtain

f b DOific * () pu(dy) = f bi() ( f 0ifi(X)pe(y = x) dX) Hi(dy)
= f ( f B(pe(x - y)uk(dy)) O filx) dx.
Thus we can move the mollifier . outside the operators d;; and 9; to obtain

fR (A * P, Ady) = fR (S, 15, dx =0 (53.7)
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for all f € C2(RY x S), where i}g“ denotes the function in R x S which is equal to 1
on R? x S, and 0 on its complement. The operator A° in (5.3.7) is given by

(Ao = Life+ D Ao

t+k

e _ i 9. i . k
L =a] 0ij+ b 0i + A,

where the coeflicients aZs, bfw and /l,‘;g of L7 are given by
@, (x) = fR @I OIPex = pe(dy),
bi (x) := fR DO = Yp(dy),
1= [ KO-y, Ces.
Define

Yr(x) = fRu Pe(x = yur(dy), k€S,

and note that ¢ > 0 for all k € S, on Bog. We let

i i ¢

~ij ._ ke i ._ ke 56 . ke

ag, = W b, = v ke ° e kesS,,
k k k

and for k € S, we define

(A= Lofi + Z A

£k
pe . =l g i ) Sk
Ly =a, 0+ b 0 + A ..

Then we write (5.3.7) as
f o), FE F()) dx = f (FEY o), fydx =0 Vf € CoBar x5).
Rd Rd
which yields ((A®)* ¢/*), = 0in Bag for all k € S, where

i 0@ os +@;a) bl W) + Ypes, A w5 forkes,,
(A y°), = T s t (5.3.8)
Dices, A Wy fork ¢S,.
On Byg, the family {(5’:(5)* : &£ € (0, 1)} has bounded _cpeﬂicients (uniformly in €), and
shares the same ellipticity constant with A*. Also @’ inherits the Lipschitz constant

k.e
of a. Next, write (5.3.8) for k € S, as

Pewg = - > g (5.3.9)
teS,
{+k

where L7 is the divergence form operator

Aif = at(a;cjsajf + (a]'&;zs - B;c,s)f) + ;lllz,sf .
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Since u is a probability measure, using Fubini’s theorem, we obtain

Bl inf ¢ < Zf Yo dx=1. (5.3.10)
Br R4
keS,
Since 1,02 is a supersolution for 25, 1.e., satisfies .fiz,bi < 0, a standard estimate
[67, theorem 8.18, p. 194] asserts that for all p such that 1 < p < nf—z, there exists a
constant C),, depending on p (and R), such that

||l,02||1‘/r(23,‘,) <G, i}glf l//i (5.3.11)
R

By (5.3.10)—(5.3.11), ¥5llr2Byy < C,,IBRI‘I for all & > 0, which, in turn, implies
by Lemma 5.3.3 that y < mforallk € §,,.

By the strong maximum principle ; > 0, unless it is identically zero on R?. Note
that as & — 0, then ¢ — ¢, and il},g — A for € € S,. Hence, if S, # S, (5.3.8)
yields

D Ay =0, Vkgs,.

tesS,
However, this implies that /l’g = 0 for all (£,k) € S, X SL’ and hence A must be
reducible. O

5.4 Existence of an optimal control

Let ¢: R x S x U R be a continuous function bounded from below (without loss
of generality we assume it is nonnegative). As usual, the ergodic control problem
seeks to minimize a.s. over all admissible controls the functional

1 !
lim sup n f c(Xy, Y, Ug)ds, 541
t—o00 0
or, in a more restricted sense, the functional
1 !
lim sup , f EY [6(X,, Yy, Uy)] ds. (5.4.2)
t—o0 0

We let o* denote the infimum of (5.4.2) over Ugy,.

The results of Section 3.2 carry over to switching diffusions in a straightforward
manner. Existence of optimal controls can be demonstrated under the assumption of
near-monotonicity, which takes the form

lim inf miﬁrj} c(x,y,u) > 0" Yy €S, (5.4.3)

|x|o00  ue

or the assumption that ¢ is compact. Under either of these two assumptions, the
infimum of (5.4.1) or (5.4.2) over Uy, is attained at some v* € . Moreover, o* is
the infimum over U of (5.4.2), and under (5.4.3) also the infimum over U of (5.4.1).
In the stable case, i.e., U, = Ugy, an additional requirement, namely the tightness
of the empirical measures defined in (3.4.5), is needed to assert that o* is the infimum
over U of (5.4.1).
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5.5 HJB equations

We assume that c: R? x § x U is locally Lipschitz continuous in its first argument
uniformly in u € U.
Define

JY(x,y) :=EY, U e (X, Y, U)dt|, Uel
: 0

and V,(x,y) := infyey J},’(x, y). Then by analogy to Theorem 3.5.6, V,, is the mini-
mal nonnegative solution in C>(R? x S) of

m%l [ﬂuva(-xuy) + C(X,y, M)] = av&(-x9y) ’ (551)
ue

and v € U, is a-discounted optimal if and only if v is a measurable selector from
the minimizer in (5.5.1).

We proceed to derive the HIB equations for the ergodic control problem, via the
vanishing discount method. First, under (5.4.3), V,, attains its infimum in some com-
pact subset of RY x S for all @ > 0 and, moreover, Lemma 3.6.1 holds. Next, the
Harnack inequality in Theorem 5.2.8 permits us to extend Lemma 3.6.3 to switch-
ing diffusions, while the ABP estimate in Theorem 5.2.4 allows us to extend the
convergence results in Lemma 3.6.4 to cooperative elliptic systems. In this manner
Theorem 3.6.6, Lemmas 3.6.8 and 3.6.9, and Theorem 3.6.10 can be extended to
switching diffusions. We summarize these as follows:

Theorem 5.5.1 Suppose (5.4.3) holds. Then

(a) there exists a unique, up to a constant, function V€ C*(R?xS), which is bounded
below in RY x S, such that

min [AV(x,y) + c(x,y,u)] = 0 (5.5.2)

holds for some constant o < 0*;
(b) a stationary Markov control is optimal if and only if it is measurable a selector
from the minimizer of (5.5.2).

Turning to the stable case, the results of Theorem 3.7.4 and Theorem 3.7.6 do
hold. We summarize these in the following form.

Theorem 5.5.2 There exist a constant Cy depending only on the radius R > 0 such
that, for all v € Uy, and a € (0, 1),

C

14 14 —0
175 = 700, Dl 2sponcsy < U CLDR
(5.5.3)
Sup (ZJV < COF(R5 c, V) 5

BgxS

where

Ov
F(R.c, = o + —.
R,c,v) llewllz (B4rXS) 17y,(Bag X S))

Moreover, if oy < oo for some V € Uy, then (5.5.3) still holds if J, is replaced by V,,.
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Theorem 5.5.2 permits us to use the vanishing discount method to obtain the coun-
terparts of Theorems 3.7.11-3.7.12, Corollary 3.7.13 and Theorems 3.7.14-3.7.15.

5.6 The general case

In this section we relax the assumption that the switching diffusion is fully coupled.
As a result, under a stationary Markov control the process is not necessarily irre-
ducible. We say that j is accessible from i under v € g, and denote this by i > Js
if there there exist {i, ..., iy} C S such that for some R > 0,

X (Bo)A2 (B AL (Br) >0,
or equivalently if
P (TR x (j}) < ) > 0.

If i o jand j ~~> i, then we say that i and j communicate and denote it by i > Jj.
If i communicates with all states that are accessible from it, then we say that i is
S-recurrent, otherwise we call it S-transient. The equivalence classes under <> are
referred to as S-communicative classes. An S-recurrent (S-transient) class of states
refers to an S-communicative class of S-recurrent (S-transient) states. We let R¥ and
TV denote the sets of S-recurrent and S-transient states under v € Ugy,, respectively.

We modify the definition of stability. We say that a control v € Uy, is stable if for
any bounded domain D € R, E; ATl < coforall (x,i) € R?xS. The set of all stable
controls is denoted by Ug,. Unless A is fully coupled, it is not generally the case
that the switching diffusion is positive recurrent under a stable control. However, it
is straightforward to show that if v € U, then E; JLT(DXRY)] < oo for any bounded
domain D and all i € S. Indeed, select bounded D,, D; © D, and note that since
v € Ussm, we have B} [T(D)] < co. By Harnack’s inequality

(x, j)leIi}zf)l xS P, (8D X R") < 1(D2)) > 0.

The claim then follows as in the proof of Theorem 2.6.10 (b) = (a).
Let 11, denote the number of S-recurrent classes under v € U, and

R =R URyU--- UR,

be the partition of R” into its S-recurrent classes. It is evident that the restriction of
A’ to any S-recurrent class R) defines a fully coupled, cooperative elliptic system.
Therefore if v € Uy, there is a unique probability measure 7§ in Z(R? x R}) which
is invariant for the diffusion restricted to R x R} It is also evident that the invariant
measures for the switching diffusion under v are supported on R¢ x R" and take the
form

ne = (4ms danis L Ay

where 4; € R, and A; + --- + A,, = 1. The analogous property holds for the ergodic
occupation measures 7t,. Recall the definition of .77, and ¥, on p. 89, for U C Ugpy,.
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Suppose #, is tight. Then one can show that the set-valued map v ~ 5, from U
to .#¢7; is upper semicontinuous under the total variation norm topology, while the
set-valued map v = 7, from U to % is upper semicontinuous in Z(R¢ x S x U).
This extends Lemma 3.2.6.

Let v € Ugy. Choose an arbitrary i, € R, k = 1,...,n,, and let J denote the
collection of these points, i.e., J = {ix : 1 < k < n,}. With Ty denoting as usual the
first recurrence time of the set R? x 5, let

T, y) =By [0, Ye))].

It is evident that J*(x,y) = J%(0, ;) for all y € RY, and that J* solves A"J” = 0 on
R?x S. Let

Va(x,y) := Jo(x,y) = Ju(x,y) .
Using vector notation, it follows that V, satisfies
AV +c,=aV, +al.

Moreover, one can show that for any R > 0, the functions V, and ozf; are bounded in
WP(Bg x S), uniformly in @ € (0, 1). Taking limits as @ — 0 we obtain a solution
pair (V;.0,) € (4.7 (R? x 5))” of
L7(‘}‘,\/v +Cy =0y,
Ao, =0.

Moreover, the function g, satisfies

1 T
ou(x,y) = lim — E;,U c(X,Y,U)dt}.
Toe T 2y o to L, Up

The ergodic cost g, is constant on RY x R}, for each recurrent class R}.
Using the same methodology as in Chapter 3, but with some important differences
in technical details, one can show that the HIB equation takes the form

I;’éiurjl [AV(x,y) + c(x,y,u)] = 0(x,y),
(5.6.1)
min [A*e(x, )] = 0.

The pair of equations in (5.6.1) is analogous to Howard’s equations for finite state
controlled Markov chains [6, 53].

5.7 An example

Suppose there is one machine producing a single commodity. We assume that the
demand rate is a constant d > 0. Let the machine state S, take values in {0, 1}, S, =0
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or 1, according as the machine is down or functional. We model S, as a continuous
time Markov chain with generator

-y Ao
A=A

where Ay and A, are positive constants corresponding to the infinitesimal rates of
repair and failure respectively. The inventory X; is governed by the Itd equation

dX, = (U, - d)dt + cdW,, (5.7.1)

where o > 0, U, is the production rate and W; is a one-dimensional Wiener process
independent of §;. The last term in (5.7.1) can be interpreted as sales return, in-
ventory spoilage, sudden demand fluctuations, etc. A negative value of X; represents
backlogged demand. The production rate is constrained by

{0} ifS; =0,
U; €
[0,r] ifS,=1.
The cost function is given by
+ 4o + -
c) = ° 2c xl + < 2c X,

with ¢* and ¢~ positive constants, Thus ¢ is near-monotone. We show that a certain
hedging-point Markov control is stable.
The HJB equations in this case are

2
%V[)’(x) — dV(x) = V() + AV1(x) + c(x) = 0

) (5.7.2)

%Vl”(x) + n%(i)n] [ — V)] + 4 Vo(x) + 4, Vi(x) +c(x) = 0.

uel0,r
The results in this chapter ensure the existence of a C? solution (V,0*) of (5.7.2),
where o* is the optimal cost. Using the convexity of c, it can be shown that V; is
convex for each i. Hence, there exists an x* such that

Vix) <0 for x < x*,
(5.7.3)
Vix)=0 for x > x*.

It follows, from (5.7.3), that the value of # which minimizes (u — d)V7] is

roifx<x*,
u=
0 ifx>x*.

Since V{(x*) = 0, any u € [0, r] minimizes (u — d)V|(x"). Therefore the action
u € [0, r] can be chosen arbitrarily at x = x*. To be specific, we let u(x*) = d, i.e., we
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produce at the level that meets the demand exactly. Thus the following precise stable
Markov control is optimal

r ifx<x*,
v'(x,0) =0, Vvix, 1) =3d if x = x*, (5.7.4)
0 ifx>ux".
Provided that the set of stable precise Markov controls is non-empty, the stability of

the optimal control (5.7.4) follows. We show next that the zero-inventory control v
given by

r ifx<0,

v(x,0) =0, vix, 1) =
0 ifx>0,

is stable if and only if
=D, 4
A Ao

(5.7.5)

The condition in (5.7.5) is in accord with intuition. Note that A I and /ll" are the
mean sojourn times of the chain in states 0 and 1 respectively. In state 0 the mean
inventory depletes at a rate d while in state 1 it builds up at a rate (r — d). Thus,
if (5.7.5) is satisfied, one would expect the zero-inventory control to stabilize the
system.

The density ¢ of the invariant probability measure 1, can be obtained by solving
the adjoint system

(L)'¢=0, (5.7.6)
subject to
@i(x) > 0, Z f gi(x)dx=1. (5.7.7)
ie(o,1) VR
Define
s 2/10 - 2/11 5. 2d ~ . 2r
/l() = ?, /11 = F, d:= g and 7:= g .

Then (5.7.6) is equivalent to

@ () + dgfy(x) — Aogo(x) + A1 (x) = 0

. . . forx >0,
@1 (x) + dey (x) — 211 (%) + dopo(x) = 0

(5.7.8)
@ (xX) + dgfy(x) — Aoo(x) + A1 (x) = 0

¢ (x) = (F = d)g (x) — A1p1(x) + Aogo(x) = 0

forx<0.
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A solution of (5.7.8), subject to the constraint (5.7.7), exists if and only if (5.7.5)
holds and takes the form:

(2]) —S1x 4 (_21) —S$X f >0
<P(x)=(¢0(x)] RACA YA ore=s

Pl -1
a3( : )es3"+a4( : )e“" forx <O,
—¥(s3) Y(s4)

p1(x)

where
Y(s) = s2+Js—;lo,
S1 = d,

d 1. <.
Sy = 5 + z[d2 + 4(/1() + /11)]]/2 .
and s3, s4 are the positive roots of the polynomial
s* = (F-2d)s* = [(F—d)d + o + Ay ]s + [(F — DA — dAy)],

ordered by 0 < s3 < s4. Also, the coefficients {a;, ay, a3, a4} are given by:

1:1{(si;—53~)sz+S4+S3_S3+s~2}
AL Qo+ A4 ss+d  sy+d’’
ay = B
A Ay + 4
_lsg+ s
as—gm,
_lsz+s
a4_Ks4+c7’

Az (S4—S3)~(52—67) +;104:711{S4+52 B S3+52}‘

d d

Note that if ¢* denotes the density of the invariant probability measure corresponding
to a hedging-point control as in (5.7.4), then

53 S4

0" (x) = p(x — x").

Given a convex cost function, the ergodic cost o(x*) corresponding to such a control
can be readily computed and is a convex function of the threshold value x*.

5.8 Bibliographical note

This chapter is based on [64, 65] and contains several enhancements.
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Controlled Martingale Problems

6.1 Introduction

In this chapter, we present an abstract treatment of the ergodic control problem in a
very broad framework. Later on the results are specialized to situations like degener-
ate diffusions and partially observed diffusions. The framework is, in fact, applicable
to several other infinite dimensional problems as well, see Section 6.2.1.

In Section 6.2, we formally define a controlled martingale problem. As one might
expect, this extends the martingale characterization of solutions of stochastic differ-
ential equations for diffusions, viz., that for f € Ci(Rd),

FX) - f LU FX)ds, 130,
0

is a martingale. We specify the conditions to be satisfied by the candidate controlled
extended generator in this more abstract framework and provide several examples.
In this chapter, we denote the controlled extended generator by A.

In Chapter 3, we repeatedly used the fact that if f Af d7t = 0 for a sufficiently rich
class of functions, then 7t must be an ergodic occupation measure, i.e., it disintegrates
as 7t(dx, du) = n,(dx)v(du | x), where 5, is the unique invariant probability measure
under the relaxed Markov control v(du | x). This fact was proved using the the-
ory of elliptic PDEs at our disposal. Unfortunately this characterization is no longer
straightforward in the more general case we analyze in Section 6.3, forcing us to take
a more convoluted route. As alluded to in Section 1.3, we begin with bounded oper-
ators A, constructed from the resolvent of A, which approximate A. This allows us
to construct a stationary Markov chain X" with controlled extended generator A, and
marginal p. The process X" changes states at the click of an exponential clock with
rate n. We establish the tightness of X" and extract a limiting process X as n — oo,
that is stationary, with marginal u, and with controlled extended generator ‘A.

Another key fact used in Chapter 3 was that the extreme points of ergodic occupa-
tion measures correspond to stable stationary Markov controls. Once again the proof
of this property was facilitated by the theory of elliptic PDEs which ensures the exis-
tence of a density for the invariant probability measure with respect to the Lebesgue
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measure, under any stable stationary Markov control. In the more abstract setup of
this chapter, we see in Section 6.4 that not only is the characterization of extremal
solutions much more difficult, but also the results are weaker. One considers, for a
fixed initial law, equivalence classes of joint state-control processes whose marginals
at time ¢ agree for almost all 7. Passing to the compact and convex set of these equiva-
lence classes, one argues that the extremal solutions are Markov. What is still missing
though is a characterization of when the extremal solutions are time-homogeneous
Markov.

Not surprisingly, the existence results for optimal controls in suitable classes
thereof are correspondingly weaker than those in Chapter 3. In Section 6.5 we in-
troduce counterparts of the near-monotonicity and stability conditions of Chapter 3,
and under these we assert the existence of an optimal state-control process that is
either ergodic (but not necessarily Markov), or Markov (but not necessarily station-
ary). The optimal control, however, may be taken to be a stationary Markov control
regardless.

In Section 6.6, we recall the formulation of the ergodic control problem as that
of minimizing a linear functional over the closed convex set of ergodic occupation
measures, and observe that it is an infinite dimensional linear program. An important
spin-off is the dual linear program in function spaces, which is reminiscent of the
maximal subsolution formulation of the HIB equations. Moreover, there is no duality
gap.

In Section 6.7 we present the Krylov selection procedure, originally a scheme for
extracting a Markov family out of non-unique solutions to the martingale problem
for different initial conditions. We recall here this procedure for the infinite horizon
discounted cost. It consists of successive minimization of a countable family of sec-
ondary discounted costs for every initial condition, over the non-empty compact and
convex set of optimal laws. In other words, we successively minimize each of the
sequences of costs over the set of minimizers of the one that precedes it. The family
of costs is chosen so that the intersection of the nested decreasing set of minimizing
laws is a singleton for each initial condition, and the collection of the above laws
constitutes a Markov family.

The level of generality as well as the flavor of our arguments in the early sections
is essentially that of Ethier and Kurtz [55] for the (uncontrolled) martingale problem,
and a good familiarity with Chapters 1-4 of [55] will ease the passage through what
follows.

6.2 The controlled martingale problem

We begin our development of the abstract controlled martingale problem by intro-
ducing some notation. We consider processes taking values in a Polish space E (state
space), which together with its Borel o-field Z(F) forms a measurable space. As
usual, B(E) denotes the space of bounded measurable maps £ — R.
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We say that a sequence {fi}renw C B(E) converges to f € B(E) in a bounded and

pointwise sense, and we denote this convergence by f; N f, if

sup sup |fi(x)] < 0o and fi(x) — f(x) VxeE.

keN xeE k—co
A set B C B(E) is bp-closed if f;, € B for all k € N, and f; LN f together imply
that f € B. Define the bp-closure (C) for C € B(E) to be the smallest bp-closed set
containing C.

Let U and % be as in Section 2.3, and D([0, o0); E) as usual be the space of
r.c.l.l. paths [0,00) — E, with the Skorohod topology. Recall that %/ is the space
of measurable maps [0, co) — Z(U) with the coarsest compact metrizable topology
that renders continuous each of the maps

T
Ue¥ f O f h(u)U,(du) dt
0 U

forall T >0, g € L*[0,T], and & € Cp(U). A sequence f, in D([0, o0); E) converges
to f if for each T > 0, there exist monotone continuous maps /l,{: [0,T] — [0,T]
with A7(0) = 0 and AI(T) = T such that

sup AL () -1l — 0,
1€[0,T] n—o0

sup d(f,(AL (@), f()) — 0.
1€[0,T] n—oo

This topology is separable and metrizable by a complete metric (the Skorohod met-
ric) which renders D([0, c0); E) Polish (see p. 3).

Definition 6.2.1 Let A be a linear operator with domain Z(A) C C,(E) and range
RA(A) C Cp(E xU). Letv e Z(E).

An E x U-valued process {(X;,U;) : 0 < t < oo} defined on a probability space
(Q, &, P) is said to be a solution to the controlled martingale problem for (A ,v) with
respect to a filtration {g; : ¢ > 0} if

(1) (X, U) is progressively measurable with respect to {F;};
(i) Z(Xo) =v;
(iii) for all f € Z(A),

s - [ age.vods
0
is an (¥,)-martingale.

Correspondingly, an E X & (U)-valued process (X, U) defined on a probability space
(Q, &, P) is said to be a solution to the relaxed controlled martingale problem for
(A,v) with respect to a filtration {&, : r > 0} if

(1) (X, U) is progressively measurable with respect to {&,};
(i) Z(Xo) =v;
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(iii) for all f € Z(A),

X)) - f f AF K, w)Uy(du) ds 62.1)
0 U
is an (§;)-martingale.

In most of what follows, {,} (assumed to satisfy the usual conditions of complete-
ness and right-continuity) and v are understood from the context and not mentioned
explicitly. We define an operator A: 2(A) — C»(E x FZ(U)) by

?_{f(x,v)zfﬂf(x,u)v(du), feDA), xeE, ve ).
U

Hence the expression in (6.2.1) can be written as

fX) - f Af(X,, Uyg)ds.
0

We often use the notation A" f(x) = Af(x,v). Then with v € H(U) treated as a
parameter, A*: Z(A) — C,(E). Analogous notation is used for A.
We impose the following conditions on A:

(A6.1) There exists a countable set {g;} C Z(A) such that
{(g, Ag) : g € D(A)} C bp-closure {(gi, Agy) : k = 1}.

(A6.2) Z(A)is an algebra that separates points in E and contains constant functions.
Furthermore, A1 = 0 where 1 is the constant function identically equal to
one.

(A6.3) For each u € U and x € E, there exists an r.c.L.l. solution to the martingale
problem [55, chapter 4] for (A, §,), where ¢, is the Dirac measure at x.

Condition (A6.3) implies that the operator A" is dissipative for all u € U [55,
Proposition 4.3.5, p. 178], i.e.,

A=Al z Alfl - Ve DAY, Va>0.

6.2.1 Examples
Example 6.2.2 The controlled diffusion governed by (2.2.1). Here A = £, and
D(A) = C3RY).

Example 6.2.3 Let H be a real, separable Hilbert space and X an H-valued con-
trolled diffusion described by

! f
X,=X0+fb(XS,US)ds+fG(Xs)dWJ, 120,
0 0

where b: H XU — H is Lipschitz in its first argument uniformly with respect to the
second, 0: H — L*(H, H)is also Lipschitz, and W is an H-valued cylindrical Wiener
process independent of X,. Here, L*(H, H) denotes the space of Hilbert—Schmidt



6.3 Ergodic occupation measures 221

operators on H with the Hilbert—Schmidt norm || - ||gs. Fix a complete orthonormal
system {e; : i > 1} in L?>(H, H) and define Q,,: H — R" by

On(x) = ((x,e1),...,(x,en)) .
Let
DA ={f o Qu: feCUR"), n> 1) CCy(H) (6.2.2)
and define A: Z(A) — Cp(H x U) by

- 0
A o Q5 1= Y bl e)g o 0, (1)
i=1 !

o f
0yi0y;

IR .
ts le*(x)ei, 0" ()7 —— © Ou(x).
i,j=
Example 6.2.4 Let H and H’ be separable Hilbert spaces and let U be the unit
closed ball of H” with the weak topology. Consider the H-valued controlled stochas-

tic evolution equation (interpreted in the mild sense)

where —/ is the infinitesimal generator of a differentiable semigroup of contrac-
tions on H such that £~ is a bounded self-adjoint operator with discrete spectrum,
F: H — H is bounded Lipschitz, B: H* — H is bounded and linear, W is an H-
valued Wiener process independent of X, with incremental covariance given by a
trace class operator R, and U is as in Example 6.2.3. Let {e;} denote the unit norm
eigenfunctions of L', with {/li"} the corresponding eigenvalues. This is a com-
plete orthonormal system of H. Let Z(A) be as in (6.2.2), and define the operator
A: D(A) - Cp(H x U) by

n a
AT o Q) = Y e (P + Bu= 1) 5 0,
i=1 !
] Pf
3 DRG0 009,

Example 6.2.5 In case of partially observed diffusions, the measure-valued process
of the conditional law of the state given the observations and its unnormalized coun-
terpart are also examples of controlled martingale problems. These are discussed in
detail in Chapter 8.

6.3 Ergodic occupation measures

Let (X, U) be a stationary solution to the relaxed controlled martingale problem for
A, i.e., a solution to the relaxed controlled martingale problem with the additional
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proviso that the pair (X, U) defines a stationary process. Define the ergodic occupa-
tion measure € P (E x U) by

| fdn=E [ fU fX,, u)U,(du)] , fECHEXU). (6.3.1)
Then for f € 2(A) and ¢ > 0,
0=E[f(Xn] - E[f(X0)]
- fo ‘B [ArX,, Uy)] ds

=t Af dm,

EXU
implying that
Afdre=0 VfeP(A). (6.3.2)
ExU

The main result in this section is given in Theorem 6.3.6 below, which extends
Lemma 3.2.2 for nondegenerate diffusions to show that (6.3.2) completely charac-
terizes all ergodic occupation measures for the controlled martingale problem. The
proof consists of approximating the operator A by a sequence of operators A,, and
using condition (A6.3) to establish that there exists a stationary solution to the con-
trolled martingale problem for (ﬂn ,T), 1.e., a stationary pair (X, U) that solves the
controlled martingale problem. Note that m = Z((X;, U;)) for all ¢ > 0. Then we
proceed to establish convergence of this solution in probability and use a monotone
class argument to prove that the limit is a solution to the relaxed controlled martin-
gale problem for A.

Definition 6.3.1 We define the following objects:
(i) Define a sequence of operators
Ay: DA = B —n""A) > C(ExU), neN,
by
Ang =n[ - n A - Ig Vg e B -n"A).

(i) Let M c Cp(E x E x U) denote the linear space of functions of the form
Foy,u) = ) A, u) + f(,u),
i=1

with f; € Cy(E), gi € D(A,) fori=1,...,m, and f € C,(E x U).
(iii) Fix n € N. Define a linear functional A: M — R by

AP= f [Z SO =n7 A gi](x) + f(x,w)| n(dx,du).  (6.3.3)
EXU [ =
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Since by (A6.3) A is dissipative, A, is a well-defined bounded operator for each
n € N, satistying, for f € Z(A) and f, := (I - n" A f,

Ifu=fIl=0 and |\A.f = Afll =0 asn— co.
In fact, A, f, = Af. Also, if g € D(A,), then g = (I — n~' A)f for some f € D(A),
and thus (6.3.2) implies

A,g drt = Afdn=0  VneN.
ExU ExU

Lemma 6.3.2 The functional A in (6.3.3) is well defined.

Proof Suppose that F' admits two different representations,

F= Zﬂm@Mamm meﬂwﬂfwm

i=1
Then

F o = fo,w) = ) (g0 - (g0, 0), (6.3.4)
i=1

in particular f’ — f € 2(A,). Thus with A’ defined as in (6.3.3) relative to functions
f € Cp(E xU), {f/} € Cyp(E) and {g}} C D(A,),

AF - AN'F =f
EXU

vau A g0 + f(x, 1)

~ ([ - n' A g (x) + £ (x, u))]ﬂ(dx, du). (6.3.5)
From (6.3.4),
[ =" A" 1) = [ = n A £])
= i(fi(x)[(l — A o) - F I - n_lﬂ)_lgl’-](y)).

i=1

In particular,
[ = n"' A 100 ~ [ = n7 A flx)
ifma A gl = LT - A glw). (6.3.6)
Thus by (6.3.4)— (61.3.6), with 7t; denoting the marginal of 7 on E,
AF - A'F = fE(l -n ' AN - fHdm + fExU(f - f)dm. (6.3.7)
For h € 2(A,), h = (I — n~' A)q for some g € Z(A). Now,

f [(I - n" ' A)g]dr = f gdm,  Yge D(A).
ExU E
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That is,

f (I —n ' A h]dm = f hdmr  VYhe D(A,). (6.3.8)
E ExU

Thus the right-hand side of (6.3.7) is zero. ]

Next we show that A is a positive functional of norm 1. We first need a technical
lemma. For economy of notation we extend the definition of operators to vector-
valued functions in the standard manner. For example, for f = (fi,..., f,,) with
fi € 2(A), we adopt the streamlined notation Af = (Af1,. .., Afw).

Lemma 6.3.3 Let o: R" — R, m > 1, be convex and continuously differentiable
and f; € D(A), i = 1,...,m, satisfy o(f) € D(A), where f = (fi,..., fin). Then

Ap(f) 2 Vo(f) - Af .

Proof Let X be an r.c.l.l. solution to the martingale problem for (A", dy), u € U,
x € E. Then by the convexity of ¢,

5| [[ e as| = B0 - 70
> Vo(£(x) - (ELFXD] - £(x)
= Ve (f(x) - E [ fo Eare ds]
for t > 0. Divide by r and let 7 | O to conclude the proof. O
Lemma 6.3.4 The functional A defined in (6.3.3) satisfies

(@) IAFI<|IFIl;
(b) A1 =1,
(c) AF >0, whenever F > Q.

Proof Let a; = ”(I - n‘lﬂ)hkn, with iy € P(A) for 1 < k < m, and let ¢ be
a polynomial on R™ that is convex on []2,[—a;, @;]. Since Z(A) is an algebra, we
have ¢(h) € Z(A). By Lemma 6.3.3,

Ap(h) > Ve(h) - Ah .
Therefore

o((I = n " A)h) = p(h) — n"'V(h) - Ah
> o(h) - n"\Ap(h) .

Thus for g; = (I — n”\ Ak, € DA, 1 <i<m,

f ¢(g)dm > f o(U-n"A)g) dm. (6.3.9)
ExXU ExXU
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Since a convex ¢: R™ — R can be approximated uniformly on compacts by convex
polynomials, (6.3.9) holds for all convex ¢. Now let

@(Fl, ...\ ) = SUP [Z f,»(x)r;] . (6.3.10)

xeE i=1

Then ¢ is convex and using (6.3.9)—(6.3.10), we obtain

7i(dx, du)

AF = L Y [Z FO[U = 1" A) " gi](x) + f(x,u)

i=1

< f (1 =" A g)(0) + fx, w)] (dlx, dur)
ExU
< fE U[¢(g)(x,u)+f(x,u)] 7i(dx, du)

.J;xU

Also, —AF = A(—F) < ||-F|| = ||F||; so |AF| < ||F]|, proving part (a). Observe that
Al =1 andfor F > 0,

sup [ figi(x, u)] + fx, u)} m(dx, du) < ||F]|.
i=1

yeE

IFIl = AF = A(IFI| - F) < ||[(IFIl - B)|| < IF1I,
implying that AF > 0. This completes the proof. O

By the Hahn—Banach theorem, A extends to a bounded, positive real functional on
Cp(E X E x U), satisfying ||A]| = 1. Define

Fn(x,y,u) := h(x), heCyE),
Fl(x,y,u) := fo,u), feCyExTU).
Note that
AF), = fEhdm and AF/ = fdm. (6.3.11)

EXU
Although the Riesz representation theorem cannot be invoked here since the space
ExExU is not assumed to be compact, we use Daniell’s theorem to obtain an integral
representation of A. This is established as part of the proof of the next lemma.

Lemma 6.3.5 For each m € P(E x U) satisfying (3.6.3), and each n € N, there
exists a stationary solution (X", U") to the martingale problem for (A, ,m).

Proof First we show that there exists av € Z(E x E x U) such that
AF = f Fdv VF € Cp(E X ExTU). (6.3.12)
EXEXU

By [94, Theorem II.5.7], there exists a unique finitely additive measure v on the
Borel field of E X E x U that satisfies the above. Fix £ > 0. Since E is Polish, we can
choose a compact set K C E such that

mK)>1-¢ and MK xU)>1-¢.
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Define K = K x K x U. Then

V(K < V(K¢ X E xU) + v(E x K¢ x U)
< m(K°) + (K x U)

<2e.

Let {F, : n € N} c C,(ExExU), such that F,, | 0. Then for each 6 > 0, {F, > §}NK,
n € N, is a decreasing sequence of compact sets with empty intersection. By the finite
intersection property, there exists ng > 1 such that {F,, > 5} N K = @ for all n > ny.
Thus if n > ny, we have

AFn:f F,,dvsandv+f F,dv <6+ 2¢||F].
EXEXU K Ke

Since this holds for all 6 > 0 and € > 0, we obtain
AF,—>0 asn— oo,

By Daniell’s theorem [93, prop. I1.7.1], there exists a unique o-additive measure,
denoted by v again, on the Borel o-field (E X E x U), satisfying (6.3.12). We may
disintegrate v as

v(dx, dy,du) = 7t;(dx) n(dy, du | x) (6.3.13)

for a measurable n: x € E — n(dy,du | x) € P(E x U) [32, pp. 39-40]. Then
for g € P(A,) and f € Cu(E), using (6.3.3), (6.3.8) and (6.3.13) we obtain, for
F(x,y,u) := f(x)g(y, ),

AF = f f(x)g(y,u)v(dx, dy, du)
EXEXU
= ff(x) [f gy, w)n(dy,du | x)|m(dx)
E ExXU

= FOOIU = n ' A g](x) m(dx, du)
ExU

= fE SOOI =" A" g](x) i (dx) .
Therefore
f g n(dy,du | x) = [(I —n ' A)g](x) m-as. (6.3.14)
ExU

Let {(Y(k), W(k)) : k > 0} be a Markov chain on E x U with initial distribution 7t and
transition kernel 77. Then using (6.3.11), with f = I for B € #(E x U), we conclude
that

fn(x, B) m(dx) = v(E X B) = (B) VB e B(ExU).
E
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It follows that (Y (k), W(k)) is a stationary chain. Let V" a Poisson process with rate
n, and independent of (Y (k), W(k)). Define

X' =YV, U'=W(V"), t>0.

Let {7} be the right-continuous completion of the filtration
b
@;‘:U(Xf,f JWUHdr:s<t,0<a<b<t, fer(U)).
a

Direct verification using (6.3.14) shows that for g € D(A,),
k=1
(Y, W) = > n™ Fug(Y (), W(j)
=0

isa (o (Y(Q), W(@i) : i < k))-martingale. It follows as in Ethier and Kurtz [55, pp. 163—
164] that (X", U™) is a stationary solution to the martingale problem for (A, , ) for
everyn > 1. O

The proof of the theorem that follows is rather lengthy; therefore we split it into
several steps.

Theorem 6.3.6 For each m e & (E X U) satisfying

f Afdn=0 VYfe DA,
EXU

there exists a stationary solution (X, U) to the relaxed controlled martingale problem
for A such that Tt is the associated ergodic occupation measure.

Proof Let (X",U") be the stationary solution to the martingale problem for A,
constructed in Lemma 6.3.5.

Step 1. We first show that (X", dy») = (X, U) for some E x &?(U)-valued process
(X, U).
Let {g,,} be the countable collection in condition (A6.1) of Section 6.2. Set

an =gl and £ = [ [(=an anl.
i=1

Defineg: E — E by g(x) = (g1(x), g2(x), . ..). Since Z(A) separates points of E and
vanishes nowhere, so does {g,,}. Thus g is one-to-one and continuous. It follows that
g(E) is Borel and g!: g(E) — E measurable [94, corollary 1.3.3]. Fix an element
ecEandsetg '(x) =eforx ¢ g(E).For fe Z2(A)and f, = (I —n " A)f,n>1,
let

EW = f£(X) and  ¢,(t) = A [(XLUN), t>0,n>1.
Then

fn(t) - f <Pn(S) ds > t2 O,
0
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is a martingale relative to the natural filtration of (X", U"). Recall that ||f — f,|| = O
and ||\ Af — flnf,,ll — 0. Hence, we can use [55, theorem 3.9.4, p. 145] to claim that
the laws of f(X") are tight and therefore relatively compact in Z2(D([0, 0); R)). It
follows that the laws of g(X") are relatively compact in

P(D(10,00); £)) = 2(I152, D10, 00; [-ai, ai]))-

Since % is a compact metric space, so is (%), by Prohorov’s theorem. As a re-
sult, {Z(g(X"), 8y} is relatively compact in Z2(D([0, c0); E) X % ). Suppose that it
converges to .Z(Z,U) € 2(D([0, c0); E) x %) along some subsequence, which is
also denoted by {n}. By Skorohod’s theorem [32, pp. 23-24], we may construct all
these processes (to be precise, their replicas in law) on a suitable probability space
such that

(g(X™),6un) = (Z,U)  as. in D([0,00); E) x % .

Since .Z(g(X")) = m; o g~! for all ¢ and n, it follows that .-£(Z;) = 7t; o g~! for all ¢,
implying that P (Z, € g(E)) = 1. Let X, = g7'(Z)), t = 0. Then (X", §y») = (X, U).

Step 2. We now prove that X;' — X, in probability for all # > 0.
Note that

8i(X)g(X)) — g;(X)gr(Xy) as., VjkeN.
Let H C C,(E X E) denote the algebra generated by the family of functions
{h: EXE > R h(x,y) = g;(0)g(y), j,k € N}.

Since {g;} separates points in E, it follows that H separates points in E X E. Also, for
heH,

WX, X)) S h(X,. X,).

Since {ZL(X?,X;) : n > 1} is trivially relatively compact, we can choose, for any
given ¢ > 0, a compact set K C E X E such that

P(X,X)eK)>1-6 VneN. (6.3.15)

Let p be a complete metric on E. Restrict p and H to K and view H as a subset of
C(K) with (K, p) a compact metric space. By the Stone—Weierstrass theorem, H is
dense in C(K). Thus we can find {/;} C H such that

sup |o(x,y) = hx(x, y)| — 0. (6.3.16)
x,yeK k—co

Let £ > 0, and define

,On = p(X;l’Xt)’ Gn = {(th’Xt) € K} ’ ne N
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Using (6.3.15), we obtain
P,>e)<P{o,>elNnG,)+0
<P ({lon — (X7, X)| > §} N G,)
+ P ({|e(Xy, X)) = (X, X)) > £} 0 G)
+P({lX X0l > £} 0 Gy) +6. (6.3.17)
By (6.3.16) we can choose k such that

E
sup |hi(x,y) — p(x, )l < 3
x,yeK

In particular sup g |hk(x, x)| < § Then (6.3.17) yields
P (pn > &) < P({|(X], X)) — (X, X)| > £} 0 G,) +6.

Thus
limsup P(p(X], X;) > &) <6.

n—oo

Since 6 > 0 was arbitrary, the claim follows.

Step 3. It follows that, for & € C,(E x U),
|h(X2, UT) = h(X, U —— 0 V1> 0.

Also, the topology of % implies

! !
f h(X,, U")ds — f f WXy, )Uy(du)ds  P—as., V>0,
0 0 U
Thus
! 5
f h(X", U")ds — f f WX, w)Uy(du)ds  Yr>0.
0 0 U

Let f € 9(A), and f, = I — n '\ A)f for n > 1. Also, let h; € C,(E x U) for
i=1,....mWithO<t, <---<tu,yand 0 < §; <t;for 1 <i < m, we have

Im+1

E[(f(Xt,M) -fX,) - fU Af(X,, w)U,(du) ds)x

[ f i f h,-(X,,,u)UX(du)ds}
i=1 f,‘—(i,' U

= ,111_{1;10 E [(fn(X” ) — fn(XZn) — " ﬁnﬁl(Xg, U?) dS) X

I+
Im

m i
[1] mogonas
i=1 V10 I

b

=0,
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because the expectation in the middle expression is always zero by the martingale
property of

!
f,,(X,")—fflnfn(X?,Ug)ds, t>0,n>1.
0

By a standard monotone class argument, it follows that (X, U) is a solution to the
relaxed controlled martingale problem for A. Furthermore, since (X", U") are sta-
tionary, so is (X, U), and for t > 0, 6 > 0 and & € Cp(E x U),

1+6 1+6
f E [f h(Xs, u)US(du)] ds = lim f E[n(X},UY)] ds
t U n—oo t

:6fhd7t,

implying (6.3.1) for a.e. #, where the qualification “a.e.” may be dropped by suitably
modifying U, on a Lebesgue-null set of ¢. This completes the proof of the theorem.
O

The relaxed control process U in the stationary solution of the relaxed martingale
problem can be taken to be a Markov control, as the following corollary indicates.

Corollary 6.3.7 The relaxed control process U in Theorem 6.3.6 may be taken to
be of the form U, = v(X,), t € R, for a measurable v: E — Z(U).

Proof Disintegrate 7t as 7t(dx, du) = 711(dx)P(du | x), and define v: E —» £ (U) by
v(x) = (du | x), which is unique 7t;-a.s. We use the symbol u for the generic element
of Z(U). Now apply Theorem 6.3.6 to the operator A with & € Z(E x Z(U)) de-
fined as 7t(dx, di) = 71;(dx)d,(x)(du) replacing 7t. Then by the foregoing there exists
an E x (P (U))-valued stationary solution (X, U) to the relaxed controlled martin-
gale problem for A with respect to some filtration {F;}, such that

E[g(xa f h(u)&(du)]: f () h(w) A(d, du)
.@(U) EX.@(U)

for g € Cp(E), h € C(L(U)), and ¢t € R. Define a L (L (U))-valued stationary
process U by

f h(u)f],(du)zE[ f h(u)l_],(du)"{ﬂ;f], teR
PU) 2(U)

for all 4 in a countable dense subset of C(Z(U)), and {%f } the natural filtration of X,
ie., 8{( is the right-continuous completion of o-{X; : —c0 < s < ¢t}. Then it is easy to
see that (X, U) is a stationary solution to the relaxed controlled martingale problem
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for A, with respect to {7}, satisfying

E[g(xo f h(u)0,<du>]= f ¢(x) h(w) 7(dx, du)
QZ(U) EXQZ(U)

= f 8(x) h(1) 7t1(dx) 6, (du)
Ex ()

= fE 8(x) h(v(x)) 71 (dx)
=E [g(Xt) h(V(Xt))]
for g € Cy(E), h € C(Z(U)), and t € R. Then

E [f h() U, (du) | X,} =h(v(X,)) as., Vt=0,VheC(ZW)).
2(U)
In particular,
E [ f 12 ()0, (dw) ' X,| = 2((X) as. Vi>0,
2(U) i

and hence

E[ f [y —h(v(X,))]ZU,(du) ' X,| = E[ f B2 () U, (du) | X,]
2(U) ] 2(0)

-2E [ f h() T, (du) ‘ X,} h(v(X) + 2(v(X,)) = 0.
2(0)

Thus U, = d,x, a.s., proving the claim. m]

6.4 Extremal solutions

The main result of this section is the following: If we identify the processes (X, U)
whose one-dimensional marginals agree for a.e. #, then the resulting equivalence
classes form a closed, convex set whose extreme points correspond to Markov pro-
cesses X. The idea of the proof is simple. For T > 0 we consider the regular con-
ditional law of X o 67 given Xjo ;. This can be thought of as a three-step process.
First pick an X7 according to its law. Then pick Xjo 7 from the set of continuous
functions [0,7] — E according to its regular conditional law given X7. Finally,
pick X o 67 according to its regular conditional law given Xjor; and X7, i.e., given
Xjo0.71- Suppose that instead of following the second step we pick a single function
X[0.1]" R¢ — C([0, T]; E) with x; = X7, measurably depending on X7, and then pick
X o 07 according to its regular conditional law given Xy and xjo 7}, with the same
functional dependence on the latter as in the above procedure. For each realization
of X7, the first procedure yields a conditional law of X o 67 given X|o rj, which is
a mixture of what one would get in the second procedure. Thus the aforementioned
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equivalence classes in the first case are mixtures of those in the second. What follows
makes this intuition precise.

We consider solutions (X, U) of the relaxed controlled martingale problem for
(A,v) with a fixedv € Z(E). Let I, ¢ P(D([0, ); E) X % ) be the set of all laws
Z(X, U) such that (X, U) solves the relaxed controlled martingale problem for A,
and satisfies .Z(Xp) = v. Then .Z(X, U) € I, is completely characterized by

E[f(X0)] = fE Fdv, feCyE), 64.1)

andfor0 < f) < - < tyy1,0< 8, <, 1 <i<m,hy,...,h, € Cp(E X U) and
f € D(A)

E |:(f(le+1) - f(XI,”) - " ﬁf(Xh U&) ds) X

Im
m ti
]_[ f f hi(X,, u)Uy(duyds| = 0. (6.4.2)
i=1 Yti—6; JU

Since (6.4.1)—(6.4.2) are preserved under convex combinations and limits with re-
spect to the topology of Z2(D([0, ); E) X % ), we conclude that I’ is closed and
convex. We make the following additional assumption.

(A6.4) Foreveryn>0andT > 0, there exists a compact set K, C E such that
inf P(X(1) € Kyr, Y 1€[0,T]) 2 1-7.
Lemma 6.4.1 Under (A6.1)—(A6.4), I, is compact in P2(D([0,0); E) X U ).

Proof Since 7/ and therefore also (%) is compact, it suffices to prove that
(LX) : Z(X,U) € I} is compact. Note that for each > 0 and f € Z(A),

15 1/p
sup E (f”ﬁf(xs,Us)deS) ]<00, l<p<oo.
Iy 0
Hence by [55, theorem 9.4, p. 145], {<Z(f(X))} is tight for all f € Z(A). It follows
that {Z(g(X)) : Z(X,U) € Iy}, with g as in the proof of Theorem 6.3.6, is tight in
P(D([0, c0); E)). The claim now follows from (A6.4) and [55, theorem 9.1, p. 142]
as in Theorem 6.3.6. O

Let { -?(‘U : 1 > 0} denote the natural filtration of (X, U), and for some ¢ > 0, let 6,
be a sub-o~-field of S—fw containing o(X;). The following lemma is proved along the
lines of Lemma 2.3.7.

Lemma 6.4.2 The regular conditional law of (X o 6,, U o 6;) given ®, is a.s. equal
to the law of some (X', U") which is a solution to the relaxed controlled martingale
problem for (A, bx,).
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6.4.1 A technical lemma

This section concerns an important characterization of extreme points of the set of
probability measures on a product space with a given marginal.
Let S and S, be Polish spaces with Borel o-fields S; and &,, respectively, and
ue P8 x8,). We disintegrate u as
fu(dsy, dsy) = pu(ds) py(dsz | s1)

where u; € Z(S) and pé 1 §1 > HA(S,) are respectively the marginal on S| and the
regular conditional law on S ,, the latter specified y;-a.s. uniquely. For & € Z(S),
define

Pe(S1x82) ={ue P(S1x82):uy =&},
«925‘3(51 X8y):={uePS1x8):u = §and/xé is pp-a.s. Dirac}.
Lemma 6.4.3 If
u(dx, dy) = &(dx) v(dy | x) € Pe(S1 X §2) \ 92(51 xS87),

then there exist Borel A C S| and f € Cp(S2) such that £(A) > 0 and forall x € A, f
is not a constant v(x)-a.s.

Proof Let{f;} c Cp(S,) be a countable set that separates points of S,. Suppose that
for &-a.s. x, f; is v(x)-a.s. a constant for all i. Then v(x) is a Dirac measure for such
x, contradicting the hypothesis u ¢ @g(S 1 X §7). Thus there exists a Borel A’ C §;
such that £(A”) > 0 and for x € A’, f; is not a constant v(x)-a.s. for some i € N. Let

A;={x €S, : fiis not a constant v(x)-a.s.}, i€N.
Then A; is the complement of
ﬂ {x €S : f grfidv(x) = f gk dv(x) f Ji dV(x)}
keN

for {gr} € Cp(S2), chosen so that fgk dm, = fgk dmy Yk € N implies m; = my for
any finite signed measures mp,my on S,. Therefore A; is measurable. We may set
A’ = U;A;. Then £(A”) > 0 implies that £(A;,) > 0 for some iy and the claim follows
with A = A, f = fi. ]

We now come to the main result of this section. For ¢ € Z(S,) and f € Cy(S2)
let b, be the least number such that

q(tx: f() > by)) < 5.
Let
Ay ={x: f(x) <bgt, Ay={x:f(x)>b,}, As={x:f(x)=0b,},
and § € [0, 1] such that

q(A1) + 6 q(A3) = q(A2) + (1 = ) g(A3) = 5,
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setting 6 = 0 when g(A3) = 0. Define
a1(q) = 2(1x, +0la3) q,
ax(q) = 2(a, + (1 = 6)1a,)q.

By [49, theorem 2.1], verifying that a1, ap: P(S,) — L(S,) are measurable is
equivalent to verifying that for a Borel A C §,, the maps ¢ — «@;(¢)(A), i = 1,2, are
measurable. Consider, say, i = 1. Then

a1(g)(A) = 2q(A N Ay) + 26g(A N Az),

where 6, A1, A3 depend on g through their dependence on b,. It is easy to verify that
b glAn{x: f(x) <b})and b — g(AN{x: f(x) = b}) are measurable. Thus it
suffices to prove that g — b, is measurable. But for ¢ € R,

{q:by>ch=1{q:q({x: f(x)>c}) > 1},

which is measurable by [49, theorem 2.1]. This establishes the measurability of
aq, @y. Note that
_ 1@ +ax(q)
— 5
Lemma 6.4.4 @5(5 1 X 82) is the set of extreme points of Z¢(S1 X §2).
Proof Define

Q= P(S1X82),
Qs 1= ZYUS1XS2),
and let Q, stand for the set of extreme points of Q. Let u(dx,dy) = &(dx)v(dy | x),
and suppose 1 ¢ Qs. PickaBorel A € S| and f € Cy(S,) as in Lemma 6.4.3. Then
a;(v(- | x)) # ax(v(- | x)) for x € A. Define
wi(dx, dy) = é(dx) a;(v(dy | x)), i=1,2.
M1t

Then p = =572, uy # pa, implying 4 € Q.. Thus Q. C Q5. Conversely, let y = ‘%
for y € Qs, p1 # o in Q. Then it follows from the decomposition

pi(dx,dy) = édx)v;(dy | x), i=1,2,

that vi(- | x) and v,( - | x) must differ for x in a set of strictly positive £&-measure. For
such x
vi(-]x)+va(- | x)
2

v(-|x) =

cannot be Dirac, a contradiction. Thus Qs C Q.. ]
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6.4.2 Marginal classes

Definition 6.4.5 Define an equivalence relation “~” on I, by:
ZXU)~ 22X\ U) < ZLX,U)=2(X,U)

for almost all ¢. The equivalence class under ~ that contains .Z(X, U) is denoted
by {.Z(X,U)) and is called a marginal class. Let I}, denote the set of marginal
classes with the quotient topology inherited from I, . We extend the definition of this
equivalence relation to the space i of finite signed measures on D([0, ); E) X %
with weak*-topology as follows. Two elements of i, are equivalent if their images
under the map

(X[0,00)5 VI0.00)) = (X1, V1)
agree a.e.int € R,.

Remark 6.4.6 Since v is only measurable, the map vjo ) — v; needs to be defined
with some care. Recall the identification of v € % with an @ = (a1, @3,...) € B®
from Section 2.3. If ¢ is a Lebesgue point for all @;’s, let

1 t+A
a@,(t) = ill)’% ﬂ jt:A ai(s)ds, i>1,

and set v; = ¢~ !(@,(t), @2(1), ...) for ¢ as in Section 2.3. For any other ¢, set v, equal
to an arbitrary element of Z?(U). This defines vjp) — Vv as a measurable map for
t>0.

The set I}, may now be viewed as a compact, convex subset of I, the space of
equivalence classes in i, under ~, with the quotient topology. We call the equiv-
alence class {.Z (X, U)) € I, extremal if it is an extreme point of I},. It turns out
that every member of an extremal element of I}, is a Markov process. This result is
stated as Theorem 6.4.16 at the end of this section. First, we need to develop some
necessary intermediate results.

Let {h; : i € N} be a countable subset of C,(E x £(U)) that separates points of
P(E x P(U)).ForieN and @ € (0, ) define h;,: Iy — R by

Iy>2XU)- E[f e "hi(X,, Uy) dt] .
0

This map is constant on marginal classes and therefore may be viewed as a map
I, — R. The following lemma follows easily from the injectivity of the Laplace
transform on R, and the choice of {A;}.

Lemma 6.4.7 If ui, 1o € I, satisfy hio(u1) = hio(u2) for all i € N and rational
a >0, then py = p.

For x € E, i € N and positive constants « and &, we define the subset Hf (x) of
I xTj by

H; (0) :={(q1,m2) € I3 XI5 |hio(n1) = hio(n2)| > &}
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and let
He= ) HL,0.

ieN, a>0, &>0

Since H, remains unchanged if the union in its definition is taken over all positive
rationals « and ¢, it follows that it is in fact a countable union. By Lemma 6.4.7, the
set H, is the complement of the diagonal in I'j X I . Let ¢: 0t X M — M, denote
the map 4

+
¥, m) = % .

Itis clear thatn € I"(;X is extremal if and only if n ¢ ¥(H,).

Fix Z(X,U) € I'. Let p(dy | x) denote the regular conditional law of (X, U) given
Xo = x, defined v-a.s. uniquely. By Lemma 6.4.2, we may assume that p(dy | x) € I,
for each x.

Lemma 6.4.8 Suppose that {p(dy | x)) is not an extreme point of I'; for all x in
a set of positive v-measure. Then there exist a relatively compact set C C E with
v(C) > 0, and positive constants i € N and a, e € Q N (0, o) such that

(pdy | x)) € }(H,(x)) VYxeC.
Proof By hypothesis,
V({x: {p(dy | 0)) € 9(H)}) > 0.
Therefore, for some i, @, € as in the statement of the lemma,
v({x: {p(dy | ) € HH,(0)}) > 0.

Since E is Polish, every probability measure on E is tight by the Oxtoby—Ulam the-
orem [24, theorem 1.4, p. 10] and hence it assigns mass 1 to a countable union of
compact sets. Therefore there exists a relatively compact set

C c{x:{pWy | x)) € HH,(x))}
which has positive v-measure. O

Define A ¢ Z(D([0, x); E) X %) by

A= n

xeC

The arguments of Lemma 6.4.1 can be adapted to prove that A is compact. We denote
by A’ c i), the corresponding (compact) set of marginal classes.

Lemma 6.4.9 [f{.Z(X,U)) is an extreme point of I'',, then for v-a.s. x, {p(dy | x))
is an extreme point of I'y .
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Proof Suppose not. Let C C E, and i, @ and € as in Lemma 6.4.8. Define
G = {(71,m2) € M XM < Nhio(m1) = hin(2)] 2 &}
For x € C, let
Ky :={(n1,m) € HS(x) : {p(dy | x)) = D52}

By Lemma 6.4.8, K, # @. It is also compact, since it is clearly closed and it is a
subset of H (x) which is compact. Let G" ¢ A" x A’ be closed, therefore compact.
Note that

(xeC:K,NG #0)={xeC:(pdy]|x)) € dGNG)). (6.4.3)

Since G is closed, G N G’ and thus (G N G”) is compact. The map x — p(dy | x)
is measurable, and therefore, x + {p(dy | x)) is also measurable. Therefore the set
in (6.4.3) is measurable. From this, we conclude that the map x — K, Cc A" X A’ is
measurable and therefore weakly measurable in the sense of [118, p. 862], in view of
the remarks in [118, paragraph 5, p. 863]. By [118, theorem 4.1, p. 867], there exists
a measurable map x > ({n1,), {n2:)) € A’ X A’ such that

(p(dy | 0y = T2
and

(1) = hia(mo)l = €.
Define

C+ = {X €B: hi,a(nlx) - hi,a(nZX) > 5} s
Cc = {X €B: hi,a(nlx) - hi,a(UZX) < _8} .

Since v(C) > 0 and C = C* U C7, it follows that max(v(C*), v(C™)) > 0. Suppose
that v(C*) > 0 (if not, replace C* by C™). Define, fori = 1,2,

_ Nix if xeC*,
l p(dy | x) otherwise,

and

pi(dx, dy) := v(dx) ;. (dy) .

Since V(C*) > 0, {u1) # (u2). Clearly, (Z(X, U)y = 242 Since 7y, 7p, € I,
for each x, we have {u;), {u2) € I},. Thus {.Z(X, U)) is not an extreme point of
I;,. This contradiction establishes the claim. O

Two solutions of the relaxed martingale problem can be concatenated as shown in
the following lemma.
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Lemma 6.4.10 Let (X,U) and (X', U’) be two solutions to the relaxed controlled
martingale problem for A such that

L Xr,Ur) = L(X;, Up)

for some T > 0. Then there exists a solution (X, U) to the relaxed controlled martin-

gale problem for A such that
~ o~ X(Xt’ Ut) Ucte [09T)9
f(Xl’ U[) =
LX U ) ift>T.

Proof Let Q = D([0,); E) X %, and B(Q) its Borel o-field. Define (X, U) to
be the canonical process on (Q, B(Q)), i.e., (X, U) evaluated at w = (x, y) € Qis
given by X = x, U = y. Then specifying a probability measure P on (Q, Z(Q)) is
equivalent to prescribing the law of (X, U). Let ITj, TI, map w = (x,y) € Q to its
restriction on [0, T), [T, o), respectively. Let ¥ (X, U) be such that

L((X,0)) = 2(I(X, U)),

and the regular conditional law of ILX, 0) given I1; (X, U) is the same as the regular
conditional law of I, (X, ) given (X7, Ur), which in turn is the same as the regular
conditional law of (X', U’) given (X, U), prescribed a.s. with respect to

LX,U) = L Xy, Ur) = Z(Xr, Ur).
The law .Z (X, U) as defined meets our requirements by construction. O

Definition 6.4.11 We call (X, U) defined in Lemma 6.4.10 the T-concatenation of
(X, U) and (X", U").

Lemma 6.4.12 Let {.Z (X, U)) be an extreme point of I,,. Then {.Z (X o0r, UoBr))
is an extreme point of I, , where vy = £ (Xr).
Proof Suppose not. Then there exist a € (0,1), (Z(X',U)) € I, ,i = 1,2, such
that

(ZXL UMY # (L X, UD)
and

(LXK o00r,Uobr)) =alLX", UMY+ (1 —a){ZL(X*, U>)Y.

By Lemma 6.4.10 there exists a pair of processes (X’, U), i = 1,2, which are solu-
tions to the relaxed controlled martingale problem for A, such that for i = 1, 2,

Si i g(Xt, Ut) lfte[O,T],
ZL(X,Up) = . . .
LXi U ift>T.

Then
(ZLX",TYy £ (LX>, TH)
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in I}, and
(LX) =a(ZX, U + (1 - a( L (X, 0y,
contradicting the extremality of {.Z(X, U)). The claim follows. ]

Let (S1,S)) and (S,, S;) be measurable spaces and f: S| — S, a measur-
able map. We denote the image of u € Z(S) under f by f.(u). In other words,
fir P(S1) — P(S,) and f.(u)(A) = u(f~'(A)) for A € S,. Similarly, we denote by
f(P) the image of P ¢ Z(S ) under f.

Henceforth, let {.Z(X, U)) be an extreme point of I',. Fix " > 0, and Let xr
denote the restriction of x to [0, T]. Define

B: D0, TIE) - ExD(0,T]; E)
by
Blxr) = (X(T), x7).
We introduce the notation:
ur = LX),
vr = £ (Xy),
Y ={y: E—> D(0,T];E) : y is measurable and y(x)(T) = x, Vx € E},

My = {y.(vr) € Z(D(0,T];E)) : y € Y}.

Lemma 6.4.13 g (respectively, B.(ur)) is the barycenter of some probability mea-
sure supported on My (respectively, B.(Mr)).

Proof Concerning ur, the property follows by Lemma 6.4.4 and Choquet’s theorem
(Theorem 1.5.7). The claim for S.(ur) follows from the fact that the barycentric
representation is preserved under .. m

Let g be any version of the regular conditional law of (X o 67, U o 67) given
(Xr, Xj0.77)- Then g takes the form

q(- | x,y) € 2(D([0,0); Eyx %), for(x,y)e ExXD(0,T];E).

Let
¥ = P(ExD(0,T]; E) X (D([0, 00); E) X % ))

and set Y = (X7, X[0.71, (X 0 07, U o 0r)) € . Thus ¢ takes the form
¥(dx, dy, dz) = B.(ur)(dx,dy) g(dz | x, ).

Let ¥° c ¥ be the set of measures p of the form
p(dx, dy, dz) = v7(dx) 6,y (dy) g(dz | x,y)

for some y € Y, where d,(,) denotes the Dirac measure at y(x). By Lemma 6.4.13, y
is the barycenter of a probability measure & on ¥°.
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Lemma 6.4.14 With & -probability 1, the measure ® € P(D([0,0);E) X %)
defined by

f £ B(d2) = f f vr(dn) g(dz | xy() )

for f € Co(D([0, 00); E) X U ), is in I,. Furthermore, q(dz | x,y(x)) can be chosen
to be in I's_ by choosing an appropriate version.

Proof By Lemma 6.4.2, g(dz | x,y) € I5,, B«(ur)-a.s. Hence
q(dz | x,y) € I5,, vr(dx)dy(dy)-as. foréi-as.p.
The claim follows. ]

Denote y, @ above as y,, ®, to make explicit their dependence on p. Recall that
y is the barycenter of a probability measure & on ¥°.

Lemma 6.4.15  For an extremal £ (X, U), and x outside a set of zero vr-measure,

€qdz | x,7p(x)) ={pdz | 0)) ¢&r-as. p.
Proof Let® = _Z(X o0 6r,U o6r). Then for f € Cp(D([0, 0); E) X %),

f f(x)®(dz) = f f B:(ur)(dx,dy) q(dz | x,y) f(2).
By Lemma 6.4.12, {®}) is an extreme point of I, . Disintegrate d as
®(dx, dz) = vo(dx) p(dz | x),

where p(dz | x) is the regular conditional law of (X o 67, U o 6r) given X7 = x. By
Lemma 6.4.9, {p(dz | x)) is an extreme point of I"gx for vr-a.s. x. Then

®(dx, dz) = vo(dx) p(dz | x)

= f &1(dp) vr(dx) g(dz | x, v (x))

—vr@) [ o) a(dz % 7o),
so that for vr-a.s. x, p(dz | x) is the barycenter of a probability measure on
{g(dz | %, yp(x) : p € ¥}
and, in turn, {p(dz | x)) is the barycenter of a probability measure on
{€a(dz | x,75(0)) : p € ¥°).

For x outside a set of zero vy-measure outside which the foregoing properties hold
and {p(dz | x)) is extremal in [ ’x, we must have

(p(dz| 1)) = (g(dz | x,7,(x)))

for £;-a.s. p, thus proving the claim. O
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Theorem 6.4.16 Every representative of an extremal element of I, is a Markov
process.

Proof Fix t > 0 and let p(dz | x) and g(dz | x,y) denote the images of p(dz | x) and
q(dz | x,y), respectively, under the map

(X[0,00)> Y[0.00)) € D([0, 00); E) X U +— x(t) € E.
By Lemma 6.4.15,
p(dz | x) = §(dz | x,yp(x)) vr-as.x, and &j-a.s. p,
i.e., the right-hand side is independent of p, &-a.s. Thus we have
L(Xr, X011, X144) = Bi(pr)(dix, dy) §(dz | x, y)
= f §1(dp) vr(dx) 6y, (x(dy) §(dz | x, 75 (x))
= vr(dx)n(dy | x) p(dz [ x),
where

n(dy | %) = f £1(dp) 8, (dy)

Thus X7+, X{0,r; are conditionally independent given X7. Given the arbitrary choice
of T, t, the claim follows. ]

6.5 Existence results

We now state and prove an assortment of results concerning the existence of optimal
controls in various classes of controls. These are direct consequences of the theory
so far.

Let c: ExU — R, be a prescribed running cost function. Transforming into the
relaxed control framework, we define ¢: E x #(U) — R, U {0} by

c(x,v) = f c(x, u)v(du) Y(x,v) € Ex ZU).

Consider the associated ergodic control problem, in the average formulation where
one seeks to minimize

1 t
lim sup — f E[e(X,, U,)] ds. 6.5.1)
0

t—o0

Note that for (X, U) a stationary solution to the relaxed controlled martingale prob-
lem for A, (6.5.1) takes the form

F(T[)::f cdm
EXU

for some ergodic occupation measure 7t. This motivates looking at the optimization
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problem: Minimize F on ¢, the set of ergodic occupation measures. We assume that
F(m) < oo for at least one 7t € 4. Consider the following two alternative conditions:

(A6.5) (near-monotonicity) The map F is inf-compact.
(A6.6) (stability) ¢ is compact.

Remark 6.5.1 If (A6.5) holds, {7t : F(71) < oo} is o-compact. But by the Baire
category theorem, a Polish space that is not locally compact cannot be o-compact.
Thus F cannot be everywhere finite. Hence the inclusion of “co” as a possible value
for ¢(x, v).

The following is immediate:
Lemma 6.5.2 Under (A6.5) or (A6.6), F attains its minimum on 9.
As usual, we let o* denote this minimum.

Corollary 6.5.3 There exists a stationary solution to the relaxed controlled mar-
tingale problem for A for which the cost is o*.

Proof Combine Lemma 6.5.2 and Theorem 6.3.6. O

Recall the mean empirical measures 7, € 2(E x U), t > 0, defined by

_ 1

corresponding to a solution (X, U) of the relaxed controlled martingale problem for
A. We have the following lemma.

ds, feC(ExDU),

Lemma 6.5.4 Under (A6.5),

1 !
lim inf ;f E[e(Xs, Uy)] ds = 0" a.s. (6.5.2)
0

1—00

Proof The left-hand side of (6.5.2) is

liminf fch,.
1—o00
Suppose ; — ¢ € P(E x U) along a subsequence, say, {t,}. Let {g;} be the family
in assumption (A6.1) of Section 6.2. Then

!
gk(Xt) - f L?_[gk(xm US') ds, 120,
0
is a martingale and thus
!
E [gx(X)] - E [gc(X0)] = f E [Agi(Xs, Uy)| ds.
0

Divide by ¢ on both sides and let t — oo along {#,} to conclude that f Agr dZ =0,
ie., 2 € ¢. Thus

lim inf f cdZ, > inf f cdm=o".
n—oo ne¥d
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On the other hand, let {¢,}, t, T oo, be such that {Z,n} has no limit point in Z(E x U).
Then by (A6.5),

lim | cd, = o0 >0",

n—oo

which completes the proof. O

Lemma 6.5.5 Under (A6.5), there exists a stationary solution which is optimal for
the ergodic control problem (6.5.1). Under (A6.6), there exists a stationary solution
optimal among all stationary solutions. It is also optimal among all solutions under
the additional assumption that the mean empirical measures {, : t > 0} are tight in
P (E xU).

This is essentially contained in the foregoing.

Corollary 6.5.6 In Lemma 6.5.5, “optimal stationary solution” may be replaced
by “optimal ergodic solution.”

Proof Consider the ergodic decomposition of an optimal stationary solution. Then
the law of the latter is the barycenter of a probability measure on the set of laws of
ergodic solutions. The claim then follows by standard arguments. O

Based on the experience with nondegenerate diffusions, we do, however, expect
more, viz., an optimal stationary Markov control, an optimal Markov process, etc.
As a prelude to such results, consider solutions (X, U), X', UM, 1 <i < m,of the
controlled martingale problem such that

m

(LX U = alL X, U (6.5.3)

i=1
for some {a;} C (0, 1) with }};a; = 1.

Lemma 6.5.7 IfU, = v(X,) for some measurable v: E — % (U) and (6.5.3) holds,
then U' = v(X!) a.s. for 1 <i <m.

Proof For almost all 7 (i.e., outside a set of zero Lebesgue measure), the following
holds. Let &, &, ¢, ¢ denote the laws of (X!, U}, (X,, U,), X!, X, respectively for
1 <i < m. Disintegrate &;, £ as

&i(dx, dw) = yi(dx)gi(du | x), 1<i<m,

£(dx, dw) = Y(dx) dyn(dw) .

Clearly, ¥ = Y, a;y;. Let
dy;
Ai =a;—/—.
a v
Then }; A; = 1 y-as., and & = }} a;&; must disintegrate as

£(dx, du) = () D" M) gildu | ),
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implying that for -a.s. x,
DA gi(dut ] 3) = 6,00(du)

Since a Dirac measure cannot be a convex combination of two or more distinct prob-
ability measures, the claim follows. The qualification “almost all £’ can be dropped
by modifying the U'’s suitably. mi

Let (X, U) be a solution to the relaxed controlled martingale problem. By Theo-
rem 6.4.16, (£ (X, U)) is the barycenter of a probability measure on

{{Z (X, U)) : X is a Markov process} .

Thus there exists an .Z(X, U) € (£ (X, U)) such that Z(X, U) is the barycenter of
a probability measure ¥ on the set

H={%(X,U) : X is a Markov process} .

We may suppose, as in Theorem 2.2.13, that for any .Z(X, U) € H, U, = ¢(X,.1) a.s.
for some g: E X[0, 00) —» Z(U). Suppose U, = v(X;), t > 0, as before. Then without
any loss of generality, we may suppose that U, = v(X,), t > 0.

Lemma 6.5.8 For ¥-a.s. ® such that ® = (X, 0), one has U, = v(X,), ®-a.s. for
almost all t > 0.

Proof Let H denote the closed convex hull of H. Construct the probability measure
Y(dp,dx, do) = P(dp) p(dx,dv) € L2(H x D([0,00); E) X %) .
Let (¢, X, U) be the canonical random variables on this space. In other words, if
w = (W, Wy, w3) € Hx D(0,00); E)X U ,

then é(w) = wi, X(w) = w; and U(w) = ws. For t > 0, we let p, denote the
image of p € Z(D([0, 0); E) X %) under the map (X[0,00)> D[0,00)) F> (X[0,00) V7) (s€E
Remark 6.4.6). Let

Y, = L X,0,) = P(dp) p(dx,du).

Then for ¢ outside a Lebesgue-null set, the following applies. Since ¥ is supported
on H, by the remarks preceding the statement of this lemma, ; must disintegrate as

Yi(dp, dx, du) = ¥(dp) ¢p(dx) 6 f(pxnn(dw) ,

where ¢, is the regular conditional law of X given &, and f: HXE x[0, ) — 2(U)
is a measurable map. Of course, x(¢) is the evaluation of x € D([0, c0); E) at ¢. Thus
any h € C(Z(U)) satisfies

E[n@) &% = h(f&X0) as.

for almost all 7. Let A, := [A,1, ... ,Apm,], n > 1, be a sequence of finite partitions of
H such that
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(i) A, refines A,;
(i) A,; are Borel with ¥Y(A,;) > 0, Yn, i,
(i) if o°(4,) is the o-field generated by A, for n > 1, then \/,, o<(4,) is the Borel
o-field of H.

Such a sequence of partitions exists because H is a subset of a Polish space. Let
Z(X', U" be the barycenter of the probability measure

I, (p)¥(dp)
P(Ani)

for 1 < i < m,, which is in A by virtue of the convexity of the latter. Then clearly
(ZX,0)) =(ZLX,0)) =(ZL X, U))

is a convex combination of {{Z(X', U")) : 1 <i < m,}. By Lemma 6.5.7, U! = v(X)
a.s. Thus

E[h(0) | X, 14, 1 <i<m,|=h(w(X) as. (6.5.4)
Let n — oco. By the martingale convergence theorem, the term on the left-hand side
of (6.5.4) converges a.s. Moreover, the limit equals A(f(&, X,, 1)) a.s. for all ¢ > 0.
Since 1 € C(Z(U)) was arbitrary, we have v(X,) = f(&, X;, 1) a.s. Hence

E [h(v(X) | £ = p| = E[h(f(&, X, 1) | € = ]
for ¥ a.s. p. In other words,
v(X:) = f(p, X1, 1) as.

for almost all ¢ and for ¥-a.s. p = ZX, ). The claim follows. ]
Corollary 6.5.9 Suppose that either

(1) (A6.5) holds, or
(ii) (A6.6) holds together with the condition that {Z,, t > 0} ¢ P(E x U) is tight for
all admissible £ (X, U).

Then there exists an optimal £ (X, U) such that X is a Markov process, with U a
stationary Markov control.

Proof Suppose we start in Lemma 6.5.8 with Z(X, U) equal to the optimal ergodic
solution guaranteed by Corollary 6.5.6, wherein Corollary 6.3.7 allows us to suppose
that U; = v(X;) for a measurable v: E — £2(U). Under either condition, we have

1 !
lim inf ?f E[e(X,, U;)]ds > o (6.5.5)
0

—o0

for any admissible .Z(X’, U’), in particular, those in the support of ¥. In view of
Lemma 6.5.8 and the fact that

1 !
hm—fEW&ﬂmw=@,
0

t—oo f
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by our choice of £ (X, U), it follows that the inequality in (6.5.5) must be an equality
for V-a.s. p = L (X', U’) with U’ = v(X’). The claim follows. m]

It should be kept in the mind that the Markov process thus obtained need not be
stationary, not even time-homogeneous.

6.6 The linear programming formulation

The foregoing suggests looking at the infinite dimensional linear program:
minimize f cdu
subject to u > 0, fd,u =1 and

fﬂfdy =0 VfeA).

To cast this into standard framework, we recall from Anderson and Nash [3] some
facts about infinite dimensional linear programs. Two topological vector spaces X, Y
are said to form a dual pair it there exists a bilinear form (-,-): X X ¥ — R such
that the functions x — (x,y) for y € Y (respectively y — (x,y) for x € X) separate
points of X (respectively Y). Endow X with the coarsest topology, denoted (X, Y),
required to render continuous the maps x — (x,y), y € Y, and endow Y with the dual
topology. Let C be the positive cone in X and define the dual cone C* C Y by

C'={yeY: {(xy)>20 VYxeC}.

Let Z, W be another dual pair of topological vector spaces. Let F: X — Z be a
o(X,Y)—o(Z, W)-continuous linear map. Define F*: W — X*, the algebraic dual of
X, by (Fx,w) =(x, F'w), xe X,we W.

The primal linear programming problem then is

minimize {x,c),
subjectto Fx=b, xeC,
where b € Z, ¢ € Y are prescribed. Let o denote the infimum of (x, ¢) subject to these
constraints. The dual problem is
maximize <{b,w),
subjectto —F'w+ceC*, weW.
Let o denote the supremum of (b, w) subject to these constraints. From the theory of
infinite dimensional linear programming [3], one knows that ¢ > 0. Let
K={xeC:Fx=0»b},
D ={(Fx,{x,c)): xeC}.

We shall use the following result from Anderson and Nash [3, p. 53].
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Lemma 6.6.1 [fK # @, D is closed and x — {x, c) attains its minimum on K, then
0=0.

That is, under the said conditions, there is no duality gap. We assume that there
exists a continuous map h: E — [0, co) with infr 2 > 0 and sup, ,jcpi |C}(l’(‘—x';)| < oo,
For the problem at hand, X is selected as the subspace of M (E xU), the finite signed
measures on £ X U, satisfying

f h(x) Ju(dx, du)| < oo,
and Y as

y;:{fer(ExU): sup |f‘;(zf}b>t)|<°°}‘

(x,u)eEXU

These form a dual pair under the bilinear form (u, f)xy = f fdu. Also, we let
W = Z(A), rendered a normed linear space with norm

||f||=Su£ lf(oOl+ sup |Af(x,u)l,

(x,u)eEXU

and Z = W*, the space of bounded linear functionals on W. Then Z := Z X R and
W := W x R are a dual pair via the bilinear form

(Z,w)zw =L, W)zw +ab,

where z = (Z,a), w = (W, b). Letting 1 denote the constant function identically equal

to one, define F': X — Z as
Fu= (/ly,fldp) s

s Pz = —fﬂfdu, Few.

where 1, € W* is defined by

The primal problem can now be cast as:

minimize {u, c)xy,
subjectto Fu=(0,1), peXNMExDU),

where 6 is the zero element of Z. The dual problem now takes the form:

maximize ((6,1),(f,a))zw =a,
subjectto Af-a+c>0, feDA).

Note that g is the optimal ergodic cost. Under either (A6.5) or (A6.6), we then have:
Theorem 6.6.2
© = sup {a eR: in[[fJT [Af(x,u) + c(x,u)] > a, f€ .@(ﬂ)} .

ue
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Proof Let {u,} € B be such that
Fpip = (A, 1) = (4, 1)

and f cdu, — d € R. Under (A6.5) or (A6.6), {u,} is relatively compact. There-
fore we may let y, — p along a subsequence, which we also label as {u,}. Then
fﬂfd,u,, - fﬂfdu for f € Z(A), implying Fu = (1, 1). Also, fcdun - fcdp.
Thus D is closed. The claim now follows from Lemma 6.6.1. ]

Theorem 6.6.2 gives a dual characterization of the optimal cost, akin to the maxi-
mal subsolution characterization of the value function for finite horizon or discounted
infinite horizon control problems [84].

6.7 Krylov’s Markov selection

In Section 6.5 we established the existence of an optimal ergodic solution and an
optimal Markov, though possibly time-inhomogeneous, solution, both corresponding
to a stationary Markov relaxed control. In this section we present Krylov’s Markov
selection procedure [115, chapter 12]. Originally intended for extracting a Markov
family of probability measures satisfying a martingale problem in the presence of
non-uniqueness, this procedure was adapted to extract an optimal Markov solution
to degenerate controlled diffusions in Haussmann [72] and El Karoui ef al. [54],
following a suggestion of Varadhan. We make use of the Krylov selection later in
Section 8.5. We work under assumptions (A6.1)— (A6.4).

Lemma 6.7.1 LetT° = {I%) c I, : v € P(E)} be such that

(a) TO(v) is compact for all v € P(E).

(b) T is closed under conditioning at Xy: if ® = L(X,U) € I0(v) then the regular
conditional law of © given X, = x, denoted by ®(x), is in °s,) forv-a.s. x.

(©) If{®" : ne N} cT%v) and {C, : n € N} € B(E) is a collection of disjoint sets
with Y, v(Cy,) = 1 then

o= Z fc ” @"(x)v(dx) , 6.7.1)

is a member of TO(v).
(d) T is closed under T-shifts: if ® = L(X,U) e I°(v) and T > 0, then

O7 = LX o0 6r,Uobp) e TUZLXr)).

(e) T is closed under T-concatenations: if b e %2 (X7)) and ® and T are as in
part (d), then the T-concatenation of © and dis in ().



6.7 Krylov’s Markov selection 249

For a constant 8 > 0 and f € Cy(E) define

Fl(®D) := f N e P E® [f(X)]dt,
0
Yi(v):= inf F{(D),
Del0(v)
e := {q> er(): Fi(®) = ‘I’l(v)} :

ThenT! = {Fl(v) 1 v € P(E)} satisfies (a)—(e).

Proof Since ® +— F(®) is continuous, it follows that I''(v) is a closed subset of
I'%(v), and hence is compact.

We introduce the following notation. We denote P, (d,) and I''(6,), i = 0, 1, where
J, is the Dirac measure at x, by ¥;([x]) and I"([x]), respectively. Note then that
property (b) holds for I'! if and only if

Yi(v) = f‘Pl([X])V(dX).
E

It is evident that W(v) > f Y1 ([x]) v(dx). To show the converse inequality, for an
arbitrary £ > 0, let ®” = Z(X", V") € T°(v) be such that

Fi(@") <P, (v) + 23 . (6.7.2)

By (b) we can find a set N ¢ E with v(N) = 0 such that ®"(x) IO([x]) forall x ¢ N.
Let

B,={x€eE: Fi(d"x)) <¥i([xD+¢&}, n=>1.
Then (6.7.2) implies that v(B;,) < 27". Define C,, C E, n > 1, successively by
Ci=By, and C,=B,NU,B,", forn>1.

Then clearly the sets C, are disjoint and v(U,C,) = v(U,B,) = 1. Define ® by
(6.7.1). Then @ is the law of a process (X, V) such that £ (X,) = v and for x € C,,,
n > 1, the regular conditional law of (X, V) given Xj = x is ®"(x). By (c), ® e I°(v).
We obtain

Fi®) =" f Fi(@"(x)) v(dx)

< o vy

< f‘l—’l([x])v(dx) +&. (6.7.3)
E

Since € > 0 was arbitrary, (6.7.3) yields
Yi(v) < f‘Pl([X])V(dX) ,
E

thus completing the proof that (b) holds for I'!.
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That (c) holds for I'! is evident since, by property (b) which holds for I'!, we have

F@ =Y, [ Ay

-3 [ waavan
n Cu

=Yi(v),

and therefore @ € T''(v).
To prove (d) and (e) let ® = Z(X, U) € I''(v). Decompose ¥(v) as

T
¥, (v) = E? [ f e P f(X,)ds
0

+ f E®[e T f(Xr,,)] ds. (6.7.4)
0
Since by property (d) for I'?,
O = L(X o0 607,Uobr) e (L (Xp),
by conditioning at 7 and using property (b) for I'’, we obtain
f E® [T f(Xrs)] ds = E® [e‘“ E® [ f e f(Xry)ds XTH
0 0

=E® [e?"Fi(0r(Xp)] - (6.7.5)

By (6.7.4)-(6.7.5), we have

T
¥ (v) =E® [ f e P f(X,) ds| + E®[e " F1(®r(X7))]. (6.7.6)
0

Let v’ := Z(Xr) and select any @' = £ (X', U’) € T''(v"). Hence, by definition,
Y, (V') = F (D) = f e P EY[F(X))]ds. (6.7.7)
0
Let (X, U) be the T-concatenation of (X, U) and (X', U’), and set ® := Z(X, U). By

property (e) for I'%, & € T'°(v). This implies that F,(®) > ¥, (v). Using the definition
of (X, 0, (6.7.7), and property (b) for I'', which was established earlier, we obtain

E® [ fo ) e f(Xrys)ds

Therefore, by decomposing F;(®) as in (6.7.4) and conditioning as in (6.7.5), then
using (6.7.8), we obtain

XT} =¥ ([X]) V-as. (6.7.8)

B T
¥, (v) < Fi(®) = E? [ f e f(X,)ds
0

T
=E® [ f e P f(X,)ds
0

Since ¥, ([x]) < F1(®7(x)), (6.7.6) and (6.7.9) yield

- f EP[e T f(Xr.o)]ds
0

+E®[e T, ([X7])]. (6.7.9)

Yi([x]) = Fi(®r(x)) ~V'-as., (6.7.10)
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and
~ T
¥, (v) = Fi(®) = E? [ f e P f(X,)ds| +E®[e T ([X7))]. (6.7.11)
0
By (6.7.10)
Yi(v) = f‘{’l([x])dV' = fFl((DT(x)) &' = Fi(Pr),
E E

which implies property (d) for I'!, while (6.7.11) implies property (e). m

In the next theorem we use the map x: N X N — N defined by
k(, j) = %[(i+j—l)2+j—i+1], iLj>1.
Note that « is one-to-one and onto.

Theorem 6.7.2 Suppose I satisfies the hypotheses (a)~(e) in Lemma 6.7.1. Let
{fi} € Cu(E) be a countable separating class for Z(E) and {B;} be a countable
dense set in (0, ). We define Fy: I, —» R, £ €N, by

FK(,',j)(q)) = f e_:Bif Eq) [fj(Xt):I dr.
0
Fori=1,2,..., define inductively

Yi(v) ;= inf Fi(D),
Del1(v)

T'(v) = {@ e T (v) : F(®) = ¥i(v)}.

Then for any two elements £ (X, U) and L (X', U’) of T*(v) := NI(v) it holds that
L(X) = L(X’). Moreover, X is a time-homogeneous Markov process, and U can be
taken to be of the form U, = v(X;), t > O, for a measurable v: E — £ (U).

Proof By Lemma 6.7.1, for fixed v € Z(E), {['(v) : i > 0} is a nested, decreas-
ing family of compact non-empty sets. Therefore ['°(v) # @. Clearly, I satisfies
(a)—(e) of Lemma 6.7.1. Let Z(X,U), Z(X’,U’) be two elements of I'°(v). By
Lemma 6.4.7, for bounded measurable f: [0, ) — R,

fme—ﬁf’f(t)dtzo VieN = f(r=0 ae.
0

Therefore, since {f,,} is a separating class for #(E), X and X’ must have the same
one-dimensional marginals. The same applies to any two elements of [*°([x]), x € E.
Define g(x,t, B) := P(X, € B) for B € #(F) and any .Z(X, U) € I'°([x]). The exact
choice of .Z(X, U) is immaterial since for any two such elements the marginals of
X agree. Since the map x — I'*([x]) is upper semicontinuous and compact-valued,
x = q(x,t, B) may be selected so as to be measurable. It also follows by proper-
ties (b), (d) and (e) of Lemma 6.7.1 that {g(x,t,-) : x € E, t > 0} satisfy the

Chapman—Kolmogorov equations. Since properties (b) and (d) hold for I'°(v) then
for Z(X,U) € T'®(v) the regular conditional law of X, for s > 0 given Tyf‘ is
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in I'°([X;]). Moreover, since I'([x]) is a singleton, this conditional law is com-
pletely determined by g(x,t,-). Thus for every £ (X,U) € I'°(v), X corresponds
to a Markov process with transition kernel g(x,t,-). Since the initial law and the
transition kernel completely specify the law of a Markov process, -Z(X) is uniquely
determined. The last claim follows from Theorem 2.2.13. m]

The conclusions of Theorem 6.7.2 can be strengthened. If we modify the hypothe-
ses of Lemma 6.7.1 in analogy to the conditions in Stroock and Varadhan [115,
section 12.2] which concerns the uncontrolled case, the Krylov selection extracts a
strong Markov process.

6.8 Bibliographical note

Sections 6.2—6.3. These sections largely follow [21], drawing upon [23, 112] for
some technical lemmas. See also [110, 81] for analogous results.

Section 6.4. This is based on [30].
Section 6.5. This follows [28, 21, 30].
Section 6.6. This follows [21]. See also [111] for related work.

Section 6.7. For more detailed results on Markov selections we refer the reader to
[115, Chapter 12].
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Degenerate Controlled Diffusions

7.1 Introduction

In this chapter we turn to the study of degenerate controlled diffusions. For the non-
degenerate case the theory is more or less complete. This is not the case if the uni-
form ellipticity hypothesis is dropped. Indeed, the differences between the nonde-
generate and the degenerate cases are rather striking. In the nondegenerate case, the
state process X is strong Feller under a Markov control. This, in turn, facilitates
the study of the ergodic behavior of the process. In contrast, in the degenerate case,
under a Markov control, the It6 stochastic differential equation (2.2.1) is not always
well posed. From an analytical viewpoint, in the nondegenerate case, the HIB equa-
tion is uniformly elliptic and the associated regularity properties benefit its study.
The degenerate case, on the other hand, is approached via a particular class of weak
solutions known as viscosity solutions. This approach does not yield as satisfactory
results as in the case of classical solutions. In fact ergodic control of degenerate dif-
fusions should not be viewed as a single topic, but rather as a class of problems,
which are studied under various hypotheses. We first formulate the problem as a spe-
cial case of a controlled martingale problem and then summarize those results from
Chapter 6 that are useful here. Next, in Section 7.3, we study the HIB equations in
the context of viscosity solutions for a specific class of problems that bears the name
of asymptotically flat diffusions. Then in Section 7.4, we turn our attention to a class
of diffusions which have a partial nondegeneracy property.

7.2 Controlled martingale formulation

The state process X is governed by the It stochastic differential equation (2.2.1)
under the hypotheses (i)—(iv) on p. 30. Treating u € U as a parameter, we let L
(= L") be the operator defined in (2.2.12) with domain 2(£) ¢ C,(R?) and range
(L) C Cp(R? x V). It is simple to verify that (A6.1)—(A6.4) in Chapter 6, p. 220
and p. 232, hold for £. We adopt the relaxed control framework, using the notation b,
¢ and £. By Theorem 6.3.6 the set of ergodic occupation measures ¢4 ¢ Z(R? x U)




254 Degenerate Controlled Diffusions

is characterized by

G = {n e PRI xU): f LUf(x)m(dx,du) =0 Vfe @(1:)} )
R

IxU
Clearly, ¢ is closed. We assume that there exists 7 € ¢ such that f cdm < oco. Let
¢ € C(R? x U) be a prescribed running cost function. In this chapter we seek to
minimize over all U € U the average cost

1 !
lim sup " f EY[e(X,, Uy)] ds. (7.2.1)
{—00 0
Let
o = inf fcdrr. (7.2.2)
ey

The existence of an optimal control is guaranteed under either of the following
conditions:

(C7.1) Strong near-monotonicity: the running cost c is inf-compact.
(C7.2) Stability: there exists an inf-compact function V € C2(R4,R.) such that the
map (x, u) — —L*V(x) is inf-compact.

Note that (C7.1) implies that the sets {7‘( €Y. f cdm < k}, k € R,, are compact.
Hence hypothesis (A6.5) in Chapter 6 on p. 242 holds. On the other hand, under
(C7.2), Lemma 2.5.3 asserts that the mean empirical measures {Z¥, : U € 1} are tight
for each v € Z2(RY), and the argument used in the proof of the same lemma shows
that their accumulation points as # — oo are in ¢. Then, in view of Theorem 6.3.6, ¢
is identical with the the set of accumulation points of the mean empirical measures
as t — oo, and consequently, ¢ is compact. Thus hypothesis (A6.6) in Chapter 6 on
p- 242 holds. Therefore, from the general results in Chapter 6, we have the following
theorem.

Theorem 7.2.1 Under either (C7.1) or (C7.2), there exists an optimal ergodic pair
(X, U), where U € Ug,. Alternatively, there exists an optimal pair (X, U), such that
U e U, and X is a Markov process.

7.3 Asymptotically flat controlled diffusions

In this section we study the ergodic HIB equation in the framework of viscosity
solutions for a controlled process governed by (2.2.1). In addition to the standard
local Lipschitz and growth assumptions in (2.2.3) and (2.2.4) on p. 31 we assume that
the diffusion matrix o and the running cost ¢ are Lipschitz continuous in x (uniformly
in u € U for the latter), and we denote their common Lipschitz constant by Crp.
We carry out our program under a stability assumption, which yields asymptotic
flatness.
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We introduce the following notation: for x, z in R? define
Ab(x,u) := b(x + z,u) — b(x,u),
A,0(x) :=o0(x+2) - o(x),
a(x;z) = A,o(X)A,0" (x).

Assumption 7.3.1 There exist a symmetric positive definite matrix Q and a con-

stant r > 0 such that for x,z € R, with z # 0, and u € U,

A.0T(x) Q2
20z

The following example shows that Assumption 7.3.1 arises naturally.

2Ab" (x,u)Qz — +tr(a(x; 2)Q) < —rlzf . (7.3.1)

Example 7.3.2 Let U = [0, 1]%, b(x,u) = Bx + Du, 01(x) = x and o;(x) = 0 for all
i # 1. Here B, D are constant d X d matrices where all eigenvalues of B have negative
real part and o; is the j™ column of o. It is well known that there exists a positive
definite matrix Q such that BTQ + QB = —I [106, theorem 7.11, p. 124]. Using this
property, we can verify that Assumption 7.3.1 holds. Indeed, for z # O,

AoT (007
2A.b"(x, u)Qz—|ZGT(—x)QZ| + tr(@(x; 2)Q)
720z
T 2
=7 (B"Q + OB)z - (z TQZ) +7 0z
7'0z

=—|z*-7"0z+ 70z
= —|z*.

Example 7.3.3 Assumption 7.3.1 allows for certain state-dependent diffusion ma-
trices as in Example 7.3.2. If we assume a constant diffusion matrix o and additive
control of the form b(x, u) = h(x) — x + f(u) for some bounded continuous f, asymp-
totic flatness reduces to

(h(x) = h(y), x—y) <Blx—y*, x, yeR?

for some 8 € (0, 1). This holds, e.g., if 4 is a contraction or if —/ is monotone, i.e.,
(h(x) = h(y), x—y) < 0.

We now establish asymptotic flatness of the flow under Assumption 7.3.1. In the
lemma that follows, the Brownian motion and an admissible control are prescribed
on a probability space, and strong solutions starting from distinct initial conditions
are compared — see Theorem 2.3.4 for a justification.

Lemma 7.3.4 Let U be any admissible relaxed control. Let X} be the correspond-
ing solution with initial condition Xy = x. Then under Assumption 7.3.1 there exist
constants C1 > 0, C, > 0, which do not depend on U, such that

rt
EY|x; - X7| < \/IIQ‘IIIIIQIIeXp(—M)Ix—yI Vx,yeR!.  (732)
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Proof Consider the Lyapunov function

For f € C*(R?) and u € U define

d
L'f(c2) = ) Abix, u)—(z) +5 Z aij(x; z) (z).
i=1

A simple computation yields,

1T
f“wg(x; z) = % [ZAsz(x, u)Qz + tr(a(x; z)Q)]
E Z Z
Qe+ 177
- %mz(ﬂmgzﬁ
E+7 U2
e+52'0z |A,0"(x) 0z

[ZAsz(x, u)Qz — + tr(a(x; Z)Q)]

'0z
&= 57707 |A.0T(x) Q4

(e+7707)" T

Then using Assumption 7.3.1, and the bound
A0 (x) Q2 <
(zT02)? Lip >

where Cr, is the Lipschitz constant of o, (7.3.3) yields
£+320z | £330z
T T_WE(Z) + 8—5/2
e+27'0z7 70z (g+zTQz)

———Wwe(2) + \/_CLlp

= —(8 + ZT QZ)S/z

(7.3.3)

L'we(xi2) < —r ' 02 CP,

<-
2||Q||
Let T = inf{r > 0 : X = X} (possibly +co0). By Dynkin’s formula, and letting

C, = 2” - we obtain

AT
8055 = X - = 5| [ [ i - v an o
0 U

IAT
-C,EY [f(; w (X7 — XY ds |+ \/ECfipt

!
< _sz EU[W#E(X?X’T A/\T ]dS + \/_CLlp
0

since, for t > T, X" = X a.s. by the pathwise uniqueness of the solution of (2.2.1).
Thus by Gronwall’s inequality it follows that for any ¢ > 0,

2
Lip

_ —Cot
o -e . (1.3.4)

IEU[WS(X;‘JrZ -X))] < we(z)e ¢ +
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Taking limits as € — 0 in (7.3.4), and using monotone convergence and the bound
lzI* < 1107117 Qz), we obtain, with wo(z) := (7 Q2)"2,

EY|x - x| < V0TI EY [wo(X;* — X))
< Vol e e
< VIQMNQlle "I,
thus establishing (7.3.2). O

Remark 7.3.5 Property (7.3.2) is known as asymptotic flatness.
A variation of the method in the proof of Lemma 7.3.4 yields the following.

Lemma 7.3.6 Under Assumption 7.3.1 there exist a constant § > 0 such that, for
any compact set K C RY,

sup sup sup EY|X,|'" < 0.
>0 xeK Uel

Proof Using (7.3.1) with x = 0 we conclude that there exist positive constants r;
and r, such that

loT(2) 0z

'0z

for all u € U. For positive constants € and ¢, we define

2b"(z, u)Qz — +tr(a(z)Q) < —rilzf* + 1 Yz e R4 (7.3.5)

("o

Wg’(s(x) = m .

Following the method in the proof of Lemma 7.3.4, using (7.3.5), we deduce that
there exist positive constants &, , kg and k; such that
L'Wes(x) < —kiwes(x) + ko YuelU. (7.3.6)

By Lemma 2.5.5 on p. 63 and (7.3.6),
k
EY[wes(X))] < k—o +wes(e @ VxeRY, VU e U.
1

The claim follows since |x|'*° € O(w,.). ]

Under Assumption 7.3.1, the existence results in Theorem 7.2.1 can be improved,
as the following theorem shows.

Theorem 7.3.7 Suppose Assumption 7.3.1 holds. Then there exists " € ¢ satis-
fying 0" = f cdmt*. Let (X*,U*) be a stationary relaxed solution to the controlled
martingale problem corresponding to m*. Then for any initial condition Xy, we have

1 (r.
lim — f EY [e(X,, U] ds = 0" (7.3.7)
0

T—co
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Moreover, for any admissible control U € W and any initial law, the corresponding
solution X of (2.2.1) satisfies

1 T
liminf — f EY[e(X,, Uy)]ds > 0.
T—oo T 0

Thus U™ is optimal for any initial law.

Proof First note that by (7.3.6), Assumption 7.3.1 implies (C7.2). Thus there exists
T € ¢ satisfying o* = f cdrt*. Let (X*, U™) be a stationary relaxed solution of the
controlled martingale problem corresponding to 7t*. Then if the law of (X, Uy) is
such that

E[ff(XS,u)U(’g(du)]:f fdmt  VfeCyRYxU),
U RIXU
we obtain
1 (T,
lim 7 f EY [e(X:, U] ds = f cdm* = o*. (7.3.8)
0

Now fix the probability space on which the Wiener process W and U™ are defined, as
in Theorem 2.3.4. By (7.3.2) and (7.3.8), for any solution X under U*, (7.3.7) holds.
Since (7.3.6) implies that the mean empirical measures are tight, any limit point of
the mean empirical measures is in ¢ by the proof of Lemma 6.5.4. Thus the second
assertion follows. O

7.3.1 The HJB equation

We now study the HIB equation for the ergodic control problem given by

1r€1KfJ [LV(x) + c(x,u) —0] =0, (7.3.9)

where V: RY — R and g is a scalar. Note that (7.3.9) corresponds to precise controls
while the functional in (7.2.1) is defined in the space of relaxed controls. Even though
the results of Section 3.4 which assert optimality in the class of precise stationary
Markov controls are not applicable here, Theorem 2.3.1 on p. 47 does hold and shows
that this relaxation is valid.

Solving the HIB equation means finding a suitable pair (Vo) satisfying (7.3.9)
in an appropriate sense. In Chapter 3 we studied the nondegenerate case. To obtain
analogous results for the degenerate case, we strengthen the regularity assumptions
on the diffusion matrix from Lipschitz continuity to "/ € C*(RY) n C*'(RY), 1 <
i, j < d. We introduce the notion of a viscosity solution of (7.3.9).

Definition 7.3.8 The pair (V,0) € C(R%) x R is said to be a viscosity solution of
(7.3.9) if for any ¥ € C2(RY)

inf [L%(x) + c(x,u) ~0] 2 0
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at each local maximum x of (V — ), and
inf [LY%(x) + c(x,u) —0] <0
uel
at each local minimum x of (V — ).

We show that (7.3.9) has a unique viscosity solution in (V,0) € C*(RY) x R,
satisfying V(0) = 0. To this end we follow the traditional vanishing discount method.
Let @ > 0. For an admissible control U € 1, as usual, let

JY(x)=EY [ f e Ye(X,, U, dt ‘ Xp = x] ,
0
and V,, denote the a-discounted value function, i.e.,
Vo(x) = inf JY(x).
Uel
Let
CpoiRY) :={f € CRY) : f € O(1 +|xI") for some m € N}.

By Lions [85, theorem I1.2, pp. 1258-1259], V, is the unique viscosity solution in
Cpol(Rd) of the HIB equation for the discounted control problem, which takes the
form

ir;ufJ [LVa(x) + c(x,u) — aVy(x)] = 0.

Theorem 7.3.9 Under Assumption 7.3.1, there exists a viscosity solution (V,0) in
C™'(RY) xR to (7.3.9).

Proof For x,y € R4, by Lemma 7.3.4 and the Lipschitz continuity of ¢, we obtain

[Va(x) = Vo)l < sup EV [ f ) e [e(X5, Uy - e(X), Uy df}
0

Uell

< Cuip sup f e EY|XF - X)|dr
0

Uel
< rt
< Cuip ViIQ'IlNIQI f e ’exp(—2||Q||)|x—y|dr
0
2
< ~ VIR QI Criplx = 1. (7.3.10)

Let V,(x) = V4 (x) — V,(0). Then V,, is the unique viscosity solution in Chpol R to
inlf] [L4Va(x) + c(x,u) — aVu(x) + aV,(0)] = 0.
ue

Let {@,} be a sequence such that @, — 0 as n — oco. From (7.3.10) it follows, using
the Ascoli-Arzela theorem, that V,,, converges to a function V € C(R?) uniformly on
compact subsets of R? along some subsequence of {a,}. By Lemma 7.3.6, and the
linear growth of sup, c(x, ) implied by its Lipschitz continuity, aV,(0) is bounded
in a. Hence along a suitable subsequence of {a,} (still denoted by {a,} by an abuse of
notation) a, V,, (0) converges to a scalar o as n — oo. Thus by the stability property
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of the viscosity solution [85, proposition 1.3, p. 1241] it follows that the pair (V, ) is
a viscosity solution of (7.3.9). Clearly V(0) = 0 and from (7.3.10) it follows that V
is Lipschitz continuous. O

Theorem 7.3.10 Under Assumption 7.3.1, if (V,0) € CO'(R?) x R is a viscosity
solution of (7.3.9), then o = o".

Proof Leta > 0. Write (7.3.9), as
inug [(L'" = a)V(x) + c(x,u) —o+aV(x)] =0. (7.3.11)

Therefore, by the uniqueness of the viscosity solution of the HIB for the discounted
cost problem [85, theorem I1.2, pp. 1258-1259] it follows that

V() = inf EY [ fo B e ™[e(X,, Uy) — 0 + aV(X,)] dt} . (7.3.12)

Let T € ¢. Let (X, U) be the stationary solution of the martingale problem corre-
sponding to 7t. Fix the probability space on which the Wiener process W and U are
defined and consider the process X with arbitrary initial condition. By (7.3.12), for
any x € RY,

aV(x)+o<a f e " EY[e(X,, Up]dt + o? f e EY[V(X)]dr.
0 0

Letting @ — 0, and using a Tauberian theorem, which asserts that

lim sup ozf e ™ EY[e(X,, U))] dt < limsup T f EV[e(X,, Uy)]dt,
0 0

a—0 T—o0

QSfch[.

Hence o < o*. To obtain the reverse inequality, let U be an optimal relaxed feedback
control for the cost criterion in (7.3.12). Let i‘gfwa be the natural filtration of (X, U?),
i.e., the right-continuous completion of o"(X;, UY : s < f). Then, since by hypothesis
V has linear growth, it follows from Lemma 7.3.6 that V(X;) is uniformly integrable
under any U € 1, and hence

we obtain

!
e V(X)) + f e (e(X;, UY) - 0 + aV(X,)) ds
0

is an (33'?(‘U(1)—martingale by Corollary 2.7.2. By Lemma 7.3.6 and the Lipschitz con-
tinuity, and therefore the linear growth of ¢ and V, it is uniformly integrable over
a € (0,1) and ¢ in any compact subset of [0, c0). Since the martingale property is
preserved under convergence in law and uniform integrability, letting @ — 0, we can
argue as in the proof of Corollary 2.3.9 to establish that for some relaxed feedback
control U

V(X)) + f (e(Xs,Uy) — o) ds
0
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is an (Tyf(’U)-martingale. Therefore
— ! —
EY [V(Xr) + f (X, Uy) - 0) df] =EY [V(Xo)]
0

and dividing by # we obtain

1 o L (7 o _ 1 5

" EY[V(X)] + " El[¢Xs, Ug)]ds =0+ " E” [V(Xo)] . (7.3.13)

0

Lemma 7.3.6 and the linear growth of V implies ¢! EE/[V(Xt)] — 0 ast — oo. Thus
letting t — oo in (7.3.13) yields

1 (5 _
o=lim - f EY[e(X,, Uy)]ds > 0",
0

t—oo

and the proof is complete. O
Theorem 7.3.11 Let Assumption 7.3.1 hold, and suppose (V,0*) € C*'(R?) x R is
a viscosity solution of (7.3.9). Define

!
M, = V(Xt) + f (E(Xs, Us) - Q*) ds, 1=0.
0
The following hold:

() if U € U, then M is an (F"V)-submartingale;
(ii) if for some U € U the process M is an (FXY)-martingale, then U is optimal;
t
(iii) if U € Wis optimal and the process (X, U) is stationary with

Eu[ff(X,,u)Ut(du)}zf fdv, ve ZRIxU), >0,
U RIXU

then M is an (§Y)-martingale;

(iv) if U is optimal and the process (X, U) is ergodic with £(Xo) = p, then for any
viscosity solution (,0) € CO'RY) xR of (1.3.9), we have o = 0" and Y — V is
constant on supp(u), the support of .

Proof (i) Let U € U. By (7.3.11) and Corollary 2.7.2,
!
O+ [ el U - +aVx]ds
0
is an (Tyf’U)-submartingale. Letting @ — 0, (i) follows, since the submartingale
property with respect to the natural filtration is preserved under weak conver-

gence and uniform integrability.
(ii) Since M is an (F;"V)-martingale under PV, we have

E[V(X)] +j(; E{[e(X,, Us) — 0] ds = V().
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(iii)

@iv)
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Dividing by ¢ and letting t — oo, arguing as in the proof of Theorem 7.3.10, we
obtain

1 !
lim — f EV[e(X;, Uy)]ds = o*.
0

t—oo f

Thus U is optimal.

By stationarity, EY[M,] = f Vdv. By (i), M is a submartingale. Suppose M is
not a martingale. Then there exists 7 > s > 0and A € &5V with PY(A) > 0 such
that

EUIM, | §V]> M, onA.
Now,
[ vav =gt =8t 1 55
= BY[BY[M, 14 | &°U1] + BY[BY M, L | FYV1]
= EY[LLBY[M, | §U1] + BY[1x BV [M, | FYV]
> EY[M,] = dev,

which is a contradiction.
That o = o is proved in Theorem 7.3.10. Therefore, analogously to (iii),

';b(Xt) + L (E‘(Xs, Us) - Q*) dS

is an (gf{’U)-martingale. Hence so is V(X;) — ¢/(X;). Since it is uniformly inte-
grable, it converges u-a.s., and since V- is continuous, it must equal a constant

on supp(i).
O

The following example shows that the viscosity solution of (7.3.9) is not neces-
sarily unique.

Example 7.3.12 Withd =1, let

_ @1y

—m, b(x,u)z—(x+u),

c(x)

0 =0,and U = [-1, 1]. Then the function

T (1-2)%(1+2) .
1 W dZ if x > 1,
V(x) =

"1 +2%1-2)

WdZ ifx<1

is a viscosity solution to

d
min [b(x, u)—V(x) + c(x)} =0, xeR, (7.3.14)
uel-1,1] dx



7.4 Partially nondegenerate controlled diffusions 263

and so is V(—x). A third viscosity solution to (7.3.14) is given by

1 + sign(x) 1 — sign(x)
2 2
All three of these functions are in C'(R), and are therefore also classical solutions.
None of these three pairs differ by a constant, hence they are distinct.

V(x) + V(-x), xeR.

The reason behind the lack of uniqueness in Example 7.3.12 is that the optimal
ergodic occupation measure in not unique. The theorem that follows clarifies this
issue.

Theorem 7.3.13  If the optimal ergodic occupation measure 7" is unique, then there
is a unique viscosity solution in (V,0*) € C*' (R?) x R of (7.3.9) satisfying V(0) = 0.

Proof Let (V,0) and (i, 0") be two viscosity solutions in C*!(R?) x R of (7.3.9),
with V(0) = ¢(0) = 0. By Theorem 7.3.10, 0 = ¢’ = 0*. Fix Xy = 0 and let U be as
in the proof of Theorem 7.3.10. Then

!
V(X,)+f(E(XS, U)-0*)ds, t=20,
0

is a martingale under PU. 1t is also clear from the proof of Theorem 7.3.10 that U
is optimal. Thus the associated mean empirical measures (see Lemma 2.5.3, p. 62)
converge to 7T* € ¢. An argument analogous to the one leading to the martingale
property also shows that

lﬁ(Xt) + f (E(Xs’ UY) - Q*) ds ’ t>0 B
0

is a submartingale. Thus ¥(X;) — V(X;) is a submartingale. Since ¢ — V has linear
growth, it is uniformly integrable. Hence, it converges a.s. By Theorem 7.3.11 (iv),
it must converge to the constant value C that y — V takes on supp(u*), where u* is
the marginal of 7t* on R?. Since ¥(0) — V(0) = 0, the submartingale property leads
to C > 0. Interchanging the roles of V and i, and repeating the argument we deduce
C < 0, hence C = 0. Using the submartingale property from an arbitrary initial
condition x € RY, we deduce that Y(x) —V(x) <0, and V(x) —y¥(x) < 0, respectively.
Hence y = V. m]

7.4 Partially nondegenerate controlled diffusions

7.4.1 Preliminaries

In this section we turn to the problem of ergodic control of a reflecting diffusion in
a compact domain under the condition of partial nondegeneracy, i.e., when its tran-
sition kernel after some time is absolutely continuous with respect to the Lebesgue
measure on a part of the state space. The existence of a value function and a mar-
tingale dynamic programming principle is established by mapping the problem to a
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discrete time control problem. This approach also extends to partially nondegener-
ate diffusions on compact manifolds without boundary. The underlying idea may be
applicable to other problems as well, in so far as it offers a recipe for a passage from
continuous time to discrete time problems and back.

The remainder of this section describes the problem and the key hypothesis of
partial nondegeneracy. Section 7.4.2 reviews the associated discrete time control
problem. Section 7.4.3 uses these results to develop the martingale approach to the
dynamic programming principle for the original problem. Section 7.4.4 considers
problems on the entire domain, while Section 7.4.5 summarizes some further exten-
sions. It also establishes some implications to the problem of existence of optimal
controls.

We state the model in the relaxed control framework. Let D ¢ R¢ for d > 1
be a bounded domain with a smooth boundary dD. Let X be a D-valued controlled
reflecting diffusion governed by

dX, = b(X,, Uy dt + o(X,) dW, — y(X,)d&,, t>0. (7.4.1)
In this model

(i) b: Dx 2(U) — R is continuous and Lipschitz in its first argument uniformly
w.r.t. the second.
(i) 0 =[0"]i j<a : D — R is Lipschitz continuous.
(iii) X is prescribed in law.
(iv) W = [W,,..., W,]" is a d-dimensional standard Brownian motion independent
of X().
(v) U is a #(U)-valued control process with measurable sample paths satisfy-
ing the non-anticipativity condition that for r > s, W, — W is independent of
{Xo, Wy, Uy : 8" < s}
(vi) ¢ isan R-valued continuous nondecreasing process (‘“local time on the bound-
ary”) satisfying

& = I)t Top(X;) dés . (7.4.2)
(vii) There exists i € C2(RY) satisfying |Vn| > 1 on D, such that
D ={xeR’:nx) <0}, oD = {xeRY : p(x) = 0},
and

sug (Vn(x),b(x,u)) <0 ondD, whenever o' (x)Vi(x)=0.

ue
(viii) y: D — R? is a smooth vector field such that, for some 6 > 0,

(y(x),Vn(x)) 26 >0 VYxedD.

Under these assumptions the existence of a unique weak solution of (7.4.1)—
(7.4.2) given the joint law of (X, W, U) can be established as in [52, 86, 114], which
consider the uncontrolled case. In the controlled case, a solution to (7.4.1) — (7.4.2) is
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a quadruplet (X, U, W, £) defined on some probability space such that (X, W, U) have
the prescribed joint law and (7.4.1) —(7.4.2) hold. Uniqueness of the weak solutions
means that if Z(Xy, W, U) is specified the law of the solution gets uniquely fixed.
This formulation is equivalent to the usual one in terms of feedback controls, to the
extent that it does not alter the set of attainable laws of X modulo a possible enlarge-
ment of the underlying probability space. This can be argued as in Theorem 2.3.4. In
particular, it should be emphasized that we are not fixing (Xy, W, U) as processes on
a fixed probability space, but only in law.

Let m denote the Lebesgue measure on R¢. We work under the following hypoth-
esis:

Assumption 7.4.1 There exist positive constants 7 and Cy and a non-empty open
set Gy C D such that, for all x € D,

PYXr € ANGy | Xy = x) = Co m(A N Gp)
for all Borel A C D and any choice of U € .

We refer to Assumption 7.4.1 as the partial nondegeneracy hypothesis. It should
be noted that for unbounded D, this is not a reasonable hypothesis, since the left-hand
side would typically converge to zero as |x|] — co for any bounded Gy. Therefore
the assumption of boundedness of D is essential here. We do, however, consider an
appropriate extension to the whole space later.

As an example, consider the scalar case with D = (—4R,4R) for some R > 0.
Let o(x) = O for |[x]| = 4R and > 1 for |x| < R. Also, let b(x,u) = —2x + u with
u € U = [-R, R]. It is straightforward to verify Assumption 7.4.1 with Gy = (—R, R).
While this example is rather contrived, it does bring out the essential intuition be-
hind the assumption of partial nondegeneracy: that there be a part of the state space,
accessible from anywhere in finite time with positive probability, such that the diffu-
sion is nondegenerate there. This is analogous to the “unichain” condition in Markov
decision processes.

We conclude this section by noting that an immediate consequence of Assump-
tion 7.4.1 is that for any ¢ > O,

PY(X7. € ANGy) = B/ [PY (Xr € AN Gy)]
> Com(ANGy).

7.4.2 The associated discrete time control problem

This section describes an equivalent discrete time control problem. Let T > 0 be as
in Assumption 7.4.1 and set X,, = X,7, n > 0.
For x € D, let A, ¢ Z(C([0, o); D) X %) be defined by

Ay = {Z X1, Upo) : Xo = x, (X, U) satisfies (7.4.1)} . (7.4.3)

Theorem 7.4.2 The set A, is compact.
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Proof Let (X", W",U",&", X{), n = 1, satisfy (7.4.1)-(7.4.2) with Xj = x, on
probability spaces (Q", F",P"). Let {f;} be a countable, dense subset of the unit ball
of C(U) and define

ai(t) = fﬁ(u) Ul(du), tel[0,T].
U

Let B be the unit ball of L*([0, T']) with the topology given by the weak topology of
L*([0, T)) relativized to B. Let E be the countable product of replicas of B with the
product topology. Let

" =(a),a,...).
Obviously the sequence (X", ") is tight in Z2(C([0, T]; D)X E). Therefore it contains
some subsequence, also denoted by (X", @"), which converges in law to a limit (X, @).
By Skorohod’s theorem we may assume that (X", " : n > 1) and (X, @) are defined

on a common probability space (€2, &, P) and that this convergence is a.s. on (€2, ¥, P).
Argue as in Theorem 2.3.2 to show that

(1) = f Ji(uw) U(du)
U
for a Z(U)-valued process U. It remains to show that X satisfies (7.4.1)—(7.4.2) for
some W, U, & on (Q, &, P). Pick g € C*(D) N C!(D) satisfying
(y(x),Vg(x)) < =61, x€dD,
for some §; > 0. For ¢t > £y > 0, and h € C,(C([0, t0]; D); R,), we have

E[(g(x,%—g(xg)— [ £ semas) e,

Since (7.4.4) is preserved under weak convergence, letting n — oo, it also holds for
(X, U). As in Chapter 2 we can replace U by a feedback U (i.e., U is progressively
measurable w.r.t. the natural filtration of X). Then

e(X) - f L%g(X,) ds
0

is a submartingale w.r.t. the natural filtration of X. The rest follows by using the sub-
martingale representation result in Stroock and Varadhan [114, theorem 2.5, pp. 165—
166]. O

>0. (7.4.4)

Lemma 7.4.3 For each x € D, A, is convex and compact, and the set-valued map
x — A, is upper semicontinuous (i.e., it has a closed graph).

Proof Note that (7.4.1)—(7.4.2) is completely characterized in law as follows: if
feC*D)nC"(D)and h, € C,(C([0,1]; D) X %), t > 0, then for all 0 < s < ¢,

E[(f (X)) = f(Xs) = f LY f(x,)dr

i

? ay(xodfr)hs(xm,ﬂ,U[o,s])}=o (7.4.5)
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and
E[(E(t) —&(s) - f Top(X,) dfr)hz(X[o,n, U[O,t])} =0. (7.4.6)

A standard monotone class argument shows that (7.4.5) is in fact the martingale for-
mulation of (7.4.1), and (7.4.6) coincides with (7.4.2). Now if (7.4.5)—(7.4.6) hold
under two probability measures, they do so under any convex combination thereof.
It follows that the set of attainable laws of 2 (X, U, ¢) for X, = x, and therefore also
the set A, are convex. By Theorem 7.4.2, A, is also compact. Consider sequences
Xp = Xeo € D and Z(X",U") € A,,, n > 1, and suppose without loss of generality
that Z(X", U") —» Z(X*, U*). Using the arguments in the proof of Theorem 7.4.2
we can show that £ (X, U%) € A,_. Thus the set-valued map x — A, is upper
semicontinuous. m]

Definition 7.4.4 For a pair (X, U) satisfying (7.4.1), with v = Z(Xj0.9, Uo.q), and
Xo = x € D, we denote by P} (x,dy) € (D) the law of X, for t > 0 parameterized
by the control v. In particular, if we define

K ={(x,v):xeD,veA}cDx P2(C(0,T]; D) x %),

then (x,Vv) P;(x, dy) maps (x,Vv) € # to £ (Xr). We define X, = X7, n > 0.
Then {X,} is a D-valued controlled Markov chain with transition kernel f’¥ (x,dy).
Note that by Lemma 7.4.3, ¢ is compact.
For the controlled process X, we consider the ergodic control problem of minimiz-
ing
1 n—1 o
limsup — Z E [6(Xn. Zn)] . (7.4.7)
m=0

n—oc N

where Z, is an A £,-valued control for n > 0 and the running cost function is ¢ defined
by

T
¢(x,v) ::% E[I} c(X;, U,)dt'Xo :x], (x,v) e,

where the expectation is with respect to v = Z(X0.77, Ujo,17) € Ax.

Theorem 7.4.5 There exists a unique pair (V,9), V € C(D) and § € R, such that
V(xg) =0 for a prescribed xo € D and

Vx)+0 = miAn [E(x, V) + f PY.(x, dy)V(y)} VxeD. (7.4.8)
VeA, b
Moreover,

(1) O is the optimal cost for the ergodic control problem corresponding to (7.4.7),
and,
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(ii) for any measurable selection D 3 x v+ v(x) € A, such that v(x) attains the
minimum on the right-hand side of (7.4.8), the control given by Z, = v(X,),
n > 0 is optimal for the discrete time ergodic control problem in (7.4.7).

Proof By Assumption 7.4.1, we have
[PYx, ) = PY (&', )|lpy < 2(1 = Com(Go)) (7.4.9)

for all pairs (x,v), (x',v") € . It is straightforward to verify using Lemma 7.4.3
that the map 7~ defined by

7 f(x) := min [ﬁ(xn/)+ fD Py (x, dy)f(y)],

maps C(D) to itself, and that by (7.4.9) it is a span contraction. Hence if xo € D is
some fixed point and G is the subspace of C(D) consisting of those functions that
vanish at xg, the map 7of := 7 f — 7 f(xo) is also a span contraction on G. Noting
that the span semi-norm is equivalent to the supremum norm on G, since ||f|lc <
span(f) < 2||flle for all f € G, it follows that 7,V = V for some V € G. Then V and
J 1= T V(xp) solve (7.4.8). The rest follows from standard results in Markov decision
processes, which can be found in Hernandez-Lerma [73, sections 5.1-5.2]. O

Remark 7.4.6 That at least one such measurable selection exists follows from a
standard measurable selection theorem [13].

Lemma 7.4.7 Ifo* denotes the optimal cost for the continuous time ergodic control
problem defined in (7.2.2), then o* = 0.

Proof Fix Z(Xp). We establish a correspondence between the laws of (X,Z7) and
(X, U). Given a specific Z(X, U), let

C([0,nT1; D) X %y 3 (Xjon11> Utonry) = va(Xionrys Utont)) € Ax,r
for n > 0, denote the regular conditional law of
(X, Up) :te€[nT,(n+ 1T},

given (Xjo,.71> Uponry)> and let Z, = v,(Xjo..11, Upo.ary) for n > 0. Then (X,Z) is a
pair of processes conforming to the above description. (Note that Z, is not mea-
surable with respect to oAXps Zoy : m < n}, but this is permitted as long as it
does not anticipate the future.) It is clear that the ergodic cost (7.4.7) for (X, Z)
equals the ergodic cost (7.2.1) for (X, U). Thus § < p*. Conversely, let x — v(x)
be a measurable selector from the minimizer on the right-hand side of (7.4.8) and
(X,7) with Z(Xy) = ZL(Xo) and Z, = v(X,), n > 0, be an optimal pair. Con-
struct on the canonical path space C([0, o0); D) x % (with its Borel o-field) the pro-
cesses (X, U) by the following inductive procedure: Construct (X;, U;), t € [0,T],
such that the regular conditional law of (X971, Ujo.r}) given Xy is v(Xo). At step n,
n > 1, construct (X;, U;), t € [nT,(n + 1)T] such that the regular conditional law
of (Xpur i+ 1)11> Upnr (s 1yr1) given (Xio,u7y, Ujonry) is v(X,r). This defines (X, U) such
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that the ergodic cost (7.2.1) for (X, U) is the same as the ergodic cost (7.4.7) for
(X, Z), which is 3. Thus o* < @. The claim follows. O

Lemma 7.4.8 Forn > 0 define
n=1
My = V(%) + Y (6K Z) ~ ).
m=0
and Fr, = 0Ky, Zy : m < n). Then (M, F), n > 0, is a submartingale. If it
is a martingale, {Z,} is optimal. Conversely if (X,7) is an optimal stationary pair,
(M, Fn), n > 0, is a martingale.

Proof That (M,,F,), n > 0, is a submartingale follows from (7.4.8). If (M,,, F,,) is
a martingale, we have

V(X,) = (6K, Z2) = 0) + E[ V(X)) | F2] -
Sum over n = 0, 1,..., N, take expectations, divide by N and let N — oo to verify
that (7.4.7) equals g. If the last claim were false, we would have
V(X,) < (6%, Z0) = 0) +E[VZi) | 2], 120,

with the inequality being strict with positive probability. Taking expectations and
using stationarity, we observe that (7.4.7) strictly exceeds g, a contradiction. O

7.4.3 The dynamic programming principle

In this section, we show that the value function ¥V of the dynamic programming equa-
tion (7.4.8) for the discrete time control problem also qualifies as the value function
for the continuous time problem. First we show that it suffices to consider stationary
solutions (X, U) of (7.4.2).

Lemma 7.4.9 There exists a stationary pair (X, U) which satisfies (7.4.1)—(7.4.2).
Moreover, any attainable value of (7.4.7) is also attainable by a stationary (X, U).

Proof Let (X, U) be any solution of (7.4.1)—(7.4.2) and define Z(X", U") as fol-
lows: For f € C,(C([0, ); D) X %),

E[f(X",U")] = %f:E[f(XOH,,UOH,)] dr, nx1.

Using the fact that the solution measures Z(X, U) of (7.4.1)—(7.4.2) are charac-
terized by (7.4.5)—(7.4.6), we argue using the convexity assertion of Lemma 7.4.3
that .Z (X", U") is also a solution measure for (7.4.1)—(7.4.2) for n > 1. Obviously
{Z(X",U") : n > 1} is relatively compact. Using arguments as in the proof of The-
orem 7.4.2, we can show that any limit point thereof is also a solution measure for
(7.4.1)—(7.4.2). Also, for any T > 0 and f as above,

E[f(X",UM] ~E[f(X" 0 6r,U" 067)] — 0,
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and thus any limit point of .Z(X", U") as n — oo is stationary.
The second assertion follows along the lines of the proof of Lemma 6.5.4 on
p. 242. O

Lemma 7.4.10 Fort > 0, x € D, define
!
Vi(x) = inf EY [ f @(X,,U,) - §)ds + V(X,)] . (7.4.10)
€ 0

Then V, = V forall t > 0.

Proof Clearly Vo = V. By (7.4.8), V; = V.If t € [0,T), standard dynamic pro-
gramming (DP) arguments show that V, = V., for all n > 0. Thus, without any loss
of generality, it suffices to consider ¢ € [0, T]. By standard DP arguments,

Tt

V(ix) = bng Efc] [f (¢(X5, Ug) —0)ds + V,(XT_,)} . (7.4.11)

€ 0
Combining (7.4.10)—(7.4.11), DP arguments again lead to
T
Vi(x) = inf EY [ f (e(X;, Uy) — 9)ds + V,(XT)] :
Ueld 0

Note that the solution V of (7.4.8) is unique up to an additive constant if we drop
the requirement V(xo) = 0. Thus V,(-) = V(-) + a(t) for some a(t) € R. From

(7.4.10)—(7.4.11) and standard DP arguments, we then obtain

T
V(@) = inf EY [ fo (X, Uy) — 8)ds + V(Xp)| + a(®) + a(T — 1).

By (7.4.8), we have
at)+a(T -1=0, te[0,T). (7.4.12)

For a stationary solution (X, U),
!
Vi(Xo) < E)L(IO [f (c(X5, Ug) —0)ds + V(Xt)] Yi>0.
0
Taking expectations and using stationarity and the fact that V, = V + a(z), yields

a(t) < t(E[e(X,, Ul - 9).

Taking the infimum of the right-hand side over all stationary .Z(X, U), we obtain by
Lemma 7.4.9, a(t) < 0. In view of (7.4.12), we conclude that a(¢) = 0 for all ¢, which
completes the proof. O

‘We have shown that
t
V(x) = lljng Efcj [f (@(X;,Uy) —0%)ds + V(X)|, t>0. (7.4.13)
€ 0

The proof of the theorem which follows is exactly analogous to Lemma 7.4.8,
using (7.4.13).
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Theorem 7.4.11 The family given by

(V(Xt)+ f (@(X,, Uy) — 0" ds, ‘&f"”), 1>0, (7.4.14)
0

is a submartingale, and if it is a martingale, then (X, U) is an optimal pair. Con-
versely, if (X, U) is a stationary optimal pair, (7.4.14) is a martingale.

Theorem 7.4.11 constitutes a martingale DP principle in the spirit of Rishel [99]
and Striebel [113]. The next result provides a converse statement.

Theorem 7.4.12  Suppose V' € C(D) and o' € R are such that

!
(V’(X,)+f(E(XS,UX)—Q’)ds, f"U), t>0,
0

is a submartingale under any U € W. Then o’ < o*. If in addition it is a martingale
for some (X, U), then the latter is optimal and o' = o*. Moreover, in this case, V' —V
is constant on the support of £ (Xo) € (D) for any stationary optimal (X, U).

Proof Let (X, U) be a stationary solution. By the submartingale property,

T
BU[V/(Xp)] + f (BY[eXs, U] - ') ds 2 BV [V'(Xo)].
0
By stationarity
o <EBY[eX,,U))].

Taking the infimum over all stationary .Z(X, U) and using Lemma 7.4.9, we obtain
o0’ < o*. If the submartingale is in fact a martingale under some (X, U), we have
EY[V'(Xn)] - EV[V'(X0)]
t

1 5
=0 - - f EY[e(X,, Uy)]ds.
0

Letting t — oo, the ergodic cost (7.4.7) for (X, U) is ¢’. Then we must have o’ = o*
and (X, U) must be optimal. Finally, if o’ = o*, it follows that (V'(X,) - V(X,), &"Y)
is a bounded submartingale for any stationary optimal .Z(X, U), and therefore con-
verges a.s., which is only possible if it is constant a.s. with respect to the stationary
distribution. The last claim now follows in view of the continuity of V and V". ml

7.4.4 Extension to the whole space

In this section we investigate (2.2.1), assuming that the partial nondegeneracy condi-
tion, Assumption 7.4.1, now holds on a bounded domain Gy, which without loss of
generality is assumed C?, and that o is nonsingular in some bounded domain G 3 Gj.
We also assume that the running cost is bounded and Lipschitz continuous in x uni-
formly in # € U. In order to extend the results of Section 7.3 to the present setup, we
need the following stronger stochastic Lyapunov condition:
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Assumption 7.4.13 There exists a pair of nonnegative, inf-compact functions
Vi € C*RYNCpoi(RY)  and  V, € CA(RY)
such that V; € o(V;), and for some 8 > 0,
L'Vi<-1 and L'V, <V, onG,, VYuelU.

Lemma 7.4.14 Under Assumption 7.4.13 and provided E[V1(Xy)] < oo, the col-
lection {V(X;) : t > 0}, with U ranging over all admissible controls is uniformly
integrable.

Proof By (2.5.11),
EY[V2(X))] < % +EY[V2(X0)] ¥t=0,

for some ko > 0. The result follows since V € o(V5). O
We need the following technical lemma.

Lemma 7.4.15 Under the assumption that o is nonsingular in G 3 Gy, we have
™G} = G} a.s.

Proof By Lemma 2.3.7, we may consider Xe(Gye in place of X, and condition
on XrGe), SO as to assume without any loss of generality that Xy = x € dGy (i.e.,
1(GS) = 0). Thus we need to show that T(G5) = 0 a.s. Since dG is C2, a C? local
change of coordinates in a neighborhood of x renders x the origin in RY and an
open neighborhood B of x intersects dGy in the unit open ball in the hyperplane
{(x1,...,xq) : x4 = 0}, centered at x (i.e., the origin). X may no longer satisfy (2.2.1),
but locally it is an Itd process with a uniformly nondegenerate diffusion matrix in a
small open neighborhood B c G. It suffices to show that a.s., the 4 component of
this process takes both positive and negative values in a time interval [0, T(B) A ¢) for
every € > 0. To see this, first set the drift term to zero for 7 € (0, €) by an absolutely
continuous change of measure using the Girsanov formula. The d™ component is
now purely a time-changed Brownian motion for ¢ € [0, T(B) A €), for which this fact
is well known. O

Select an open G| such that Gy € G; € G. Define {1,} as in Lemma 2.6.6 on
p. 70, with Gy and G| replacing Dy and D, respectively. Then by Lemma 2.5.5, {£,}
have all their moments finite and bounded uniformly over U and over initial values
lying in compact subsets of RY. Let X, = X, . As in Section 7.4.2, X is a controlled
Markov chain on dG, with state dependent control space

A’xZZ{g(X,/\fz,Ur/\@,l‘ZO)ZXo:x,UEH}, x € 0Gy.

Lemma 7.4.16 The map 0Gy > x — A, is compact, convex-valued and upper
Semicontinuous.
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Proof Let (X,, lA]t) = (Xiat, » Uiat,)- An element X(f(, 0) is specified by its mar-
tingale characterization: for all f € Ci(R?), g € Cy(C([0, sI;RY) X %o,)), and
0 < s < t, it holds that

E[(f()?f)—f(f(s)— f LUrf(&)dr)g()?m,ﬂ,U[o,sn] =0, (7.4.15)

If two probability measures on Z(C([0, 00); RY) x U ) are concentrated on paths
stopped at the corresponding 1, so is their convex combination. Also, (7.4.15) holds
under convex combinations. Hence A, is convex. The set of laws .Z(X, U) with
Xo = x is compact by Corollary 2.3.9. Thus A, is tight. Consider a sequence of
solutions (X", U") with X§j = x, n € N, and suppose LX",U") - ZL(X*,U>). By
Lemma 7.4.15, 1, is an a.s. continuous function of the trajectories, while by Lem-
mas 2.5.1 and 7.4.14 it is uniformly integrable over U € !l and initial conditions in
a compact set. Thus applying (7.4.15) with X = X", U = U", n > 1, we can pass
to the limit as n — oo to conclude that (7.4.15) holds for . Z(X®, U®). Hence A,
is compact. Upper semicontinuity follows by a similar argument by considering a
sequence .Z'(X", U") with Xjj = x,, € Gy, and x, — Xeo. o

Let P (x,dy) denote the controlled transition kernel for X, withv € A,.
Lemma 7.4.17 The map (x,V) PY(x, dy) is continuous.

Proof Suppose (x,,V,) is a sequence converging to (Xeo, Vo) € Uyegg,{X} X A,
as n — oo, with (X, Z™) denoting the corresponding controlled processes. Thus
X = x, and Z" = v, for all n. Arguing as in Lemma 7.4.16 we conclude that
X — X in law. o

Arguments analogous to the proofs of Theorem 7.4.5 and Lemma 7.4.7 show that
there exists V € C(0Gy), and § € R such that

(i) © is the optimal cost for the control problem that seeks to minimize

1 T
lim sup ? f Eg[E(Xz, Uz)] dr,
0

T—0c0

or equivalently [104, theorem 1],
Yo B|&(X,, Z)
lim sup

Nigrs -
Nooo 20 Bl[Ton2 — Toal

over all admissible Z, with
T
5@w:E4f wgwmy
0
where the expectation EY is with respect to v = £ (Xint, » Unt, » t 2 0) € A,.
(i) V satisfies [104, theorem 2]
VEA,

szmmkmw—w@w+f W@@W@y (7.4.16)
G

where 8(x,v) = EY[12].
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(iii) ¢ = o* [104, theorem 2].
We extend V to R? by defining, for x € Gy U G,

V(x) = lljrgl J(x,U),

To (7.4.17)
Jox, Uy = BY [ f (@X, Ug) — @) ds + V(Xx,)|
0

where T := T(Go U G(C)). We then have the following lemma.

Lemma 7.4.18 (i) V is continuous and the infimum in (7.4.17) is attained.
(1) {V(X;) : t = 0} is uniformly integrable.

Proof Note that V takes the form
% B
V(x) = inf BEY [ f (e(X;, Uy) — 0" ds + V(Xz,) |,
Ay 0

where

Ay = {LXinzy» Unty» t20): Xo=x, Uell}, xeR’.

Arguments directly analogous to the proof of Lemma 7.4.16 show that x > A, is
compact, convex-valued and upper semicontinuous. Therefore in order to complete
the proof of the first part of the lemma it remains to show that (x, U) — J(x, U) is
continuous. Indeed, let (X", U") be a sequence, with X{j = x,, which converges to
(X*®, U®) in law, while x, — x € R as n — oo. By Lemma 7.4.15, T is an a.s.
continuous function of the trajectories. By Assumption 7.4.13,

L'Vi+V)<-1-BV, onGj, VYuel.

Moreover, since Vi € o(V»), there exists By > 0 such that 1 + 8V, > oV on Gy,
Therefore, by Lemma 2.5.1,

2 e
EY [%] < ﬁ_o((vl(x) +Va(x)) VxeGi, VUeU,

and uniform integrability of ©y over U € U and initial conditions in a compact subset
of G_g follows. Also, since o has full rank on G > Gy, EY [’f(z)] is bounded uniformly
in U € Wand x € Gy by Theorem 2.6.1 (b). It follows that % is uniformly integrable
over U € W and initial conditions in a compact subset of R%. Since c is continuous and
bounded and V € C(0Gy), it easily follows that J(x,, U") — J(x, U®), establishing
the continuity of J.

For part (ii), note that Lemma 2.5.1, Assumption 7.4.13 and (7.4.17) imply that
V € O(V1). The result then follows by Lemma 7.4.14. O

Fix Xy = x and consider the admissible control U* obtained by patching up the
minimizer in (7.4.17) defined on [0, Ty] with the optimal processes on [12,, Ton+2],
n > 0, obtained from (7.4.16).
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Lemma7.4.19 Let0 < s <t be two bounded stopping times. Then, with s, = sAT,,
and t,, =t A Tp,42, we have

tn
EY [ f (@(X;, Uy) — 0" ds + V(Xi) ' FU2vX,), PY-as., (74.18)

foralln > 0 and U € U, with equality when U = U*.

Proof In view of Lemma 7.4.18, this follows by a standard dynamic programming
argument. O

Taking expectations in (7.4.18) and letting n T oo, we obtain

t
EY [ f (E(X;, Ug) — 0")ds + V(Xo] >EBY [V(XJ)],
S
with equality for U = U*. It then follows that
!
M, :=V(X,) + f (¢(X,,Uy) —0%)ds, t>0, (7.4.19)
0

is an (‘&f’u)—submartingale under PV, and it is a martingale for U = U*. Following
the proof of Theorem 7.3.11 yields the following characterization:

Theorem 7.4.20 Let M be the process in (7.4.19). Then

() M is an (F Y)-submartingale under PV for all U € 1;
(i) if M is an (8?’U)-martingale, under some U € U, then U is optimal;
(iil) if (X, U) is stationary optimal, then M is an (§°Y)-martingale.

Theorem 7.4.21 Suppose o'/ € C2(RY) N C*'(RY). Then (V,0*) in (7.4.17) is the
unique (up to a constant) viscosity solution to (7.3.9) in Cpol(Rd) X R.

Proof Forxe R4 let B(x) be an open ball centered at x, such that the family T(B(x))
is uniformly integrable over {IP’;/ 1y € B(x),U € U}. It is always possible to select
such a ball. Indeed if x € Gj, and B(x) € G, then uniform integrability follows
from the nondegeneracy hypothesis in G, while if x € G| and B(x) & G_g, then
uniform integrability follows from the Lyapunov condition in Assumption 7.4.13.
By Theorem 7.4.20 and a dynamic programming argument

T(B(x))
V(@y) = r(?(:}lrll E/ [f (e(X5, Uy) = 0") ds + V(Xaaay) Yy € B(x).
0

Treating the expectation on the right-hand side as a cost functional for a control
problem on a bounded domain, it follows that V' is the value function and hence is
a viscosity solution of (7.3.9) in B(x) for any x € R?. Thus (V, ©") is a viscosity
solution of (7.3.9) on R%. In view of Lemma 7.4.18 and the polynomial growth of
V) in Assumption 7.4.13, uniqueness follows as in Theorems 7.3.10 and 7.3.13 upon
noting that the support of the marginal on R¢ of any optimal ergodic occupation
measure corresponding to an ergodic (X, U) must contain Gy. m}
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7.4.5 Extensions and implications

We can extend our approach to the ergodic control problem to various other systems.
For example consider the model in Section 4.4.1 for the controlled diffusion in R?
with periodic coefficients in the degenerate case

dX, = b(X,, Uy) dt + o(X,) dW, . (7.4.20)

Foreachi=1,2,...,d, let b(x,-), o(x) and c(x, -) be periodic in x;, with period T;.
In such a situation the state space R¢ is viewed as a d-dimensional torus given by

T =R/ (TZ).

Since the torus is a compact manifold without boundary, our method can be applied
to treat this problem. In fact our approach is applicable to a wide variety of prob-
lems as long as the passage from continuous time to discrete time problem and back
is feasible and a dynamic programming principle is available for the discrete time
problem.

In the rest of this section, we sketch some implications to the problem of exis-
tence of optimal Markov controls. The experience with discrete state or time ergodic
control would lead us to expect the existence of an optimal (X, U) where X is a time-
homogeneous Markov process and U is a stationary Markov control. This is indeed
possible here, as argued below.

Without loss of generality assume that 7; = 1,i = 1,...,d. Let 79 = 0 and {7,}
be successive jump times of a Poisson process with rate 1, independent of all other
processes under consideration. Let Xn =X;,n>0,and forx e T,

A, = {ZX,U): (X, U) satisfies (7.4.1) - (7.4.2) up to an independent
killing time T which is exponential with parameter 1}.
Foré = Z2(X,U) € A,, let p(x, &; dy) denote the law of X;. Then {X,) is a controlled
Markov process on T with control space A, at state x and controlled transition kernel

p(-,-;dy). Assume that that o is nonsingular in an open subset Gy C T, and for some
Cy > 0, the inequality

P(X1 € GonA|Ro=x)2Com(GonA)

holds for any Borel A ¢ T. Now we may repeat the arguments of Section 7.4.2
with minor modifications to obtain the following counterpart of (7.4.8): There exists
V € C(T) such that

V(x) = min [e(x, E-o+ f plx, & dy)f/@)] :

§eA,

where

&(x, &) =E[fTE(XS, U,)ds | X, = x} ,
0
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the expectation being w.r.t. £. Now consider the problem of minimizing

E I:fT(E(XM UX) - Q) dS + ‘A/(XT) > (7421)
0

where 7 is exponential with parameter 1, independent of (X, U). For this problem,
a straightforward adaptation of Krylov’s Markov selection procedure (see Theo-
rem 6.7.2) allows us to obtain a family {P", : x € T} ¢ Z(C([0, 0); T)) corresponding
to a control v: T — Z2(U) such that:

(i) foreach x, P! = Z(X) for X satistying (7.4.1)—(7.4.2) with U, = v(X));
(ii) for each x, the law Z (X, v) is optimal for the problem of minimizing (7.4.21);

(iii) the set {P} : x € T} is a strong Markov family. In particular, it satisfies the
Chapman-Kolmogorov equations.

It is straightforward to show that for an optimal solution (X;, v(X;), ¢ > 0) as above

(VXine) + fo (X, v(X,)) - o] ds, &)

is a martingale. By concatenating such optimal solutions on [, T,+1], n = 0, we
construct a process (X, U) such that

(vt + [ Tettavix) -el s, )

is a martingale and (7.4.1) — (7.4.2) holds with U; = v(X,) for all # > 0. Arguing as in
Theorem 7.4.12, we conclude that this is an optimal solution.

Theorem 7.4.22  For the controlled diffusion with periodic coefficients in (7.4.20),
under the assumption that o is not everywhere singular, there exists an optimal time-
homogeneous Markov solution corresponding to a stationary Markov control. This
solution inherits the periodic structure of the problem data.

Theorem 7.4.22 uses only the martingale dynamic programming principle, so it
also applies to the asymptotically flat and partially degenerate (on a bounded set as
well as the whole space) cases studied earlier. Contrast this with the existence results
proved in Sections 6.5 and 7.2 for the ergodic control problem for degenerate diffu-
sions in R or more general state spaces. Two kinds of results are available: one can
show the existence of an optimal stationary solution X corresponding to a station-
ary Markov control, but X is not guaranteed to be a Markov process. Alternatively,
one has the existence of an optimal X that is a Markov process with U a stationary
Markov control, but X is not guaranteed to be either a time-homogeneous Markov
process or a stationary process. Thus both results fall short of the ideal. Here, one
is able to get some improvement on the latter insofar as one has an optimal time-
homogeneous Markov process X corresponding to a stationary control, but this X
has not been proven to be stationary.
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7.5 Bibliographical note

Section 7.2. The existence results are based on the corresponding results for the
controlled martingale problem in [21].

Section 7.3. This is based on [11], with some corrections.

Section 7.4. This is based on [40], with several modifications and extensions. For
related work see [8].
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Controlled Diffusions with Partial Observations

8.1 Introduction

In this chapter we study the ergodic control problem for diffusions with partial ob-
servations. The system state is governed by the Itd stochastic differential equation

dX, = b(X,, U dt + o(X,)dW,, >0, 8.1.1)

where b, 0 and W are as in Section 2.2. The process X in this context is often referred
to as the signal process and is unavailable for control purposes. Instead one has to
base the control decisions upon a related observations process Y described by

dY, = h(X,)dt +dW/, Y, =0,

where 7: RY — R™, and W’ is a standard m-dimensional Wiener process independent
of (W, Xy). In the simplest formulation, the controller is required to select a control
process Uy, t > 0, adapted to the natural filtration (i.e., the right-continuous comple-
tion of the o-fields) generated by Y. These are the so-called strict-sense admissible
controls. We shall expand the class of allowable controls later on. The objective is of
course to minimize the ergodic cost

T
lim sup l EY [f c(X;, Uy dt} s
T—o00 T 0

over the strict-sense admissible controls U € .

It so happens that even for relatively tame cost functionals such as the finite hori-
zon cost, the existence of strict-sense admissible optimal controls remains an open
issue. This has motivated a relaxation of this class to the so-called wide-sense admis-
sible controls within which an existence result can be established [60]. We defer the
definition of this class till after the appropriate machinery has been introduced.

Standard stochastic control methodology suggests that the correct state for this
control problem should be the sufficient statistics given the observed quantities. The
simplest choice at time 7 in this case (though not unique, as we shall soon see) is
the regular conditional law m; of X, given the observed quantities {Yy, Uy : s < t}.
(Although for strict-sense admissible controls {Uy : s < t} is completely specified
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when {Y; : s < t} is, we mention them separately in view of future relaxation of this
requirement.) Note that 7 is a Z2(R?)-valued process. Its evolution is given by the
equations of nonlinear filtering described in the next section. These express 7 as a
P (R%)-valued controlled Markov process controlled by U. While the state space has
now become more complex than the original, the big advantage of this formulation
is that it is now a completely observed control problem, equivalent to the original
partially observed control problem. This separates the two issues of estimation and
control: the equations of nonlinear filtering represent a Bayesian state estimation
scheme, which is followed by the pure control problem of controlling a completely
observed Markov process, viz., the conditional law that is the output of the estimation
scheme. For this reason the equivalent problem of controlling the conditional laws is
called the separated control problem.

In rare cases (this includes the all-important Linear—Quadratic—Gaussian or LQG
problem), one is able to find finite dimensional sufficient statistics. In other words, 7,
is characterized completely by finitely many scalar processes. These then serve as an
equivalent state description, reducing the problem to a finite dimensional controlled
diffusion. For the LQG problem, the conditional law in question is Gaussian and
hence completely characterized by the conditional mean and conditional covariance
matrix. The former is described by the finite dimensional linear diffusion described
by the Kalman—Bucy filter, and the latter by the associated (deterministic) Riccati
equation. This should not come as a surprise — recall that when estimating one of
two jointly Gaussian random variables in terms of the other, the best least squares
estimate is the conditional mean, given as an affine function of the observed value of
the latter random variable, and the corresponding conditional variance is determinis-
tic.

We make the following assumptions throughout:

(i) b and o satisfy (2.2.3) with a uniform Lipschitz constant over R¢.
(ii) b and o are bounded and oo’ is uniformly elliptic.
(iii) 7 € C*(R%;R™) with linear growth for itself and its first and second order partial
derivatives.
(iv) The running cost function ¢c: RY x U — R is continuous and bounded from
below.

8.2 Controlled nonlinear filters

Let {F; : # > 0} and {F; : 7 > 0} denote the natural filtrations of (X, Y, U) and (¥, U),
respectively. We may assume that § = \/5( ¥, where (Q, &, P) is the underlying
probability space. We next derive the evolution equation for the probability measure-
valued process 7. For this purpose, define

A = exp(— f (h(X,), dW) = § f |h(xs>|2ds).
0 0
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From our assumptions on b, o, and & above, it follows by Theorem 2.2.2 that, for

any T > 0,
T
EY [ f Ih(XS)|2ds] < o0,
0

uniformly over il and x in compact subsets of R?. Then by Portenko’s criterion
(2.2.37) it follows that E[A,] = 1 for all # > 0, and (A;, 7;),t > 0, is an expo-
nential martingale. Thus one can consistently define a new probability measure P
on (Q, F) as follows: if P,, Py, denote the restrictions of P, P, to (Q, F;), then

dPy,

dP;
From the martingale property, it follows that Py |7, = Pos for ¢+ > s, whence the
definition is consistent. Let Ey denote the expectation operator under Py. By the
Cameron—Martin—Girsanov theorem, it follows that under Py, Y is a Wiener process
independent of (W, Xj). One can also verify that

dp, ' [ 2
A= =exp| | (X)), dYs)—5 | [W(Xplds| .
dPy, 0 0

=A.

Furthermore, Eo[A,;] = 1 forall ¢t > 0, and (A, 7;), t > 0, is an exponential martingale
under Py. This change of measure facilitates our definition of wide-sense admissible
controls.

Definition 8.2.1 We say that U is a wide-sense admissible control if under Py, the
following holds:

(C8.1) Y o6, -7, isindependent of ({U,, Y : s < t}, W, Xp).
We let U denote the class of wide-sense admissible controls.

That is, the control does not anticipate the future increments of the Wiener process
Y. Note that this includes strict-sense admissible controls. Since the specification of
wide-sense admissible controls is in law, a wide-sense admissible control as above
may be identified with the joint law of (¥, U). That is, the set U, can be identified
with the set of probability measures on C([0, 00); R™) X % such that the marginal
on C([0, c0); R™) is the Wiener measure and (C8.1) holds. Since independence is
preserved under convergence in Z(C([0,); R™) X %), it follows that this set is
closed. Since % is compact and the marginal on C([0, c0); R™) is fixed as the Wiener
measure, it is also tight and therefore compact. Strict-sense controls correspond to
the situation where the regular conditional law on %/ given the Wiener trajectory in
C([0, 00); R™) is Dirac, say 6y, with the process U adapted to the natural filtration of
the Wiener process.

From now on we use the notation u(f) to denote f fdu for a function f and
a nonnegative measure y. Also, let M(R?) denote the space of finite nonnegative
measures on R? equipped with the coarsest topology that renders continuous the
maps u € M(RY) — u(f) for bounded continuous f. This is the same as the weak*
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topology on the space of finite signed measures relativized to M(R¢). Define the
M(RY)-valued process p of the so-called unnormalized conditional laws of X, given
{F::1>0}by

pif) =B [fX)A | Fi| . f € ChRY).
Thus py = my. By applying 1t6’s formula to f(X;)A,, taking conditional expectations,

and using the fact that Y is adapted to {7}, one obtains the evolution equation for the
process p:

Pt(f)=ﬂo(f)+f0ps(LU"'f)dSJrfO(ps(fh), dyy) (8.2.1)

for f € CZ(RY).! The evolution equation in (8.2.1) is called the (controlled) Duncan—
Mortensen—Zakai equation and displays p as an 0(R¢)-valued Markov process con-
trolled by U. It is a linear stochastic PDE driven by the Wiener process Y when
viewed under Py (which is usually the case).

Observe that for f € C,(RY),

m(f) =B f(X) | 7]
_ Bo[f(X0A | 7

S S | (8.2.2)
Eo[ A | 7]
p:i(f)
= , 8.2.3
p(1) ( )

where “1” denotes the constant function identically equal to 1. Equation (8.2.2) is
called the Kallianpur—Striebel formula and is an abstract Bayes formula. Equation
(8.2.3) establishes a relationship between p and 7 and justifies the terminology un-
normalized conditional law for p. Applying the It formula to (8.2.3) and organizing
the resulting terms, one obtains the evolution equation for x:

ﬂz(f)=7ro(f)+f0ﬂs(lZU"(f))dS+f()(ﬂs(fh)—ﬂs(f)ﬂs(h), i), (824

for f € Ci(Rd). Here the products of a scalar and a vector are interpreted as compo-
nentwise products and

15
I, =Y, —f no(h)ds
0

=W, + f (h(X;) —mg(h))ds, t=>0, (8.2.5)
0

is the so-called innovations process. Using the second expression in (8.2.5), it is
easily verified that [, is an {¥,}-adapted process. Under P, it is a continuous path
zero mean martingale with quadratic variation (I), = ¢, t > 0. (The latter is so be-
cause it differs from W’ by a bounded variation term.) By Levy’s characterization

! Conditioning inside the stochastic integral is justified by a standard approximation argument using
piecewise constant approximations of the integrand.
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of Wiener processes [19], it follows that it is a Wiener process under P. Thus under
P, (8.2.4) is a stochastic PDE driven by the Wiener process / and displays « as a
P (R9)-valued controlled Markov process, with control U. This is the (controlled)
Fujisaki—Kallianpur—Kunita equation of nonlinear filtering. It should be mentioned
that, in the uncontrolled case, the innovations process I/ generates the same filtra-
tion as Y [2]. This is expected from its interpretation as the process that captures
the innovations, or incremental new information from the observations. In fact, for
the discrete time model, the innovations process can be viewed as the output of a
Gram—Schmidt orthonormalization procedure in the space of square-integrable ran-
dom variables applied to the observations process.
The equation

pu(L) = 7o(1) + fo (ps(B), dYy)

- f ey (h), dYy)
0

has the unique solution

pt<1)=exp( f (s, dYy) - - f |ns(h)|2ds),
0 2 0

whence
! 1 t
pi(f) = m(f) exp (fo (ms(h), dYy) — 3 fo Iﬂs(h)lzdS) . fECRY.  (82.6)

This specifies the process p in terms of the process . Thus the two are interconvert-
ible, qualifying p as an alternative state variable for posing the control problem.

We introduce yet another equivalent process, the Clark—Davis pathwise filter. This
is the M(R?)-valued process v defined by

Vi(f) = ol e MDA £(X))

Fil.  feC®y.
Then

Vi(f) = pi (e )

i) = Vi ()

(8.2.7)

Thus this is yet another equivalent state variable. In order to derive its evolution
equation, define

LVf =LY f —(Vf 0(x)0 ()T (DY),

1 1
q(x,y,u) := =y, JOb(x,u) + £(x)) — §|h<x)|2 + 50 J(x)o(x)aT ()T (x)y),
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where

J := the Jacobian matrix of %,

H; .= the Hessian matrix of ;, 1<i<m,
1
l = EZV(O'TH;O') , 1<i<m,

C=1b,.... 60" .

Then using the definition of v, (8.2.1), and the Kunita—It6 formula for composition
of semimartingales [80, equation (1.2)], it follows that
! !
Vi(f) = mo(f) + f V(LY f)ds + f vs(q(-, Y5, Ug)f)ds (8.2.8)
0 0
for f € Ci(Rd). This is the evolution equation for v, known as the Clark—Davis
pathwise filter. It stands apart from (8.2.1) and (8.2.4) in that it is not a stochastic

PDE, but a deterministic PDE (i.e., a PDE not involving a stochastic integral term)
with trajectories of Y, U featuring as random parameters. Note that

vi(f) = Eo [f(Xt) exp (f q(X,, Y5, Us)ds)} . feCyRY, (8.2.9)
0

where X is the time-inhomogeneous diffusion with extended generator £U. The latter
is parameterized by the random parameters ¥ and U. Also, E denotes the expecta-
tion taken over the law of X when Y and U are treated as fixed parameters (we use Py
to denote the corresponding probabilities). For b and o bounded and & € Cg(Rd), Vi,
t > 0, is mutually absolutely continuous w.r.t. the Lebesgue measure on R [62]. By
(8.2.3) and (8.2.6), (8.2.7) it follows that m;, p;, v, for t > 0 are mutually absolutely
continuous w.r.t. each other and therefore w.r.t. the Lebesgue measure.
An alternative derivation of (8.2.8) goes as follows:

Vi(f) = pe (eI )

_ B, [exp(—m, hX)) + f (X, dY,) ~ f Ih(Xx)IZdS)f(Xz) T]
0 0

for f € C»(R?). Apply the integration by parts formula to fot(h(Xs), dY;) and then
change the measure E [ - "/E,] to Ey (treating Y and U as fixed parameters) to obtain
(8.2.9). Then (8.2.8) follows from (8.2.9) by Itd6’s formula. In fact, (8.2.9) is the
Feynman—Kac formula associated with the controlled extended generator LY and the
potential g.

Concerning the uniqueness of solutions to the evolution equations for m, p and
v, with prescribed (¥, U), it follows from (8.2.3), (8.2.6) and (8.2.7) that it suffices
to prove uniqueness for any one of them. For the controlled case considered here,
v appears to be the most convenient. See Haussmann [71] for one such result. For
bounded b and o, and £ in Ci(Rd), uniqueness follows from standard results for
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the Cauchy problem for parabolic equations [83]. We do not address the uniqueness
issue for unbounded data. See Xiong [124] and references therein for an extensive
account of well-posedness results for uncontrolled nonlinear filters.

The final important fact about these processes that we need is the following con-
version formulas.

Theorem 8.2.2 For f € C,(RY x U) and (X, U) as above,

E[f(X, Un] = E[m(f(-, Un)]
=Eo [p(f(-, U0)]
=E, [yl (£ U,)em”l(‘)))] _
Proof The first and the last equalities are clear. For the second, we have
E[m(f(-. U] =Eo [f (-, UDA)]
=Eo [p(f(-, U] . o
Theorem 8.2.2 allows us to express the ergodic cost in various equivalent ways,

viz.,

1 (7 1 (T
lim sup Tf E[c(X;, Uy)]dt = lim sup Tf E[nm:(c(-, Uy))] dt
0 0

T—o0 T—o0

T
= lim sup %jo‘ Eo [pi(c(-, Up)] dt

T—o0

= lim sup % fOT Eo [yt (c( . U,)e<Y”h(')>)] dr.

T—o00

The three expressions on the right-hand side are convenient for use with , p, and v
as the state process with P, Py, and Py the operative probability measure, respectively.
We shall stick to the first of these possibilities in what follows.

8.3 The separated control problem

Let&: 2(RY) x U — R be defined by

¢(myu) = f c(x,u) m(dx) .
R4

Consider the separated control problem of controlling the process 7 governed by
(8.2.4) so as to minimize the ergodic cost

1 T
lim sup ?f E [¢(m;, Uy)] dt (8.3.1)
0

T—0c0

over all U € Uyg,.
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We first verify that this is a special instance of the controlled martingale problem
studied in Chapter 6. To this end, let

D(A) = {fGCb(,@(Rd)):f(y)zg(ffl du,..., [fudu) Yy, for somen > 1,
gEC R, and fi,.... [, € @(L)},

where £ = L' is as usual, with u € U treated as a parameter. Define the operator
A: D(A) — Cr(PR?) x U) by

Af(,u) = Z af, (S dy,...,ffndu)mz:ﬁ(-,u))

i=1
1
2 6x 0x;

(ffld,u,...,ff”du)

u(fih) = p(foouCh), p(fih) = p(fuh)) .

Under the hypotheses on the drift and diffusion coefficients of X, the assumptions
(A6.1)—(A6.3) of Chapter 6 on p. 220 do hold for A. We claim that assumption
(A6.4) on p. 232 also holds. To prove this, let f € C>(R?) be an inf-compact function
with bounded first and second partial derivatives, and let K > 0 be a bound of | L" f].
For any T > 0, (8.2.4) yields
!
sup |m(f)l < K(1+T)+ sup f (¢s,

1€[0,T] w€[0,7] |Jo

where ¢; = m5(fh) — n(f)ms(h). Thus for any M > 0,

f (s, dIy)
0
Cc(T)

T (M+KA+T))?°

inf PU( sup |7, (f)| > M) < inf PU( sup > M+ K(1+ T))

Uell 1€[0,T] €u te[0,T]

for some constant C(T'). Here, the last inequality follows from (2.2.11) and (2.2.16a)
after a routine calculation. Since {p e PR : f fdu< M} is compact in Z(RY)
for any inf-compact function f and any M > 0, this verifies (A6.4).

Additionally we consider one of the conditions (C7.1) or (C7.2) on p. 254. We
need the following lemma:

Lemma 8.3.1 Let E be a Polish space, and for ¢ € P(P(E)), define & € P(E)
by:

&) = f v(A)é(dv), Ae B(E).
P(E)

For B C P(P(E)), define B := (£ : ¢ € By ¢ P(E). Then B ¢ P(P(E)) is tight if
and only if B ¢ P(E) is tight.
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Proof Suppose B is tight but B is not. By Urysohn’s theorem [20, proposition 7.2,
p. 106] E can be embedded densely and homeomorphically into a compact subset £
of the Hilbert cube [0, 1]*. Let ¥ denote a map that identifies a u € S(E) with the
i € P(E) that assigns zero mass to E := E — E. Then ¥ is a continuous injection of
P(E) into Z(E). Since B is not tight, we can find a sequence {£,} C B that has no
limit point in Z(Z(E)). But by the compactness of £ and therefore of Z(E), and
in turn of 2(A(E)), &, — &* along a subsequence, for some &* € (A (E)). Then
it must be the case that

E(tve PE):v(E)>0})>0.

Therefore & (E) > 0, contradicting the tightness of B, since &, — &*. Thus B must
be tight. Conversely, if B is tight, for any & > 0, there exists a tight K, ¢ Z(E) such
that &(K,) > 1 -5 forall £ € B. Let G, be a compact setin E such that v(G,) > 1-5
for all v € K., which is possible by the tightness of K. Then

&Ge) = f V(Ge) &(dv)
PE)

zf It (V)V(Gy) £@v)
> (1-5) &Ko)

Tightness of B follows. m]

We use the relaxed control framework as before, thus replacing U by &?(U) and
replacing b, ¢, A and L by b, &, A and L, respectively. Let

G = {ye@(ﬂ(Rd)xU):fﬂfdyzo, er@(ﬂ)}

denote the set of all ergodic occupation measures. Note that under a stationary so-

lution (7, U) corresponding to u € ¢, (8.3.1) equals f ¢ du. We assume that this is

finite for at least one such u. Let o* = inf, ¢y f ¢ du. The set ¢ is clearly closed and

convex. Under (C7.1), {/,t €Y . fEdu < k} for k € (0, o) are compact. Thus condi-

tion (A6.5) of Chapter 6 on p. 242 holds. Let (7, U) denote a stationary solution to

the controlled martingale problem for A and X the state process in the background.
Define the mean empirical measures {Z; : t > 0} by

_ 1 d
f%:;LE%mw%mﬁ

RIXU
=%fEm&ﬂMM,fHMWX@-
0

Lemma 8.3.2 Under (C7.2), the family {Z, : t > to} is tight for any ty > 0.
Proof This follows from Lemmas 2.5.3 and 8.3.1. o
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Our main result of this section now follows from the results of Section 6.5.

Theorem 8.3.3 Under cither (C7.1) or (C7.2), the partially observed ergodic con-
trol problem has an optimal Markov solution and an optimal ergodic solution.

8.4 Split chain and the pseudo-atom

We next consider the problem of dynamic programming. With this in mind, in this
section we describe the Athreya—Ney—Nummelin split chain and pseudo-atom con-
struction along the lines of [91, chapter 5], adapted to the controlled Markov process
framework. (The original construction is for the uncontrolled case.) This is used in
Section 8.5 to derive the martingale dynamic programming principle for the sepa-
rated control problem. Let E be a Polish space endowed with its Borel o-field €,
x — A, C U an upper semicontinuous set-valued map. Suppose {X,} is a controlled
Markov process on E with an associated control process {Z,}, where Z, takes values
in the compact metric space Ay,. Thus

PXpe1 € Al X, Zn, m < n) = pX,,Z;A), A€€, VYneN.

The (controlled) transition kernel p is said to satisfy a minorization condition if there
exist Be €, 6 > 0, andv € Z(E) with v(B) = 1, such that

p(x,u; A) > 6v(A) Ip(x) VA € €. (8.4.1)

Introduce the notation: for A € €, let Ag = Ax{0}, A; = Ax{1}. Define E* = Ex{0, 1}
and for y € L (E), define u* € Z(E*) by:

K (Ag) = (1 = OHuANB) + (AN BY),
(A1) = Su(AN B)
for A € €. For a measurable f: E x U — R, define f*: E* X U — R by
(s 0),u) = f,u)  Vx,u.

The split chain is a controlled Markov process {X}, = ()?,,, i)} on E* with the associ-
ated control process {Z;} and the transition kernel p((x, i), u;dy) defined as follows:
for (x,i) € E*,

pr(x, u; dy) if (x,i) € Eg \ By,
P((x,0),u;dy) = § 5 (p*(x us dy) — 6v*(dy))  if (x.i) € By,
v¥(dy) if (x,i) € E; .

Likewise, for A € €, the initial law satisfies
P((Xo,io) €A)=0-8)PXoeANB)+PXp€eANB),
P((Xo,i0) € A1) =6P(Xo € ANB).
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Finally, the control process is prescribed in law by
P(Z,eDI|X,,Z;,, m<n, k<n)=P(Z,e€D|Xn, Zr, m<n, k<n).
Intuitively, the dynamics may be described as follows:

(a) If Xn =x€B,Z,=u,and i, =0, then X,,H = y according to

1
m(p(x, u; dy) — 6v(dy)).

Moreover, if y € B, then i, = 1 with probability 6. Otherwise, i,+; = O.

(b) IfX, = x € Band i, = 1, then X,,; = y € B according to v(dy), and i,,; = 0 or
1 with probability 1 — ¢ or d, respectively.

(o) If X, =x¢B,Z,=uand i, = 0, then X,,, = y according to p(x, u;dy), and
in+1 evolves as in (a).

(d) The set B¢ x {1} is never visited.

The key point to note is that a transition out of B X {1} occurs with a probability
distribution independent of x and u. This makes it an atom in the sense of Meyn and
Tweedie [91], albeit a controlled version thereof. Furthermore, if {X,,} is ¢-irreducible
[91, chapter 4] and ¢(B) > 0, then ¢*(B x {1}) > 0, as can be easily verified. That
is, the atom is accessible in the terminology of ibid. As this is an atom for the split
chain and not for the original chain, it is called a pseudo-atom. The important fact
about the split chain which is valuable to us is the following:

Theorem 8.4.1 The processes {X,,} and (X agree in law.

Proof For A € €,

P(Xp1 €A | X, Z,

s

m < n)
=PXu1 €A X, Z, m<n, iy=0)P(>i, =0]|X,, Z,, m<n)
+PXpp1 €A X, Z5s m<n, iy = D)P(i,=1|X,, Z,, m<n).

If X, € B, the right-hand side equals
1 5 N
ﬁ(p(Xn,Z,’: ;A) — 6V(A)) X (1 = 0) + 6V(A) = p(Xy, Z,; A) .

If X, ¢ B, it equals p(X,,Z, A) anyway. The claim now follows by a simple induc-
tion using our specification of the laws of Xj and {Z}. m]

We are interested in the special case when E = R¢ and B is open with compact
closure. Let

To :=min{n >0 : X, € B}.
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Suppose there exist nonnegative inf-compact functions V and g on R? such that V
is locally bounded, g > 1 on B and

f p(x, u; dy)V(y) — V(x) < —g(x) Vx € B. (8.4.2)
Rd
The implication of (8.4.2) that interests us is:

Lemma 8.4.2 The stopping time T is uniformly integrable over the controls Z and
over all initial conditions Xy = x belonging to any compact subset of R%.

Proof LetK C R be a compact set. For R > 0, define
To To

T} = Z Ig,(X,) and T} := Z I (X))
n=1 n=1

By the optional sampling theorem,

ToAN
]E’f Z ((V(XIHI) - f p(XmZmdy)(v(y)):' = 0’ N>1.
n=0 R
Hence, the Lyapunov condition (8.4.2) implies that
ToAN
V)~ EL [VXewen)] =B | ) (fvom - f P dymw)]

n=1 R
ToAN

> E?

> X

n=1

Letting N T oo and using Fatou’s lemma, we obtain

To

E? [1o] < B? [Z g(xn)] <V(x)  VxeB,
n=1

and all admissible Z. Thus

V(x)

EZ[T{] < - ,
* IIIfB;'e 8

which implies that for each £ > 0 there exists R, > 0 such that if R > R, then
EZ [T7] < &, for all admissible Z and x € K. Also, using the strong Markov property
with Tz denoting the first exit time from BS,, we obtain

BZ[T;] = B2 [Bf, [T4]] < sup EZ[w] < sup V(x),

x'eBg x'€Br

which implies that for each R > 0, there exists a constant M;(R) > 0 such that
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]Ef [T] < M (R), for all admissible Z and x € R4. On the other hand, we have that

Ty

Zﬁ'meﬂ

1

= F? i [T’ ZJIBR(Xk)] {Tk 2 n}

Ln=1 k=1
A

= EZ Z}I{T > n) EZ[Z Is,(Xe)

k=n+1

1
EEZ[ Th(Trp—1)] =

= E? ZJI{T’ > n)EZ [T,;]]
Ln=1
< MR E{ [TR] < MI(R),

which in turn implies that, if M>(R) := M;(R)(1+2M,(R)), then E* [(T,;)z] < M>(R),
for all admissible Z and x € K. Thus, using the Cauchy—Schwartz, Markov and
Chebyshev inequalities, for any R > R, we obtain

EZ [toI{to > 21}] < BZ [TRI{Th > Y] + BZ [TR Ty > t}] + BZ [TF]

\/EZ [(TRP1PL(Ty > 1) + \/]EZ (TR PATY > 1)+ BZ [TR]

A \/EZ (TR EZ [TX]

+EZ [Ty
t \/‘ X [ R]
M vV
< 2B + eM>(R) +¢e, VxeK,
! Vi
for all admissible Z, and the result follows. O

Lemma 8.4.3 Let

T =minf{n>0:X, € Bx{l1}}.

Then T is uniformly integrable over the controls Z* and over x belonging to any
compact subset A of R%.

Proof Let

To=min {n >0: X, € Bx{0,1}},

Tw =min {n > T, : X, € Bx{0,1}}, m=>1.
Define

K :=sup sup E[%y | Xo = x],
xeB Z*
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and let {§,} denote the natural filtration of (X*,Z*). Also, let E,; denote the condi-
tional expectation given Xj = (x,i). In view of Lemma 8.4.2, without loss of gener-
ality, we suppose that x € B, i.e., E,; [To] = 0. Then, for mo € N, we have

E.[T"I{t" > T}] < ZEM- [TnI{T" = T} [{%, > T}]

<ZEM %, 1% > T Z Evi [Tn 1T = %0)]

m=0 m=mg+1

my
= > Bui [fn LT > T1] + B [T, 1T > T }]

m=0
o m=1
2, 2T~ = fm}l . (843)

m=mo+1 k=myg

Ex,i

Using the filtering property of conditional expectation by conditioning first at ¥+,
and then at §z, we obtain

EXJ' [’fmo I {T* > ;fmg }] = Ex,i

my—1
Z(fm - T It > T} I > ’fmo}l

k=0

moy—1
=By | Y (Gt — BT > TP (T > Ty, | %m)}
k=0
mo—l
< A=) EG [T > T E [T — T | Fe, ]
k=0
moy— 1
< ) KA =8y R (v > )
k=0
< Kmg(1 - 86)™ L (8.4.4)
Also,
[oe] m—l (o) [e6]
Boi| Y. D G =BT =Tl =B D) > Fret ~TOLIT = %)
m=mo+1 k=myg k=mo m=k+1

= Z Ex, [(Fre1 — T I{T > %) I‘&Tk]]

kl’m)

= Z E.; []I{T* > T E [T — T | 8”@]]

k:l’m)
<K Z (1 -6}
k=mg

K o
= ~(1=o". (8.4.5)
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Using (8.4.4) and (8.4.5) in (8.4.3) we obtain

. 1-6

E,;[T"I{t" > T}] < Z Byi [T I{Tm > T} + K(mo + T) (1-6)y™. (8.4.6)
m=1

Given € > 0 we first select my = my(e) so that the second term on the right-hand side

of (8.4.6) does not exceed ¢/2, and then select T large enough so that the first term on

the right-hand side of (8.4.6) has the same bound. Then E,; [T*I{t* > T}] < ¢, and

the proof is complete. m}

Theorem 8.4.4 Under (8.4.2), the process {X;} has a unique invariant probability
measure given by

E[Zno 1HX;, € A%)
E [T*

X; € Bx {1}
geBxuﬂ

n(A) = , AcG.

Proof From the strong law of large numbers, for f € C,(RY),
3 Zovo Tt f1(X3)

1 N ~ ~
N Zm:O(TﬂH-l - Tm)

NS I I
Jim, 3y 270 = Jim,

_E[“**@p|%e3xuﬂ

m=0
E |t | X; € Bx{1}]

The claim follows from Theorem 8.4.1. O

8.5 Dynamic programming

In this section we derive a martingale dynamic programming principle for the sepa-
rated ergodic control problem. We make the following additional assumption:

(A8.1) There exist nonnegative inf-compact functions V € C*(R%) N Cpol(Rd ) and
g € C(R?) such that for some positive constants C and R, we have

L'V (x) < —g(x) + Clp,(x) YuelU.
We claim that without loss of generality V can be assumed to satisfy

. EY[V(X)]
lim —— =

t—00 t

0 VUel. (8.5.1)

Indeed, let g’ be a nonnegative inf-compact function satisfying g’ € o(g) and V’ be
the minimal nonnegative solution in CZ(B;) of max,cy L"V'(x) = —g'(x) on B,
and V’ = 0 on dBg. Extending the definition of V’ in Bg and adding a constant to
make it nonnegative, the resulting function, which is also denoted by V", is in C2(RY)
and satisfies, for some constant C’, L*V’(x) < —g’(x) + C'Ip,(x) for all u € U. By
Lemma 3.7.2 (i), V' € o(‘V). Therefore V'’ € Cpol(Rd). Since (3.7.13)—(3.7.14) used
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in the proof of Lemma 3.7.2 (ii) also hold over any admissible U € 11, it follows that
V'’ satisfies lim,_,0 M = O under any U € . This proves the claim.

Consider the discrete time controlled Markov chain {X,, : n > 0} with associ-
ated state-dependent action spaces A, defined as in (7.4.3) and the transition kernel
P (x,dy), defined as in Definition 7.4.4 with ¢ = 1 and D replaced by R¢. Define

I
&(x) := inf BY [ f (X)) dt} , xeR?.
Uell 0
By (2.6.4), it follows that g is inf-compact. Then
f PY(x,dy)V(y) — V(x) < —8(x) VxeRY, VYveA,.
d

Thus (8.4.2) and therefore also Lemmas 8.4.2 and 8.4.3 hold for {X,, : n > 0}.
Define

Py(RY) = {u e ZRY): f X" u(dx) < o, m € N} .

This is a closed subset of Z(R¢). By Theorem 2.2.2,
E[X"] <0 = E[IX"] <00 Vr20.

Therefore f |x*" 7,(dx) < co a.s. We assume that E[IXOIZ’"] < oo for all m € N,
thereby viewing 7 as a #,(R¢)-valued process.

We use the vanishing discount approach. For simplicity of exposition, we assume
that the running cost function c is bounded. We also assume that it is Lipschitz con-
tinuous. The discounted cost under a U € Uy, and initial law 7 takes the form

Jg (o) = B [f e e(X,, Uy dt} )
0

where a > 0 is the discount factor. Here the explicit dependence on U and 7 is in-
dicated on the expectation operator. Define the associated discounted value function

Va(mo) = inf Jg/(mo).

The dynamic programming principle for this problem, proved by standard arguments
[28, pp. 121-122], is as follows.

Theorem 8.5.1 (i) Foranyt >0,

Vy(m) = 1nf EY [ f e e(m,, Uy) ds + eV, (1)

Ul

Ty = 7T:| .
where

e, U) = f [f c(x,u) ﬂ(dx)} U(du).
U | Jrd

(i1) The process fot e ¥8(ny, Ug)ds + e~ Vo (my), t > 0, is a submartingale w.r.t. the
natural filtration of m, U, and is a martingale if and only if U is optimal for the
a-discounted control problem.



8.5 Dynamic programming 295

Next we derive a uniform bound for |V, (7) — V,(7)| over @« > O for any pair
7,7t € Py(RY). This requires that we be able to construct two processes with different
initial conditions on a common probability space, with the same control process that
is wide-sense admissible for both initial conditions, and optimal for one of them. Let
& € Uy, Define

Q' = C([0, 0); RY) x C([0, 0); RY) x C([0, 00); R™) X % x C([0, 00); R™) x R x RY

and let ® denote its product Borel o-field. For n > 1, let «" denote the Wiener

measure on C([0, c0); R"). Define a probability measure P}, on (', %) by
Py(db, db’, dy, du, dy’, dx,dx’) = k*(db) ¥ (db’) &(dy, du) ™ (dy’) TI(dx, dx') ,

where II(dx, dx') € Z2(R? x R?) satisfies I1(dx, R?) = #(dx) and II(R?, dx’) = 7(dx’).
Let ' = (b, b, y,u,y’, xo, x(’)) denote a generic element of Q'. Define on (', ®, IP’Z))
the canonical random variables U(w’) = u € % and

B(w') = b € C([0, 0); RY), B(w') =" € C([0,);RY),
V(') =y € C([0,0); R™), Y(w') =y €C([0,0);R™),
Xo(w') = x9 € RY, Xo(w') = x) e R?.

Henceforth we do not explicitly denote the w’-dependence, as is customary. Let X,
X denote the solutions of (8.1.1) when W is replaced by B, B with initial conditions
X0, Xo, respectively. Note that X0, Xo are not independent. Let ®; denote the right-
continuous completion of

O-({Bxa Bs, ?S9 Ys, Ux 18 < t}’ XO, XO)

for t > 0. Then & = \/,5¢ ®,. Define a new probability measure P’ on (Q’, ®) as
follows: If IP;, Py, denote the restrictions of P, Py, respectively, to ®,, then

aP! :exp( f (R, a7 + f Wk, 4ty - L f t(lh(&)l“lh(}h)lz)dsy
dPy, 0 o 0 ‘ 20 ' ‘

Then on (', ®,P’), X and X are processes governed by a common control U.

Lemma 8.5.2 The control U is wide-sense admissible for both the processes X and
X, with initial laws # and 7, respectively.

Proof Define probability measures B, on (Y, ®) by: if P,,P, denote their
respective restrictions to ®, for ¢ > 0, then

dPt _ T ~ _1 T )
& —exp( [ oxoaron -3 [ ko ds),

d, —exp( f Ry, afy - f X )|2ds)
dP(,)t ) s) Al ) N s .
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Then

il ( f R, df) - L f hRP d )
~ — €X s)s s)) — = N B
dP, P 0 2 Jo '

e _ ( f hR.dT) - f s )|2ds)
db, P 0 B 2 Jo ' .

Under P, ¥ is a Brownian motion independent of Xo,Band forr >0, ¥, - ¥, is
independent of {Xo, B, (Us, f/ s» 8 < B)}. Similarly under P, ¥ is a Brownian motion
independent of Xo,Bandfort >0, 7,,. - ¥, is independent of {Xo, B, (Us, Yy, s <1)).
The claim follows. |

Let # and # denote the 22y (R%)-valued processes of conditional laws of X and X,
respectively, given observations ¥, respectively ¥, and the control U up to the present
time.

In the foregoing, we choose £ to be optimal for the discounted cost problem with
initial law #. Consider the discrete time process X, = (X,,X,), n > 0. In view of
the nondegeneracy assumption on o, the minorization condition (8.4.1) holds for X
relative to any bounded domain B € RY x R¢, v the normalized Lebesgue measure
on B, and a suitable 6 > 0.

Let X* denote the corresponding split chain and C* the pseudo-atom. Define

T:=min{n>0: X} € C*},

the coupling time at the pseudo-atom. By (A8.1), the function V: R?*? — R, defined
by V(x,y) := V(x) + V(y) also satisfies the same Lyapunov condition relative to
some ball Bg, with C, R and g appropriately defined. Therefore, by Lemma 2.5.1,
Eyy[T1(Bp)] € O (V(x,y)). Hence it is integrable with respect to IT € Z2,(R>?). Then
forany 7 > O and € > 0,

Vo) = Vo) < E f ) (&1, Up) = &, U)) dt]
LJO

=E _ f " e (€%, U - 2R, U)) dt]
LJO

-E f "o (eX,. Uy - 2k, U)) dt]
V0
T 1y
<K VT f (BIX, - f(,|2)/ dt + K, E[(t = T)"]
0

< Ka(T) (B1R - XoP) " + Ky B[ - 7))
< Ko(T) (pu(h, 7) + &) + KL E[(T = T)*] , (8.5.2)

where p,, is the Wasserstein metric (see p. 72), K; is a bound for ¢ and also a common
Lipschitz constant for c, tr(c) and b in its first argument, and K,(7') is a continuous
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function of 7. In (8.5.2), the first inequality follows from our choice of &, the first
equality follows by deconditioning, the second equality follows from the fact that
the conditional laws of (X 060, Uo06:)and (X 06.,U o 6y) given Fr coincide,’
the second inequality from the boundedness and Lipschitz continuity of ¢, the third
inequality follows from Lemma 2.2.5 and Remark 2.2.6, and the last (fourth) in-
equality follows from the definition of p,, by an appropriate choice of the joint law
II for the pair (Xo, Xo). By interchanging the roles of # and 7, we get a symmetric
inequality. Combined with the above, it yields

[Vo(7) = Vo ()| < Ko(T) (pu(7, 70 + &) + KLE[(T-T)] .

Recall that x > supyey Eg [T] € O(V). Hence there exists a constant ¢ > 0 such

that, for any compact set K ¢ R??,

sup Ef[(t=T)"]<c | V@OWx)+sup sup EV[(t-T)*]. (8.5.3)
Uell,, Ke xeK Uell,,

For £ > 0, choose a suitable K to make the first term on the right-hand side of (8.5.3)
less than ¢/2. By Lemma 8.4.2, T is uniformly integrable over all U € I, and all ini-
tial conditions x = (%, %) in a compact set. Thus EV [(T — T)*] can be made less than
¢/2 uniformly over x in compacta and U € U, by selecting a sufficiently large 7. It
follows that the second term on the right-hand side of (8.5.2) can be made arbitrarily
small by choosing T large enough, uniformly over IT in a compact subset of Z2(R>?).
Fix * € Zy(RY). It follows by (8.5.2), that V,(77) — V,(*) is bounded and equicon-
tinuous with respect to the metric p,, on compact subsets of P (RY). Since Zy(R?) is
a o-compact subset of Z(RY), it follows that the family {V,(7) — V,(7*) : @ € (0, 1)}
is locally bounded and locally equicontinuous in ZZy(R%).

It is also clear that the quantity aV,(7*) is bounded uniformly in a € (0, 1) by the
bound on c. Invoking the Ascoli—Arzela and the Bolzano—Weierstrass theorems, we
may now drop to a subsequence as @ | 0, along which V, converges to some V in
C(Zy(RY)) and a'V,(n*) converges to a constant ¢ € R. Letting T = 0 in (8.4.6), by
Lemmas 8.4.2 and 8.4.3 we have that E,; [T*] € O(E, [1o]). With V as in (A8.1),
let V(n) := f V(x) m(dx) for 1 € Py(RY). In view of the foregoing, we then have
Vo — Vo(r*) € O(V), and hence V € G(V). In view of (8.5.1), we then have

i EY [V(m)] _
S

t—0o0

0 VUel. (8.5.4)

The following now follows by familiar arguments from Theorem 7.3.11 and Sec-
tions 7.4.3 and 7.4.4.

Theorem 8.5.3 Under (A8.1), the constant o above is uniquely characterized as
the optimal ergodic cost for the ergodic control problem under partial observations
and the pair (V,0) € (C(Zy(R%) N O(V)) x R satisfies the dynamic programming

2 Here we have to explicitly use the correspondence between the continuous time controlled diffusion
and its discrete time skeleton as spelt out in the proof of Lemma 7.4.7.
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equation

V(#) = inf EY [ f (&(rs, Uy) — 0)ds + V()
0

Ty = ﬁ] , 1>0.  (85.5)
Uelly,

In particular,
f
(V(m) —f (C(ms, Uy) — 0) ds, 7:7), t20, (8.5.6)
0

is a submartingale and if it is a martingale, then the pair (n, U) is optimal. In the
converse direction, if (n, U) is a stationary optimal pair, then (8.5.6) is a martingale.
Moreover, if (V',0") € (C(Zy(RY) N O(V)) x R is another pair satisfying (8.5.5),
then o' = o and V' =V on the support of £ (ny) for any stationary optimal (r, U).

In view of Theorem 8.5.3, Theorem 8.3.3 can be improved as follows:

Theorem 8.5.4 Under either (C7.1) or (C7.2), the partially observed ergodic con-
trol problem admits an optimal time-homogeneous Markov, or optimal ergodic solu-
tion.

The strengthening from “Markov” to “time-homogeneous Markov” goes exactly
as in Section 7.4.5.

Remark 8.5.5 Note that the foregoing was carried out under the relaxation of the
original control problem over strict-sense admissible controls to the larger class of
(relaxed) wide-sense admissible controls. To say that this is a valid relaxation, we
need to argue that the infimum of the cost attained over either strict-sense admissible
controls or wide-sense admissible controls is the same. While this is quite standard
for the simpler costs such as finite horizon or infinite horizon discounted costs, it is
far from obvious for the ergodic cost. We first sketch the scenario for the former. Let
(X, U) be an optimal pair where U is wide-sense admissible. Let € > 0. Argue as in
the proof of Theorem 2.3.1 to obtain a precise control that is constant on intervals
of the type [nT,(n + 1)T),n > 0, with T > 0, so that the cost, finite horizon or
discounted infinite horizon as the case may be, is within & of the optimal. However,
this situation can be mapped to a discrete time control problem as in Definition 7.4.4
for which the observation process is {Y,}, where M, € C([0,T];R"™) is defined by
Y, =Y, : t € [nT,(n + 1)T]} for n > 0. This problem will have an optimal
control that is strict-sense admissible [20]. This control in turn maps into a piecewise
constant strict-sense admissible e-optimal control for the original continuous time
control problem.

Unfortunately, this argument which mimics that of [59] does not carry automat-
ically over to ergodic control because the ergodic cost is not necessarily a lower
semicontinuous function of the law of (7, U). We can, however, use the dynamic
programming principle in Theorem 8.5.3 to achieve this objective. Let the expecta-
tion on the right-hand side of (8.5.5), i.e.,

T
EY [ f (&(m, Uy) — 0) dt + V(rr)
0

7T0=7~T], T=>0,
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be viewed as a cost functional for the finite horizon control problem for 7 over .
Fix € > 0. As in [59], there exists a strict-sense admissible g-optimal U* € U for this
problem. Thus

T
E V()] = EYV [ f (&(r,, Uy) — o) dt + V(nT)] —c.
0

Extend U* to [0, c0) by concatenating such g-optimal strict-sense admissible seg-
ments on [0, 1], [1,2],... Then

E[V(m)] = BV U (&(m;, Uy) — 0)dr + V(nn)} —en, neN.
0
It is easy to deduce from this and (8.5.4) that

1 s T_
lim sup T EY [f c(m,Updt|<p+e,
0

T—co

i.e., the strict-sense admissible control U* is e-optimal for the ergodic cost.

The situation is, however, not as unreasonable as it may seem. For the optimal con-
trol we obtained to be strict-sense admissible, what we need is that the corresponding
controlled nonlinear filter should have a strong solution. This is not easy to come by,
given that the situation is essentially “degenerate.” Nevertheless, the optimal control
is still legitimate in so far as it does not use any information that it should not, such
as the state process. Implicitly, it uses additional randomization of its own to attain
optimality.

8.6 Bibliographical note

Section 8.2. Our treatment of controlled nonlinear filters follows [28, section V.1].
See [124] for an extensive account of filtering theory.

Section 8.3. Here we follow [21].
Section 8.4. This is adapted from [91, chapter 5].

Section 8.5. The treatment of ergodic control with partial observations follows [33,
35] using weaker hypotheses.
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We conclude by highlighting a string of issues that still remain open.

1. In the controlled martingale problem with ergodic cost, we obtained existence of
an optimal ergodic process and optimal Markov process separately, but not of an
optimal ergodic Markov process, as one would expect from one’s experience with
the nondegenerate case. This issue still remains open. In particular it is unclear
whether the Krylov selection procedure of Section 6.7, which has been used to
extract an optimal Markov family for the discounted cost problem under nonde-
generacy, can be similarly employed for the ergodic problem. The work in Bhatt
and Borkar [22] claims such a result under very restrictive conditions, but the
proof has a serious flaw.

2. The HJB equation was analyzed in two special cases. The general case remains
open. In particular, experience with discrete state space problems gives some
pointers:

(a) In the multichain case for Markov chains with finite state space S and finite
action space A, a very general dynamic programming equation is available due
to Howard [53], viz.,

V(@) = min e - o) + Y p(j 1L 0V)|.
J
oy =min > p(j1i.u)0().
J
for i € S. Here the unknowns are the value function V and the state depen-

dent optimal cost p. An analog of this for the degenerate diffusion case could
formally be written down as

min (LV(x) + e(x, 1) — o(x) = 0,
Iﬂ%l L'o(x)=0.

This has not been studied.
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(b) Likewise, the linear programming formulation in terms of ergodic occupation
measures has the following general form for the multichain case, due to Kallen-
berg [75]:

Minimize Z (i, u)c(i, u)

iu
subject to:

D i wp(i|isw) = x(j,u),

Zﬂ(i,u)=l, a(i,u) >0, Viu
D EGwpGliu) = Y EGw = ) au) =V, Vi,
where v is the initial law of the chain. This too has no counterpart for the
degenerate diffusion case.

. We have not considered controlled diffusions with the control also appearing in
the diffusion matrix and have given our rationale for doing so. As we commented,
while the associated HIB equation has been studied, at least for the simpler cost
functions (see, e.g., [46]), it is the stochastic differential equation that poses well-
posedness issues. In the nondegenerate case with Markov controls, one has exis-
tence of solutions [78], but not uniqueness [92]. This calls for a good selection
principle.

. Ergodic control of diffusions with jumps has been reported in [5, 89, 90]. How-
ever, the treatment is far from being complete.

. Show that the value function for the partially observed problem is a viscosity
solution of the appropriate infinite dimensional HJB equation.

. The ergodic control problem in the presence of state constraints or singular con-
trols presents a variety of open issues. See Kurtz and Stockbridge [82] for an
important recent development in this direction.

. In our study of singularly perturbed ergodic control, we did not allow the diffusion
matrix of the slow variable to depend on the fast variable, in order to avoid diffi-
culties akin to item 3 above. This remains open, as does the singularly perturbed
problem in the degenerate case.

. Controlled reflected diffusions on non-smooth domains. As pointed earlier, if the
domain D is not smooth, the problem is quite challenging.

. The relative value iteration scheme for controlled Markov chains with ergodic
cost (see Puterman [97, p. 205]) suggests the following continuous time and space
analog:

v o
E(x, 1) = min [£V(x,0) + c(x,w)] — V(xo, 1),

where X is a fixed point in the state space. Does V( -, f) converge to a solution of
equation (3.6.4) as t — oo?






Appendix

Results from Second Order Elliptic Equations

In this appendix we summarize some essential results of strong solutions of sec-
ond order elliptic equations. Standard references are Gilbarg and Trudinger [67] and
Chen and Wu [43]. Good accounts of the interface between stochastic differential
equations and partial differential equations appear in Bass [12], Friedman [63] and
Stroock and Varadhan [115].

A.1 Nondegenerate elliptic operators

The model in (2.2.1) gives rise to a class of elliptic operators, with v € g, appearing
as a parameter. We adopt the following parameterization.

Definition A.1.1 Lety: (0,00) — (0, o) be a positive function that plays the role
of a parameter. Using the standard summation rule for repeated indices, we denote
by £(y) the class of operators

L= aijc')ij + biﬁ,- — /l,
with a”/ = @/, 1 > 0, and whose coefficients {a'/} are locally Lipschitz and {¥', A} are
locally bounded and measurable and satisfy, on each ball Bg c RY,

d
D adlgg; =y RIEP Vx e By, (A.l.1a)

ij=1

forall & = (¢1,...,&;) € RY, and

max |a”(x) —a’()| < y(R)lx -yl Vx,y € Bg, (A.1.1b)
LJ

d d
S iy S iy + Ml < 7). (A1

ij=1 ij=1

Also, we let £(y) denote the class of operators in £(y) satisfying 4 = 0.
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Remark A.1.2 Note that the linear growth condition is not imposed on the class
L € £(y). The assumptions in (2.2.4) essentially guarantee that Tz T co as R — oo,
a.s., which we impose separately when needed.

A.2 Elliptic equations

Of fundamental importance in the study of elliptic equations is the following esti-
mate for strong solutions due to Alexandroff, Bakelman and Pucci [67, theorem 9.1,
p- 220].

Theorem A.2.1 Let D c RY be a bounded domain. There exists a constant C,
depending only on d, D, and vy, such that if y € V/I(féd(D) N C(D) satisfies Ly > f,
with L € £(y), then

sup ¥ < sup U+ Col| - (A2.1)

When f = 0, Theorem A.2.1 yields generalizations of the classical weak and
strong maximum principles [67, theorems 9.5 and 9.6, p. 225]. These are stated
separately below.

Theorem A.2.2 Let £ € £(y). If o, € #>UD) N CD) satisfy Lo = Ly ina

loc

bounded domain D, and ¢ =  on dD, then ¢ = in D.

Theorem A.2.3 Ifgp e Vﬂljc’d(D) and L € 8(y) satisfy Ly > 0 in a bounded domain
D, with A = 0 (A1 > 0), then ¢ cannot attain a maximum (nonnegative maximum) in
D unless it is a constant.

A function ¢ € #>(D) satisfying Ly = 0 (Lp < 0) in a domain D is called
L-harmonic (L-superharmonic). We also say that ¢ is £(y)-harmonic in D, if it
L-harmonic for some £ € £(y). As a result of Theorem A.2.3, £y(y)-harmonic func-
tions cannot attain a maximum nor a minimum in a domain unless they are constant.

Harnack’s inequality plays a central role in the study of harmonic functions. For
strong solutions this result is stated as follows [67, corollary 9.25, p. 250].

Theorem A.2.4 Let D be a domain and K C D a compact set. There exists a
constant Cy depending only on d, D, K and vy, such that if ¢ € Vﬂlid(D) is 2(y)-
harmonic and nonnegative in D, then

o(x) < Cre(y) VYx,yec K.

If ® = {¢; : i € T} is a family of nonnegative £(y)-harmonic functions in a domain
D, which are bounded above at some point xy € D, i.e., sup,.; @i(xo) < Mo for some
My € R, then they are necessarily equicontinuous on every compact subset of D.
First, note that by Theorem A.2.4, ® is dominated on compact subsets of D by the
constant CyMj. To show equicontinuity we use the following well-known a priori
estimate [43, lemma 5.3, p. 48].
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Lemma A.2.5 [f¢ € Y (D) N LP(D), with p € (1,c0), then for any bounded

loc
subdomain D’ € D we have

“30”“//241(1)') S CO(“"D“U(D) + ||‘£90”U(D)) VLEL(y), (A22)
with the constant C depending only on d, D, D', p, and vy.

Returning to the family ® and applying Lemma A.2.5 with p = d and D’ € D, we
obtain the estimate

el 2a, < CoCuMolD ™ Vg € @

This estimate and the compactness of the embedding #>¢(D) — C*'(D), r < 1,
asserted in Theorem A.2.15, imply the equicontinuity of ®. It is also the case that
the limit of any convergent sequence of nonnegative L-harmonic functions is also
L-harmonic. Indeed, if {¢,} is a sequence of nonnegative L-harmonic functions in
a domain D and ¢, — ¢, then since the convergence is uniform on any bounded
subdomain D’ € D, it follows that {¢,} is a Cauchy sequence in L?(D) for any
p € (1,00), and hence by (A.2.2) {¢,} is also Cauchy in #>(D") for any D" € D'.
Therefore ¢ € #,>4(D) and L¢ = 0 in D.

loc
We summarize these results in the following theorem.

Theorem A.2.6 Let D c R? be a domain. Any family of nonnegative £(y)-harmonic
functions in D, which is bounded at some point of D, is equicontinuous on compact
subsets of D. The limit of any convergent sequence of nonnegative L-harmonic func-
tions in D, with L € 8(y), is L-harmonic. In particular, any monotone sequence of
L-harmonic functions in D which is bounded at some point of D converges uniformly
on compacts to an L-harmonic function.

We turn now to the Dirichlet problem. Let D be a domain in R?. We seek solutions
to the equation

Lo=-f D, ¢=g ondD. (A.2.3)

The special case g = 0 is called Poisson’s equation for L.

We refer the reader to Gilbarg and Trudinger [67] and Chen and Wu [43] for results
on the existence and uniqueness of solutions of the Dirichlet problem. We summarize
some of these results below.

Theorem A.2.7 Let D be a bounded C* domain in R¢, L € L2y), 1 =2 0, and
f € LP(D).

(1) If p € (1,00) and g = 0, then the Dirichlet problem (A.2.3) has a unique solution
peW*P(D)N 7/01”’ (D). Moreover;, we have the estimate

oo (A.2.4)

”‘pHWZ»P(D) <G
for some constant C; = C{(d, p, D, y).
(ii) If p > d and g € C(OD), then (A.2.3) has a unique solution ¢ € %jc’p(D) NC(D).

Another useful version of the Dirichlet problem is the following.
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Theorem A.2.8 Let D and L be as in Theorem A.2.7, and p € (1,0). For each
f € LP(D) and g € W*P(D) there exists a unique ¢ € W > (D) satisfying

¢p—g€7/01’p(D) and Lo=—-f inD.
Moreover, the estimate

el 2oy < Collfllry + 1LE Ny + I8l 20m)) »
holds with the same constant C(’) as in Theorem A.2.7.

When the coefficients of the operator and the data are smooth enough, then classi-
cal solutions are obtained. This property is known as elliptic regularity. We quote a
result from Gilbarg and Trudinger [67, theorem 9.19, p. 243].

Theorem A.2.9 Suppose D is a C*' domain, and that the coefficients of L and f
belong to C*" (D), with r € (0, 1). Then any ¢ € 7/13;‘”(D), with p € (1, ), satisfying
Lo =—finD, L &7y), belongs to C>"(D).

Another useful property of solutions of elliptic PDEs that we use quite often is the
following:

Lemma A.2.10 Let D be a bounded C*' domain and L € &(y). If ¢ € #*P(D) for
some p € (1,00), and Ly € L1(D), q > p, then ¢ belongs to Wliq(D). It follows that
if Lo € L*(D), then ¢ € #*>1(D) for all q € (1, ).

In certain places, we employ some specialized results which apply to a class of
L-superharmonic functions, which is defined as follows:

Definition A.2.11 For ¢ > 0 and D a bounded domain, let }(8, D) C L*(D) denote
the positive convex cone

K@,D) :={f € L™D) : £ 20, ||l ey < DIl )} -
We quote the following theorem from Arapostathis et al. [7].

Theorem A.2.12 There exists a positive constant C, = C.ad, v, R, 0) such that if
€ WP (Br) N WP (By) satisfies Lo = —f in Bg, ¢ = 0 on dBg, with f € K(6, Bg)

and L € £(y), then
}912; ¢ 2Ca Hf“Ll(BR) :
The Harnack inequality has been extended in [7, corollary 2.2] to the class of

superharmonic functions satisfying — Ly € K(6, D).

Theorem A.2.13 Let D be a domain and K C D a compact set. There exists a
constant Cy = Cy(d, D, K,y,6), such that if ¢ € %jc’d(D) satisfies Ly = —f and
¢ > 0in D, with f € &6, D) and L € £(y), then

@(x) < Cre(y) Yx,yeK.
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We summarize some useful embedding results below [43, proposition 1.6, p. 211],
[67, theorem 7.22, p. 167]. We start with a definition.

Definition A.2.14 Let X and Y be Banach spaces, with X c Y. If, for some constant
C, we have ||x|ly < C||x||x for all x € X, then we say that X is continuously embedded
in Y and refer to C as the embedding constant. In such a case we write X <— Y. We
say that the embedding is compact if bounded sets in X are precompact in Y.

Theorem A.2.15 For any bounded domain D c R%, the following embeddings are
compact.

(1a) for p <d, #,""(D) < LUD) for p < q < %

(1b) for p > d, #;""(D) = C(D).

If D is a bounded C™ domain and k € N, then

(2a) ifkp < d, then W"*P(D) — LY(D) is compact for p < q < df—zp and continuous

forp<gq< df—;{lp;
(2b) if €p > d and € < k, then whr(D) — Cr(D) is compact forr < £ — % and

continuous forr < € — % (r<1).

In particular, W>4(D) — C%"(D) is compact for r < 1, and #W*P(D) — C'"(D) is
compact forp>dandr <1 — %

A.3 The resolvent

Throughout the section we fix the class £ € £y(y) for some y: (0, 00) — (0, 00), and
for a generic L € £y(y) we let P, and E, be the associated probability measure and
expectation operator, respectively, for the diffusion process that starts at x € RY.

Definition A.3.1 We define the A-resolvent R,, for A € (0, =), by
Ralf1(x) := E, [ f e F(X) dt} ,
0

= f ) e T, f(x)dr, feLRY.

0

Observe that R;[f] is also well defined if f is nonnegative and belongs to Lf;C(Rd ).
For a bounded domain D, and f € L*(D), p € (1, o), we let

(D)
RYLf1(x) == E, [f eV (X)) dt] , xeD.
0

Suppose f € L¥(RY). If s € %j&p(R") N L2[RY), p € (1,00), is a solution of
Poisson’s equation (in R%)

Ly - =-f, (A3.1)
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then it follows from the It6—Krylov formula that ¢ = R,[f]. Indeed,

e Ey(X)] - ¥(x) = E, [ jo‘ e (LY(X,) — W(X,)) dS} . (A32)

Letting t — oo in (A.3.2), and using dominated convergence, we obtain

Y(x) = —E, [fo e (LY (X,) - W (X,)) dS} ;

and the assertion follows by (A.3.1). Conversely, as shown later in Lemma A.3.4,
if Ri[f] € C(RY), then it is a solution of (A.3.1) in RY. As a result, if f € L™(R?),
then R,[f], for 2 € (0, ), is the unique bounded solution in R? of (A.3.1) (see
Corollary A.3.6 below). Concerning resolvents in a bounded domain we have the
following lemma.

Lemma A.3.2 Letr D be a bounded C* domain, f e L*(D), and A € [0, ). Then

T(D)
o(x) = Ey [f e‘ﬁ’f(X,) dt] , xXe€D
0

is the unique solution of Poisson’s equation (A.3.1) in D, ¢ = 0 on 0D, in the class
WD) WP (D), 1 < p < co.

Proof By Theorem A.2.7, Poisson’s equation on the domain D has a unique solu-
tion ¢ € #>P(D)N 7/01”’ (D). Let {D,,} be an increasing sequence of C? domains with
UnenD,, = D. Define s, = 1(D,). Recall that by Lemma 2.6.5, T(D) is finite almost
surely. Using the [t6—Krylov formula, we obtain

E.[e ™" o(Xips,)] - ¢(x) = E, [ f n e (Le(Xy) - 2p(Xy)) dS}
0

TAS,
=-E, [ f e Y f(X,) ds] ) (A.3.3)
0

Let n — co and then t — oo in (A.3.3) and use the fact that ¢ = 0 on dD to obtain
the result. O

Next, we characterize the solution of the Dirichlet problem
LYy—-Ay=0 inD, Y=g ondD. (A3.4)
Lemma A.3.3 Let D be a bounded C* domain, g € C(OD), and A € [0, o). Then
Y0 = B le " PeXep)], xeD
is the unique solution to (A.3.4) in the class Vﬂlfc’p(D) NCD), p € (1, ).

Proof By Lemma 2.6.5, (D) < oo a.s. We use the argument in the proof of
Lemma A.3.2, but let first #+ — oo and then n — oo in (A.3.3), to obtain by dom-
inated convergence (x) = E,[e " ¢(Xp))]. Then use the fact that P,(t(D)) = 0
for x € D. Uniqueness follows by Theorem A.2.7. O
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Lemma A.3.4 Let f € L (RY), and A € (0, ). If R[f] € CRY), then it satisfies

loc
LERD) + f(x) = ARS1(x)  ae. (A.3.5)
Proof Let R > 0. Using the strong Markov property, decompose R,[f] as

Ralf1(x) = Ex [ fo eV (X)) dr| + B [e ™ R f1(X,)] (A.3.6)

Let ¢ € #>P(Bg) N WOI’P (BR) be the unique solution to Poisson’s equation (A.3.1),
and ¥ € Wz’p(BR) N C(Bg) the unique solution to (A.3.4) with g = R;[f]. Then,

loc

by Lemma A.3.2, the first term on the right-hand side of (A.3.6) equals ¢, while by
Lemma A.3.3, the second term on the right-hand side of (A.3.6) equals . Adding
(A.3.1) and (A.3.4) it follows that R,[ f] satisfies (A.3.5) in every ball Bg. m]

Let A € (0, 1) and ¢[ f] denote the solution of the Dirichlet problem
Lyo—Ap=—f onBg, ¢=0 ondBg,
for R > 0. By Theorem A.2.1,

sll;Rp lelf1] < Ca“f“Lf'(BRV

It follows that for each x € Bg, the map f — ¢[f](x) defines a bounded linear
functional on L¢(Bg). By the Riesz representation theorem there exists a function
gr(x,+) € LU(Bg), ¢ = 7%, such that

oLf100) = fB 2R () f() dy

The function gg(x,y) is called the Green’s function for By relative to the operator
L — 2. Now let A be a Borel set in Bg and set f = I4. Let

8r(x,A) = fgze(x,y) dy.
A

By the maximum principle, gz(x, A) is a nondecreasing (nonnegative) function of R,
and therefore gg(x, -) is also increasing as a function of R, a.e. Set g = limg_,o gg-
Using Lemma A.3.2 and (A.3.6), with 1 > 0, we obtain, by monotone convergence

00 TR
f e P (X, € A)dr = Iym f eV P(X, € A)dt
0 - Jo

= lim f gr(x,y)dy
A

R—o0

= fg(x,y) dy.
A

Moreover, by Theorem A.2.12, it holds that

inf ng(x,y) dy > C,lA|
A

XEBR/2

for some constant C,, which is independent of A € Z(Bg). We have the following
theorem.
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Theorem A.3.5 For A€ (0,1), and x € R? define the probability measure Q (x, )
by

Qi(x,A) := /lf e PuX, € A)dr, Ae BRY.
0

Foreach x e RY, Qu(x, - ) is equivalent to the Lebesgue measure, and moreover, there
is a constant Cy = Cy(d,y, R), such that if 9,(x, - ) denotes its density, then

a1(x,y) = AC, Vx € Bg, ae.y € Bg.

If f € L°(RY), then by the strong Feller property of the resolvent (see Theo-
rem 5.2.9) Ri[f1(x) € Cyp(RY). It follows by Lemma A.3.4 that R,[f] is a solu-
tion for (A.3.1) in R¥. This together with the discussion in the paragraph preceding
Lemma A.3.2 shows the following.

Corollary A.3.6 If f € L(R?), and A € (0, c0) then Ry[f] is the unique solution
of Poisson’s equation in RY in the class Vﬂljép R N L2RY), p € (1, ).

Now let f € LI"(‘;C(Rd), f = 0. The next theorem shows that if R,[f] is finite at
some point in RY, then it satisfies Poisson’s equation in R?.

Theorem A.3.7 Suppose f € Ll"gc(Rd), f =0, and Ra[f1(xp) < o0 at some xg € RY,

with A € (0,0). Then Ry[f] € Vﬂljép(Rd) for all p € (1,00) and satisfies (A.3.1) in
R4

Proof With T, = 1(B,), n € N, define
Th
¢n =B, U e"”f(X,)dt] , neN,
0

By Lemma A.3.2, ¢, satisfies (A.3.1) in B,. Since f € L*(B,), then ¢, € #*P(B,)
for all p € (1,00). Let n’ € N and xo € B,y. Observe that ¢y := Qprw — @w, k € N,
is an increasing sequence of L-harmonic functions in B, . Since ¢ + ¢,» < Ralf]
in By, this sequence is bounded at xy. Hence by Theorem A.2.6 it converges to an
L-harmonic function ¢. By monotone convergence, since T, — oo a.s. (see Re-
mark A.1.2), we obtain

Ralf1(x)

lim ¢,(x)

lim @) + ¢ ()
= @(x) + O (.X) Vx e Bn’ .
Thus R,[f] satisfies (A.3.1) in B,/ for each n” € N. O

Remark A.3.8 It follows from Theorem A.3.7 and (A.3.6) that if f € Lf;’c(Rd),
f >0, and R,[f] is finite at some point in R, then

Bofe Ryl f1(Xx)] — 0.
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A: infinitesimal generator, 10

Bg: open ball of radius R, 60

B(E): set of bounded measurable maps on E, xv

By, 10

HAB(E): Borel o-field of E, xv

CA(RY), 82

Cpol: continuous functions of polynomial growth,
260

¢: a countable subset of C%(Rd) which is dense in
C2(RY), 82

€: class of running cost functions, 107

D([0, o0); S): space of right-continuous functions
with left limits from [0, o) to S, 3

2(A): domain of the operator A, 10

d: Euclidean distance, 119, 155, 207

d,: Skorohod metric, 3

E: expectation, xv

¥ set of ergodic occupation measures, 87

4,93

Y, 89

HP, 32

¢ set of invariant probability measures,
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Sy, 89

I4: indicator function of the set A, xv

F,22

3,17,19,25

JY: a-discounted cost, 83

K(o), 114

L": controlled extended generator, 41

Z(X): law of the random variable X, 15

£(y), £o(y), 303

(Z (X, U)): marginal class, 236

M7 (E): set of invariant probability measures of
T,16

M,, 72

M(E): space of finite signed measures on E, 10

M(RY): space of finite nonnegative measures on
R?, 282

N: set of natural numbers, xv

O, o, 124

o(1), 103

p: Poisson random measure, 195

P: probability, xv

P(S): set of probability measures on S, 1

Q(y): class of quasilinear operators, 107

Q,: resolvent, 310

R: set of real numbers, xv

R4: set of nonnegative real numbers, xv

R“: one-point compactification of R?, 93

R,: resolvent, 11

H(A): range of the operator A, 220

S: discrete set, 194

Ty, 80

U: action space, 30

: set of admissible controls, 31

Ugq: set of precise stationary Markov controls,
47

U : set of stationary Markov controls, 47

Uggq: set of precise stable stationary Markov
controls, 60

Ugem: set of stable stationary Markov controls, 60

Uys: set of wide-sense admissible controls, 282

Wsq, 121

Ugsm, 134

% : space of control trajectories, 50

Us, 55

V: Lyapunov function, 61

¥ class of Lyapunov functions, 137

V4 a-discounted value function, 82

wkr: Sobolev space, xvi

Z: set of integers, xv

€, XV

ry,233
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I'(k,Rp), 115

0,4: Dirac measure at g, 47

Zf,/'t: mean empirical measure, 62

e ,U: process of empirical measures, 102
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ny: invariant probability measure under control v, pw: Wasserstein metric, 72
87 T(D): first exit time from a domain D, 59
6;: shift operator, 25 Tg: first exit time from Bg, 60

fg’a: a-discounted occupation measure, 62 Tg: first hitting time of Bg, 60
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T-concatenation, 239 wide-sense, 282
L-harmonic function, 304 admissible, 31
L-superharmonic function, 304 strict-sense, 280
a-discounted average-cost optimal, 134
control problem, 83 feedback, 40
cost, 82 Markov, 45
value function, 82 precise, 47
A-resolvent, 307 relaxed, 47
¢-irreducible, 290 stable, 60

stationary Markov, 45

uniformly stable, 97
controlled infinitesimal generator, 56
controlled nonlinear filter, 281
cost potential, 120

a priori estimate, 304

accessible atom, 290

adjoint equation, 81

Alexandroff-Bakelman—Pucci theorem, 304
elliptic systems, 201

Arrow—Barankin-Blackwell theorem, 159 decomposition
associated system, 163 Doeblin, 27
asymptotic flatness, 255, 258 ergodic, 19

averaged system, 164 diffusion

asymptotically flat, 254
controlled, 30

periodic coefficients, 172

reflected, 173

switching, 194
degenerate, 33

barycenter, 18

Bene$§ measurable selection theorem, 46
Birkhoff ergodic theorem, 17

bounded in probability, 63

bounded pointwise convergence, 220
bp-closed, 220

matrix, 27

Cameron—Martin—Girsanov theorem, 43 nondegenerate, 33
Caratheodory’s theorem, 160 process, 27
chattering lemma, 47 diffusion matrix, 31
Chentsov’s criterion, 4 Dirichlet problem, 305
Choquet discount factor, 83, 107

—Meyer theorem, 19 discounted cost, 107

simplex, 19 optimal, 110

theorem, 18 dissipative operator, 221
Clark—Davis pathwise filter, 284 domain in R?, 59
continuity drift, 27

Kolmogorov criterion, 3 drift vector, 31

modulus of, 3 duality gap, 248

stochastic, 3 dynamical system
control deterministic, 4

admissible stochastic, 4
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elliptic
equations, 304
operators, 303
quasilinear, 107
regularity, 306
systems, 199
uniformly, 33
embedding, 307
compact, 307
constant, 307
continuous, 307
empirical measure, 102
mean, 62, 288
energy-efficient scheduling, 174
equation
Chapman—Kolmogorov, 5
Duncan-Mortensen-Zakai, 283
Fokker—Planck, 28
Fujisaki-Kallianpur—Kunita, 284
Hamilton—Jacobi—Bellman, 86
Kolmogorov, 28
Poisson, 305, 307
ergodic
decomposition, 19
occupation measure, 87, 223
g-optimal, 101
optimal, 101
theorem, 17
theory
of Markov processes, 15
of random processes, 21
ergodic control problem
almost sure formulation, 84
average formulation, 84
with constraints, 154
exterior cone condition, 67
extremal law, 236

Feynman—Kac formula, 285
filtration, 2
natural, 2
right-continuous, 2
first exit time, 59
fully coupled
controlled switching diffusion, 200
elliptic operator, 200

generator
controlled extended, 42
extended, 15

Green’s function, 309

Harnack’s inequality, 304
elliptic systems, 202
Hille—Yosida theorem, 12

hitting time, 60

ideal point, 160
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invariant probability measure, 22
Tonescu-Tulcea theorem, 7
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—Krylov formula, 45

formula, 33

stochastic integral, 29

Kallianpur—Striebel formula, 283
Kolmogorov
backward equation, 28
continuity criterion, 3
extension theorem, 2
forward equation, 28
Krylov—-Bogolioubov theorem, 16

Laplace operator, 14
Lebesgue point, 236
linear growth condition, 31
linear program, 247

dual, 247

infinite dimensional, 247

primal, 247
local time, 173
map

lower semicontinuous, 102
marginal class, 236
Markov

family, 9

process, 5

property, 5

strong, 5

Markov selection, 249

martingale dynamic programming principle, 272

separated control, 294
martingale problem, 15

controlled, 220

relaxed, 220

well-posed, 15
martingales

strong law of large numbers, 105
maximum principle

strong, 304

weak, 304
measurable

progressively, 2
metric

bounded Lipschitz, 73

Skorohod, 3

Wasserstein, 72
minorization condition, 289
multi-objective problems, 154, 159
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near-monotone cost, 101 Scheffé’s theorem, 58

strong, 255 semigroup, 9
non-anticipative, 30 infinitesimal generator of, 10
nondegeneracy resolvent, 11

partial, 266 strongly continuous, 10

separated control problem, 281
shadow minimum, 160
singular perturbations, 160

occupation measure
a-discounted, 62

ergodic, 87
infinitesimal, 63 Skorohod topology, 4
operator Sobolev spaces, xvi

dissipative, 12 sojourn times, 13

domain of, 10 solution 0
: strong,
Pareto point, 159 weak, 40

partial nondegeneracy, 254

split chain, 289
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Polijshbglpace, 1 | distril?llltion, 22
P omplete 1 e dif
plete, stochastic differential equation, 29
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F1 1 lusmSn, strong formulation, 40
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strong, 5 tail o-field, 25
modification of. 2 transformation
null recurrent, 60 ergodic, 16

observations, 280 measure preserving, 15, 16
positive recurrent, 60 transition probability
rcll, 3 density, 28
kernel, 5
Tsirelsen’s counterexample, 42

recurrent, 60
stationary, 21

transient, 60 uniform

version of, 2 positive recurrence, 96
Prohorov’s theorem, 1 stability, 97
pseudo-atom, 290 unnormalized conditional law, 283

Urysohn’s theorem, 288
utility function, 159

recurrence time, 60

resolvent

equation, 11 value function, 144

of a semigroup, 11 vanishing discount, 82, 107, 113
running cost, 82 viscosity solution, 259
saddle point, 159 weak solution

Schauder fixed point theorem, 16 unique, 41
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